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The Q-function and it’s power

Bethe equations.

I The polynomiality of the Q-functions.

Qj(u) = αj

dj∏
k=1

(u − u(k))

Bethe eq. ⇒ Qm(um + 1)Qm+1(um)Qm−1(um − 1)
Qm(um−1)Qm+1(um + 1)Qm−1(um) = −xm+1

xm

Q functions give us QSC.
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2
)

Q2 (u − 1)

uN ∝
∣∣∣(x1−i

j Qj (u + 1− i)
)

1≤i,j≤n

∣∣∣
I The polynomiality of the Q-functions.

Qj(u) = αj

dj∏
k=1

(u − u(k))

Bethe eq. ⇒ Qm(um + 1)Qm+1(um)Qm−1(um − 1)
Qm(um−1)Qm+1(um + 1)Qm−1(um) = −xm+1

xm

Q functions give us QSC.

ALDarak (Université de Bourgogne) Gauge/String Seminar July 2, 2022 3 / 11



The Q-function and it’s power
Bethe equations

I The Wronskian expression for the Q-functions GL(3):

uN ∝

∣∣∣∣∣∣∣
Q1(u) Q2(u) Q3(u)

x1Q[−]
1 (u) x2Q[−]

2 (u) x3Q[−]
3 (u)

x2
1 Q[−2]

1 (u) x2
2 Q[−2]

2 (u) x2
3 Q[−2]

3 (u)

∣∣∣∣∣∣∣

Q1,2,3 = uN

Q1,2 Q1,3 Q2,3

Q1 Q2 Q3

Q∅ = 1

uN ∝
∣∣∣(x1−i

j Qj (u + 1− i)
)

1≤i,j≤n

∣∣∣
I The polynomiality of the Q-functions.

Qj(u) = αj

dj∏
k=1

(u − u(k))

Bethe eq. ⇒ Qm(um + 1)Qm+1(um)Qm−1(um − 1)
Qm(um−1)Qm+1(um + 1)Qm−1(um) = −xm+1

xm

Q functions give us QSC.

ALDarak (Université de Bourgogne) Gauge/String Seminar July 2, 2022 3 / 11



The Q-function and it’s power
Bethe equations

I The Wronskian expression for the Q-functions GL(3):

uN ∝

∣∣∣∣∣∣∣
Q1(u) Q2(u) Q3(u)

x1Q[−]
1 (u) x2Q[−]

2 (u) x3Q[−]
3 (u)

x2
1 Q[−2]

1 (u) x2
2 Q[−2]

2 (u) x2
3 Q[−2]

3 (u)

∣∣∣∣∣∣∣

Q1,2,3 = uN

Q1,2 Q1,3 Q2,3

Q1 Q2 Q3

Q∅ = 1

uN ∝
∣∣∣(x1−i

j Qj (u + 1− i)
)

1≤i,j≤n

∣∣∣
I The polynomiality of the Q-functions.

Qj(u) = αj

dj∏
k=1

(u − u(k))

Bethe eq. ⇒ Qm(um + 1)Qm+1(um)Qm−1(um − 1)
Qm(um−1)Qm+1(um + 1)Qm−1(um) = −xm+1

xm

Q functions give us QSC.

ALDarak (Université de Bourgogne) Gauge/String Seminar July 2, 2022 3 / 11



The Q-function and it’s power

Bethe equations
I The Wronskian expression for the Q-functions GL(n):

uN ∝
∣∣∣(x1−i

j Qj (u + 1− i)
)

1≤i,j≤n

∣∣∣
I The polynomiality of the Q-functions.

Qj(u) = αj

dj∏
k=1

(u − u(k))
number of excitations

Bethe roots

Bethe eq. ⇒ Qm(um + 1)Qm+1(um)Qm−1(um − 1)
Qm(um−1)Qm+1(um + 1)Qm−1(um) = −xm+1

xm

Q functions give us QSC.

ALDarak (Université de Bourgogne) Gauge/String Seminar July 2, 2022 3 / 11



The Q-function and it’s power

Bethe equations
I The Wronskian expression for the Q-functions GL(n):

uN ∝
∣∣∣(x1−i

j Qj (u + 1− i)
)

1≤i,j≤n

∣∣∣
I The polynomiality of the Q-functions.

Qj(u) = αj

dj∏
k=1

(u − u(k))

Bethe eq. ⇒ Qm(um + 1)Qm+1(um)Qm−1(um − 1)
Qm(um−1)Qm+1(um + 1)Qm−1(um) = −xm+1

xm
m ∈ [[1, n]]

Q functions give us QSC.

ALDarak (Université de Bourgogne) Gauge/String Seminar July 2, 2022 3 / 11



The Q-function and it’s power

Bethe equations
I The Wronskian expression for the Q-functions GL(n):

uN ∝
∣∣∣(x1−i

j Qj (u + 1− i)
)

1≤i,j≤n

∣∣∣
I The polynomiality of the Q-functions.

Qj(u) = αj

dj∏
k=1

(u − u(k))

Bethe eq. ⇒ Qm(um + 1)Qm+1(um)Qm−1(um − 1)
Qm(um−1)Qm+1(um + 1)Qm−1(um) = −xm+1

xm

Q functions give us QSC.

ALDarak (Université de Bourgogne) Gauge/String Seminar July 2, 2022 3 / 11



Defination and some properties

Definition of Co-derivative in the GL(n) case:

D̂i0
j0 f (g) = lim

ε→0

f
(
eεEj0,i0 g

)
− f (g)

ε

→ D̂i0
j0 f i1i2...iN

j1j2...jN (g) = ∂

∂ε
f i1i2...iN
j1j2...jN (eεEj0,i0 g)

∣∣∣∣∣
ε=0

generators of glgroup element

Some of it’s properties:

D̂ ⊗ πλ(g) = P1,λ(1⊗ πλ(g))

D̂ ⊗ (A · B) =
(
D̂ ⊗ A

)
· (1⊗ B) + (1⊗ A) ·

(
D̂ ⊗ B

)
Where P1,λ =

∑
1≤k,l≤n

(
Ek,l ⊗ πλ(El ,k)

)
.

generalized permutation operator
fundamental representation

generalized representation

ALDarak (Université de Bourgogne) Gauge/String Seminar July 2, 2022 4 / 11



Defination and some properties

Definition of Co-derivative in the GL(n) case:

D̂i0
j0 f (g) = lim

ε→0

f
(
eεEj0,i0 g

)
− f (g)

ε

→ D̂i0
j0 f i1i2...iN

j1j2...jN (g) = ∂

∂ε
f i1i2...iN
j1j2...jN (eεEj0,i0 g)

∣∣∣∣∣
ε=0

Some of it’s properties:

D̂ ⊗ πλ(g) = P1,λ(1⊗ πλ(g))

D̂ ⊗ (A · B) =
(
D̂ ⊗ A

)
· (1⊗ B) + (1⊗ A) ·

(
D̂ ⊗ B

)
Where P1,λ =

∑
1≤k,l≤n

(
Ek,l ⊗ πλ(El ,k)

)
.

generalized permutation operator
fundamental representation

generalized representation

ALDarak (Université de Bourgogne) Gauge/String Seminar July 2, 2022 4 / 11



T-Operators

T λ (u) =
tra
(

(uNI + PN,a)⊗ (uN−1I + PN−1,a)⊗ · · · ⊗ (u1I + P1,a) πλ (g)
)u + ζ(1)

Form the property: D̂ ⊗ πλ(g) = P1,λ(1⊗ πλ(g))

D̂ D̂ D̂

T λ (u) =
{(

u1I + D̂
)
⊗
(
u2I + D̂

)
⊗ · · · ⊗

(
uNI + D̂

)}
tra
(
πλ (g)

)

T λ (u) =
{(

u1I + D̂
)
⊗
(
u2I + D̂

)
⊗ · · · ⊗

(
uNI + D̂

)}
χλ (g)
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Q-Operators
combinatorial Relations

From the relation between T and Q operators:

T1,s ∝
∑

b

(
Q[1−n]

b̄
Q[−s]

b

)

⇒
∑
s≥0

T [s]
1,sts ∝

∑
b

∑
s≥0

(
Q[1−n+s]

b̄ ts
)

Qb



[[1, n]]\{b}

→ Qj (u) = lim
t→ 1

xj

N
{ N⊗

i=1
(ui + 1

2 t ∂
∂t + D̂)w(t)

}
∑
s≥0

χs (g) ts

By understanding the action of D̂ on w(t) as combinatorics:

D̂i1
j1 w(t) =

j1

i1
w(t) , D̂i1

j1 ⊗ D̂i2
j2 w(t) =

j1

i1

j2

i2
+

j1

i1

j2

i2
w(t)

Where
j1

i1
=
(

gt
1−gt

)i1

j1
,
j1

i1
=
(

1
1−gt

)i1

j1
and a cross

j1

i1

j2

i2
=
(
P1,2

(
1

1−gt ⊗
gt

1−gt

))i1,i2

j1,j2
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Co-derivative In the SO Case
Definition of Co-derivative in the SO(2n) case :

D̂i0
j0 f i1i2...iN

j1j2...jN (g) = ∂

∂ε
f i1i2...iN
j1j2...jN (eεFj0,i0 g)

∣∣∣∣∣
ε=0

generators of sogroup element

One of the properties of the Co-derivative in the SO Case:

D̂so ⊗ πλ(g) =
(∑

i,j
Ei,j ⊗ πλ(Fj,i )

)
(1⊗ πλ(g)) ,

We have two different representation in the SO(2n) case:

1 2 n-2

+

−

R : Fund. Unknown spinorial

Figure: SO(2n) Dynkin Diagram
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Spinorial case

1 2 n-2

+

−

Figure: SO(2n) Dynkin Diagram

The R matrix in this representation:

R(u) = uI +
∑
i ,j

Ei ,j ⊗ Fj,i

Which changes after using the Co-derivative to:

R(u) = uI + D̂so
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Fundamental case

1 2 n-2

+

−

Figure: SO(2n) Dynkin Diagram

The R matrix in this representation is quadratic in the spectral
parameter:

R = u2 − 1
4 ((κ− 1)2 + 2κs + s2) + (u + κ

2 )
∑
i,j

Ei,j ⊗ Fj,i + 1
2
∑
i,j

Ei,j ⊗
∑

k
Fk,jFi,k

Using the def. of Co-derivative

=
(

u2 − 1
4 ((κ− 1)2 + 2κs + s2) + (u + κ

2 )(D̂so) + 1
2 (D̂so)2

)
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For Now and Future Research

We are testing to find a formula for the T-operators in the case of
rectangular representation in the auxiliary space.

Proving the Wronskian expression for our Q operators from the
Co-derivative.
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Thank You
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