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What is an open quantum system?
Closed systems are an idealization of the real ones.

Nothing
System
HSI |l/)(t) >
State: pure |¢(t))
Evolution: Schrodinger equation
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What is an open quantum system?

To give a more accurate description of real worlds we need:
Open quantum systems

Environment

System

[Manzano, 2020; Manzano, Hurtado, 2018; Petruccione, Breuer, 2002; Medvedyeva, Essler, Prosen, 2016;

de Vega (lectures), 2019]
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What is an open quantum system?

To give a more accurate description of real worlds we need:
Open quantum systems

Environment

LI )

s System ‘=
4 ? A

Hr=Hs®He, Hr=Hs®lg+1ls® He + aH,.
Systems+Environment dynamics:

p(t) = i[HT, p(t)]
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Lindblad Master equation
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How do we solve the Lindblad master equation?

Hard to solve.

@ Numerical methods

@ Perturbative methods

Does an exactly solvable model exist?

Different meaning of solvability, we focus on:
Yang Baxter Integrable Lindblad systems
Reasons: The out of equilibrium dynamics can be studied:

@ the Non-Equilibrium steady states can be constructed with exact
methods,

@ the generator of the dynamics can be diagonalized.
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What do we mean by: Yang-Baxter integrable system?
Models with a high amount of symmetry and a tower of conserved charges

[HaQr]:[QraQS]:O7 r,s:1,2,...,oo
generated by the R-matrix.

R(uy,up) =

Yang-Baxter equation

Rio(u1, up) Riz(u1, uz) Roz(up, u3) = Roz(uo, uz)Riz(ur, uz) Rio(ui, uo)

-




What do we mean by: Yang-Baxter integrable Lindblad
system?

Super-operator formalism:

. ’ 1
b= i) 43 |l - G Uthtnn)

Liouville equation =1

v~

Dissipator
1
p=Lp
Lindblad superoperator, L = Zj 1o s
M) 4 1@ (D)@ 1,(MFp(1) _ 1 ,)T y(2)
Lij=—il; +ih" + 4765 — 34067 — 587 4

We require L to be one of the conserved charge of an integrable model.
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Yang-Baxter integrable superoperator

Set up: Spin 1/2 chain of length L
|dea: Identify £ as a (non-Hermitian) Hamiltonian

SL (1) (2 | y(1) )= 1 ,MF (1) _ 1,T y(2)=
HPr = Lij=—ihi; +ih7 + 0707 — 56707 — 507 45

Require that £ is one of the conserved charge of the integrable model

Q=L

We focus on:

Construction of new integrable models.
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Construction of new integrable models

@, @ Lo 1T )
Lij=—i by ihD" )00 = 66 - ST

[de Leeuw, CP, Pribytok, Retore, Ryan]

Ingredients:

- Boost New integrable
- Gener i ) automorphism  EEP  superoperators!
form of mechanism
anol €
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How do we find integrable L7
Regular solutions R(u, u) = P of the Yang-Baxter equation

Ri2(u1, up) Riz(u1, uz)Roz(uz, u3) = Roz(u2, u3)Riz(u1, uz)Rio(ur, u2)

R generates a tower of commuting conserved charges Q1, @, Q3. ..

Bottom_up approach: de Leeuw, Pribytok, Ryan 2019
R . de Leeuw, Pribytok, Retore, Ryan 2020
Boost automorph|sm mechanism de Leeuw, CP, Pribytok, Retore, Ryan 2020

Steps:

1) Traditionally @, is the Hamiltonian, in our case Q> = L (depends on
the entries of ¢ and h).

2) Use the boost operator B[@,] to construct Qs.

3) Solve a set of differential equations derived from [Q2, Q3] = O for the
components of £ (h and ¢). Potentially, L is integrable.

4) Compute the R from L by solving (YBE)" with boundaries
R(u,u) = P, PR(u,u) = L(u).
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New model: Model B3

0 0 0 0 ~y 0 0
b1 0o 0 e 0 (= /T 0 1 iy - 1)e’
21 0 e 0 0|’ 21 0 —i(y+1)e ™ -1
0 0 0 O 0 0 0
¢ €R, ~ € RT coupling constant
hiji1 =% [e Yoto, e o) UJ+1} free-fermion hopping model
1 [[’ e'’a + Oji1— i(y+1)e” JJ o} +1+

1

2 (UZJJZJ+1 + 1) 2(Uzj - Uzj+1)]

P C) B c) B VM )R VU VI )72
Lij= =iy +ih)" + 605 — S0 e I

It can be shown that [£, Q3] =[£, Q4] =--- =0

2 O O o
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Can we be sure that the model is integrable?
The R-matrix is: R/ j-row and i-column

1 6 pll _ pl6
Ry =Rg = Ry = Rig = 1,

Ry PR3 _ _iPRS _ Ri3 _ i(tanh(¥)) +1)

eib 3 87 ei¢  coth(u — ) + tanh(v) '

— e/‘¢R5 = ig = Lﬁl = _ef¢ 1 _ —f(tanh(d)) — 1)
57 eid et 157 coth(u — ) + tanh(v))’

R = R} = Ri = Ris = Riy = Rg' = R§ = Rg = sech(u) cosh(v)),

) R4 RI3 )
e“bR; —__l_ 10 _ —e’¢R713 = —isech(u) cosh(t) sinh(u — 1p)sech(u + 1),
el® eld
iwor RS oy )
Ry = g =€ sech(u) cosh(¢) sinh(u — v)sech(u + 1),
e
; R .
e/¢Rl73 = —% = ieizwsech(u) cosh() sinh(u — v)sech(u + 1),
e

R710 = RZU = %sech(u)(cosh(w) + cosh(3))sech(u + 1),

10 4 13

2ivpr _ o _ R R
7T QRip T Q2ip  g—2ip

Rf3 = —e""¥sech(u) cosh(th)(sinh(u — )sech(u + 1) — 1),

Rig = ewfusech(u) cosh(¢)(sinh(u — 3)sech(u + 1) + 1).

= tanh(u) sinh(u — 1p)sech(u + v),

where u — j and v = tanh(%))

_u
32+



How do we solve this model?

The R—matrix is a ].6 X ].6 matrix. [Martins, Ramos, '97; Arutyunov, de Leeuw, Suzuki, Torrielli, '09]

Basis of the Hilbert space:

0) 1) 1) T4
We use: Nested algebraic Bethe ansatz technique.

[Levkovich-Maslyuk '16]

Starting point: chain of length L

Too Bi B B3
_ o | GG T T2 T3
Tolu) = H Rai(ui —u) = G Ty T T3

GG T3 T3 Tz3
Integrable model: RTT relation
R12(V — U)Tl(U)TQ(V) = T2(V)T1(U)R12(V — u)
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Too(u) Bi(u) Ba(u) Bs(u)

T(u) = Ci(u) u
C2(U) T21(u) T22(U) T23(u)
G(u) Tsi(u) Ts2(u) Ts3(v)

From the RTT relation:
[Bi(u),Bi(v)] =0, i=1,2,3,
B; are creation operators
but...
Ba(u)Bs(v) = B5(v)By (1)1 — ca,sm (B3(v) Too(u) — Bs(u) Too(v))

Reference state: 0) ®---®0)
—_——

L times

Bi1[0) = [1), B[0) = [1), Bs[0) = [1)
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Main idea of the Algebraic Bethe Ansatz

Too Bi B> Bs
G T T2 T3
G T Tn T3
G Ta1 T3 Ts3

T.(u) =

3
t(u) = traTo(u) = > Ti(u)

i=0
t(u) generates all the charges: Q, = 9% 1 log t(u)|u—0
Eigenvalues of t(u) — eigenvalues of Qs

How do we construct the eigenvalues of t(u)?
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How do we construct the eigenvalues of t(u)?

One particle state:

[¥)1p = F7Ba(va)[0) = #[1) + #[L)
We want to find A(u)

Hw)l, zmuw = Xu)[¥);,

We need to know:

1. How Tji(u) commute with B;(v,)?
2. What is the action of Tji(u) on [0) ® --- ®(0)7

2. Tir(u)|0) =TT, fi(u)l0)

17/29



How T;;(u) commute with B,(v,)?

Too(u)Ba(v) = 0a(u, v)Ba(v) Too(u) + . ..
Toa (U)Bs(v) = an(u, v)By(v) Tm(u)rgjﬁ(v —u)+...
T33(u)Ba(v) = Cra(u, v)Ba(v) Tas(u) + . ..

..." depends on operators and r is a the R-matrix of an integrable model.

We want

t(u)|)1p, = Mu)l¥) 1,
But we got:
t(u)[¢)1, = AW)[)1, + - -
)1, = F?Ba(va)|0) is an eigenstate only for some values of v,!
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How do we find the values of the rapidities?

t(u)[)1p, = Mu)lth)y, +

~—~
=0

t(u)[¥(v1))1, = AU)[d(vi))1,

vi — Bethe root solution of
— Bethe equations

=0
We need to remember that:

Too (U)Bs(v) = aa(u, v)By(v) TaT(u)rg7ﬁ(v —u)+...

r gives the nested structure.
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What happens if we consider M particles?
M = # particles, N = # particles of type B;

[{vit)mn = Bi(v1) ... Bi(v) Ba(vw1) - - - Ba(vm) |0)
N

M
commuting T11(v) + Ta2(u) through all the Bs, using

Toa (U)Bg(v) = an(u, v)By(v) TaT(u)r;76(v —u)+...

reintroducing explicit matrix products, one find
Garar(vi —u) ... ran(va — u) ~ Tey(u)
twisted monodromy matrix!

To find all the Bethe equations, one needs to solve the "nested” model.
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. 10 0o 0

G (—e”?) 7 0 |0 e ??b(u)  a(u) 0
: 0 (—e??) S 0 a(u) e?®b(u) 0
0 0 0 1

where a(u) — sinh(2¢)csch(2(u + 1)), b(u) — sinh(2u)csch(2(u + )

Putting all the results together:

t(W) )y = M)Y) v T

=0
Eigenvalue
Au) _IMI icosh (u — v; + )
(—1)M—NeM+i¢(M—2N) 7,:1 sinh (v; — u)

M L —th—id

,-I;{ i cosh(t)) (coth (u — v;) — tanh(4)) 1;[1 - % Aoy (u)+
1’\1[ icosh (u—v; — 211;) ﬁ e~ 2% tanh(u) sinh(u + )

sinh (u — v; — i1 cosh(u — )

sinh (2 (v; — u))
sinh (2 (u — v; — ¥))

=

sinh (2 (w; — u — 7)) _ b LN sinh (2 (u — w; — )
sinh (2 (u — w;)) ( ) 11:[1 sinh (2(w; — u))

—

Ne—v(u) =
1

i=1
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Bethe equations:

For the rapidities {v} in the main chain:

M cosh(vj — V"+¢)
1—11_‘,'[75]- cosh (VJ — v — 1/}) =
L je—Y— ’¢S|nh(V + ) N sinh (2 (w; — v; — v))
H COSh(VJ)J ’1;[1 S (2 (s _JWl.))

i=1

and for the rapidities {w} of the nested chain

ﬁ sinh (2 (w; — wj;)) sinh (2 (w; — w; — 9)) _ (762@)1_1’\—/’[ sinh (ZEV,- - wj))

=1 SN (2 (g = wi)) sinh (2 (wg = wi =) L sinh (2 (w; — v — )
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Conclusions and future work

What we saw today:

@ Boost method to classify new integrable models: classify R-matrices
(possible to do ABA)

o Classify new integrable models of Lindblad type

o Take the most physically interesting model and find the eigenvalue
and the Bethe equations

Some of the possible future directions:

@ Analyse the possible Bethe/Gauge correspondence of
Nekrasov-Shatashvili for model B3

@ Can the boost automorphism mechanism be applied to partially
classify Bethe/Gauge correspondence?

@ Numerical study of leading decay modes describing the relaxation at
late times
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Conclusions and future work
What we saw today:

@ Boost method to classify new integrable models: classify R-matrices
(possible to do ABA)

o Classify new integrable models of Lindblad type

@ Take the most physically interesting model and find the eigenvalue
and the Bethe equations

Some of the possible future directions:

@ Analyse the possible Bethe/Gauge correspondence of
Nekrasov-Shatashvili for model B3

@ Can the boost automorphism mechanism be applied to partially
classify Bethe/Gauge correspondence?

@ Numerical study of leading decay modes describing the relaxation at
late times

Thank you!
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Back up slides:

Example: How do we use the Boost automorphism mechanism?
Step 1. Initial ansatz:

0 0 0 O
0 0 h O _ _
hijit1 = 0 hy 01 0 =hot®o +ho ®@o™
0 0 0 O
0 00O
o000 | L. A , ,
lii=1 g 1 ) o | =0 ®0 +,0-0)@(1+0%)
0 00O
Superoperator £
o i p@) (2 (1) p(2)% L i) (2)T()
Lij=—ih;+ih7" + 6707 _56"»" 6,-’ 6 o

dentify Q2 = 37 Liiv1, Loov1 = Lo1.
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Step 2 Construct Qs
4 4
Q3= [Lini, Lijpa]l =D Qiitrite
i=1 i=1

Straightforward but cumbersome! Q3 depends on hy, hy and A.
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Step 3 Plugging Q> and Qj3 into the integrability condition

[Q2,Q3] =0
we get:
A+ 2ihy =0, N —2ihy = 0, A2=1
SO
0 0 0 0 00 0 O
pooo_1] 0 0 ie? 0 g _[00 00
BT 51 0 —ie® 0 0 |0 MLT | 0 1 €4 0
0 0 0 0 00 0 O

Potentially integrable L!
We prove integrability by finding the R.

27/29



Step 4
Reasonable ansatz for the R (understand non-zero entries and some
relations between them)
using
[R13R23, L12(u)] = OuR13R23 — R130,Ro3,

R,',j = R,-L,-(u).
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We found that the non-zero entries of the R-matrix are:

rb _ rcolumn
a ~— 'row

1 6 11 16 13
n=trg="r1="re="r =1,

_ : : o . ov—u .V —Uu

e 0r8 = e} = %rf = e %2 =2je 2 sin 7

5_,2_,9_ 3_ 8 14 _ 12 _ 15

n=rB=rn=rg=r=rn‘=rdi=r=c7,
10 —u

Ms=r'=ry=1-rg=e""

, . G yly . V—u

et =e %y =2ie" Ysin 5

This is actually a new model!

Can we do the Bethe Ansatz?
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