The Geometry of Magnificent Four

with J. Rennemo

| saw the sign and it opened up my eyes
| saw the sign

Life is demanding without understanding
| saw the sign and it opened up my eyes

The Sign, Ace of Base
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Gromov-Witten, Donaldson-Thomas (...) theory: [M]¥Ir, O}
Perfect obstruction theory

M= Z(s) C A, Asmooth variety

s€ H°(A, V) V — A vector bundle

V¥~ Q| Qi = (Ty")Y

I/ 13 —2> Qalu Ly

s L [M]T = e(V) € Hayg(A)

where vd := rk(Ty") = dim(A) — rk(V)
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Koszul dga: (A*V*,_s,A)  hO(A*V*) = Op
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Koszul dga: (A*V*,_s,A)  hO(A*V*) = Op
Virtual structure sheaf

A Ve =D (=1 NV =D (=1)'H (A V*) = O € Ko(M)
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Koszul dga: (A*V*, s, A)  hO(A*V*) = Op
Virtual structure sheaf
A Ve =D (=1 NV =D (=1)'H (A V*) = O € Ko(M)

If det(Q)i")2 exists

. A ; .
NEKRASOV-OKOUNKOV twist — Of)f := Offf ® det(Q}))>
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Koszul dga: (A*V*,_s,A)  hO(A*V*) = Op

Virtual structure sheaf
A Ve =D (=1 NV =D (=1)'H (A V*) = O € Ko(M)
If det(Q)i")2 exists
NEKRASOV-OKOUNKOV twist @X}r =00 ® det(QX}r)%
If M is compact
/[M] o ac H(M.Q), x(M.OF ©5). B e Ko(M)
Goal: Apply to Hilbert schemes
Hilb"(C) = {Z c €¢: dim H(Z,07) = n}
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For any d > 0, consider

X1

u

X
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For any d > 0, consider
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Reps with dimension (1, n)
R:=C"@®End(C"®¢, GL,~R

(u, X1, , Xg) — (gu,gX1g 71, ..., gXag 1)
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For any d > 0, consider

X1

u

X

Reps with dimension (1, n)

R:=C"@®End(C"®¢, GL,~R

(u, X1, Xq) = (gu,8X18 7", .., 8Xag ™)

Open subset U C R: reps st. C(Xq,...,Xqg) - (u) =C"
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GL, ~ U is free

ncHilb"(CY) := U/GL,, smooth of dim (d —1)n> + n
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GL, ~ U is free

ncHilb"(CY) := U/GL,, smooth of dim (d —1)n> + n

take A := ncHilb"(C9), define V — A, sc HO(A, V)

Vlp = End(C)),  sp={[X\ X]}icjy P =[(uX1,...,Xq)]
~ M := Z(s) = Hilb"(CH)

Issue: vd = (d — 1)n® + n — (‘2/) n?> only >0 ford=2

d=2vd=1k(Ty")=n #2n

ARBESFELD-JOHNSON-LIM-OPREA-PANDHARIPANDE ( e )
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d=3
Superpotential: ® : A — C, ®(u, X1, X2, X3) = tr(X1[X2, X3])
= s=dbe HY(AQy), M=Z(s)CA

= vd = dim(A) — rk(Q4) = 0 (1)
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d=3

Superpotential: ® : A — C, ®(u, X1, X2, X3) = tr(X1[X2, X3])
= s=ddc HY(A Qu), M=2Z(s)CA

= vd = dim(A) — rk(Q4) =0 (1)

Symmetry: QyF & TYir[1]

SZENDREI, BEHREND-BRYAN-SZENDRGI, OKOUNKOV (...)

“Local model DT theory compact Calabi-Yau 3-folds”
BRAV-BUSSI-JOYCE, PANTEV-TOEN-VAQUIE-VEZZOSI

Question How about d > 37
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3-term obstruction theory

Back to general setting... Given data:
» M=2Z(s)CA Asmooth, scHYA V) VA
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3-term obstruction theory

Back to general setting... Given data:
» M=2Z(s)CA Asmooth, scHYA V) VA
» non-degenerate bilinear form q: V® V — Oyh
> s isotropic

q * .
7_A!/\/li>V\Mg V*\MAQA\M Quyr

g |

I/ 13— Qalum Ly

Self-dual: QyF = Ty'[2]

Virtual dim: vd = rk( Ty}F) = 2dim(A) — rk(V) > dim(A) — rk(V)

“Local model DT theory compact Calabi-Yau 4-folds”

BrAV-BUssI-JOYCE, PANTEV-TOEN-VAQUIE-VEZZOSI
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Qir >~ TVl = D (det QF)®2 5 Oy

Orientation: o : det QX}f 5 Oyst.o®o=D

7/16
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Suppose dim(V') even, and 3 A C V maximal isotropic subbundle

0—-A=V A" =0

induces det(V) 2 O, = orientation det Q}F = Oy
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0—-A=V A" =0

induces det(V) 2 O, = orientation det Q}F = Oy
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Qyr = T2l = D (detQyn)=2 5 Oy
Orientation: o : det QX}f 5 Oyst.o®o=D
Suppose dim(V') even, and 3 A C V maximal isotropic subbundle

0—-A=V A" =0

induces det(V) 2 O, = orientation det Q}F = Oy
On-THomas  [M]Y' € Hoa(M, Z[3]), O3 € Ko(M, Z[1])
LM = e(N), 1O = A_1A* @ det(Q4)2

where A_1E* = A_1E* ® det(E)2

Note: e(A)? = (—1) 2

7/16



d=24
Recall A := ncHilb"((C4), M= Z(s) = Hilb"((C4)

at P = [(U,Xl,XQ,X3,X4)]:

Vip= @End(@”), sp = {[Xi, Xjl}i<j € Vlp
i<j
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at P = [(U,Xl,XQ,X3,X4)]:

Vip= @End(@”), sp = {[Xi, Xjl}i<j € Vlp
i<j
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d=24
Recall A := ncHilb"((C4), M= Z(s) = Hilb"((C4)

at P = [(U,Xl,XQ,X3,X4)]:

Vip= @End(@”), sp = {[Xi, Xjl}i<j € Vlp
i<j

Define quadratic form on V

q({Yj}ti<j) = tr(Y1i2 Y34 — Y13 Yos + Y14 Y23)
= s isotropic

Virtual dimension: vd = 2n

Take Alp := @ <;.j_4 End(C") ~ orientation
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Standard torus action (C*)* ~ C* T = {titataty = 1} < (C*)*

Action T ~ Hilb"(C*)
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Standard torus action (C*)* ~ C* T = {titataty = 1} < (C*)*

Action T ~ Hilb"(C*)

Hilb"(CH T = {/ C C[x1, x2, x3, xa] : monomial ideal, colength n}

= {7r C Z;O 4D partition : |w| = n}
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Standard torus action (C*)* ~ C* T = {titataty = 1} < (C*)*

Action T ~ Hilb"(C*)

Hilb"(CH T = {/ C C[x1, x2, x3, xa] : monomial ideal, colength n}

= {7r C Z;O 4D partition : |w| = n}
(M € Hy,(M,Z[3]), Oy € K (M, Z[3])
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Tautological bundle: O] = HO(Z,05)
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Tautological bundle: O] = HO(Z,05)

Interested in
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n
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Tautological bundle: O] = HO(Z,05)

Interested in
> " x(Hilb"(C?), 0)(—q)"

3 x(HID"(CH), 0¥ @ A1 (0I)* @ y)q"
n

Method 1. Compute by localization
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d = 3 GraBER-PANDHARIPANDE localization

T=(CPAM Tl =T wr) =T )"
—_——

=0!
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d = 3 GraBER-PANDHARIPANDE localization

T=(CPAM Tl =T wr) =T )"
—_——

=0!

. L1
o 0¥ © det(Qr)3 |y
X(M?OX/llr) :X<MT7 M A Qvir’m )
=130 T
- T s
ZeMT Ch( 1QVIr’Z)

:Zch

semr h(A-1(Q2a — Ta)l2)

Z < 3D partition 7
Ti'lz = Talz — Qalz

= Ext!(lz, I7) — Ext?(Iz, I7) =: VP13
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d = 3 GraBER-PANDHARIPANDE localization

T=(CPAM Tl =T wr) =T )"
—_——

=0!

- OVt @ det(QY)2 |y
X(M?OX/llr) :X<MT7 M A Qvir’m )
—13epm MT
- T s
ZeMT ch(A-1952)

:Zch

semr h(A-1(Q2a — Ta)l2)

Z < 3D partition 7
Tz = Talz — Qalz
= Ext!(lz, I7) — Ext?(Iz, I7) =: VP13
Notation: [E] := ch(A_1E*), E € K{ (pt)
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d = 4 On-Tuowmas localization
ch(A_1HY(Oz)* @ y)
Zemr \/(~1)7eh(A 25 2)

X(M. O3 @ A_1 (O @ y) =
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d = 4 Ou-Tuomas localization
ch(A_1HY(Oz)* @ y)

X(M. O3 @ A_1 (O @ y) = —
ZemT \/(—1)”Ch(/\ Qyir|2)

_ A_1H(Oz)* @ y)
Zez,\;r ( 1(Qa = N)|z)

Tvlz=(Ta—N)z+(Qa—N)z

= Ext!(lz, I7) — Ext?(lz, Iz) + Ext3(Iz, I7)
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d = 4 On-Tuowmas localization
ch(A_1HY(Oz)* @ y)
Zemr \/(~1)7eh(A 25 2)

X(M, OFF @ A1 (0" @ y) =

_ A_1H(Oz)* @ y)
Zez,\;r ( 1(Qa = N)|z)

Tlz=(Ta=N)z+ (Qa— NIz
= Ext!(lz, I7) — Ext?(lz, Iz) + Ext3(Iz, I7)

Z <> 4D partition 7

(Ta— Nz = HY(Oz)* @ y = VT
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For 3D partition 7, define Zr := 3", ; ), tithtk

VDT3 — Z _ Z;: + (]‘ B tl)(l B t2)(1 B t3)Z7>:Z7r
4 T tibts titots
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For 3D partition 7, define Zr := 3" ; 1)cx t{tété‘

; 1)1 — 1) (1 —
V7]3T3 — Zﬂ- _ Z7r + (]‘ tl)( t2)( t3)Z7>:Z7r
titots titrts
For 4D partition 7, define Zr := 3 (; ; \ jyex tit) kel
(1 — tl)(l — tz)(l — t3)

VDT4:Z _ Z*
" mT YRt titots

ZXZ,, tbtsty=1
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For 3D partition 7, define Zr := 3" ; 1)cx t{tété‘

Z* (1 — tl)(l - tz)(l — t3)
VDT3 — Z _ s Z*Z
™ T tibts + titots e

For 4D partition 7, define Zr := 3 (; ; \ jyex tit) kel

(1 — tl)(l - tz)(l — t3)

VDT4:Z _ Z*+
" ™ Yen titat3

ZXZ,, tbtsty=1

Note: for y =ty
T¢ =0} = [-V2T] =0
7 C {xqg =0} = [-VPT4] = [-VDPT3]  RHS: MNOP, Oxounkov
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New feature:

f
. ds %«
(_1)7'“ _ (_1)d1m coker(TA‘Z—>V|Z—>/\ ‘Z) _ (_1)\7r|+|{(i,i,i,j)€7r:i<j}\

Measure (—1)™ [—~VPT4] discovered by physicists
NEKRASOV-PIAZZALUNGA

Conclusion:
Z X(Hllbn((c3) Ov1r Z[ VDTS] \ﬂ"
MNOP, OKOUNKOV
3 XHI(C), O oA _1 (O @y)g" = Y (~1) [~V gl!
n

™

K-RENNEMO

Second specializes to first for y =

14/16



Method 2. Compute by pushing down Hilb"(C9) X2 Sym"(C9)
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Method 2. Compute by pushing down Hilb"(C9) X2 Sym"(C?)
OxounNkov's factorizability ~~ 3 K-theory classes A, B,
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3 x(HID"(CH), 0¥ @ A_1(OV)* © y)q" = EXP(ZX B))q")

n=1

15/16



Method 2. Compute by pushing down Hilb"(C9) X2 Sym"(C?)
OxounNkov's factorizability ~~ 3 K-theory classes A, B,

>~ X(HID"(C?), 07)(—q)" = Exp(z A€, An)q")

3 x(HID"(CH), 0¥ @ A_1(OV)* © y)q" = EXP(ZX B))q")

n=1

Plethystic exponential: for F(z, ..

. 7Zk) € @[[21, e 7Zk]]

Exp(F(z1,...,2k)) = exp (Zzo 1 ,11F(zf7 .. ,z,?))
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Method 2. Compute by pushing down Hilb"(C9) X2 Sym"(C?)
OxounNkov's factorizability ~~ 3 K-theory classes A, B,

>~ X(HID"(C?), 07)(—q)" = Exp(z A€, An)q")

Z X(Hilb"(C*), 0"" @ A_1 (0" @ y)q" = Exp(z x(C )

n=1

Plethystic exponential: for F(z, ..

.,Zk) E@[[zl,...,zk]]
Exp(F(z1,...,2k)) = exp(Ziol iF(zf,...,z,?))

Determine Exponent:
» d = 3 hard combinatorics Okounkov
» d = 4 determined by y = t; K-RENNEMO
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Proves conjectures NEKRASOV, NEKRASOV-PIAZZALUNGA

Theorem (Oxounkov)

5 [- VP (— g = Exp<["‘“;ﬂ%ﬁ§i%£§i“] 1 )

[(ta tzta)% q][(t1t2t3)% g1
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Proves conjectures NEKRASOV, NEKRASOV-PIAZZALUNGA

Theorem (Oxounkov)

S [V~ )il = Exp(“““{ﬂ%ﬁﬁ%lﬁ“] 1 )

[(ta tzta)% q][(t1t2t3)% g1

Theorem (K-RexxeMO)

1Y [_\yDT4] 47| — [t1to][t1 t3] [t 83] v
2 (1) [=VZa —EXP< aREE [y%q][y%q—11>
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Proves conjectures NEKRASOV, NEKRASOV-PIAZZALUNGA

Theorem (Oxounkov)

5 [- VP (— g = Exp<["‘“;ﬂ%ﬁ§i%£§i“] 1 )

[(ta tzta)% q][(t1t2t3)% g1

Theorem (K-RexxeMO)

S (~1)" [-VPTY g7l = Exp <[t1t2][f1f3][t2t3] v )

(ltellslial 1,2 qn 2 1)

Another direction Magnificent Four with Colour

.. i.e. upgrade to Quot scheme

Quot”(CH) = {[og; Q] dimQ = n}
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The sign
P € MT reduced = ds: Talh — V|5 maximal isotropic

compare to /\\,fg - V|f3 maximal isotropic

(~1)7 = 1 if ds(Tal|b) positive
-1 otherwise
classical fact:

ds(Talb), Al same ori < dim(ds(Talh) NAL) = dim(2V|£’) mod 2

f
- (—1)777 _ (_1)dim Cokor(TA|pis>V|p—>/\*|p)
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Factorizability

Given: Y smooth T-variety and {F, € Coh” (Sym"(Y))},

YA = (1m2m ...} I n, consider [, Sym™Sym*(Y) 2 Sym"(Y)
define U C [], Sym™Sym*(Y):

open subset with x; # x; for x;, x; in different groups
factorizability: £ Fp|y =2 MeSym™ Fi|y (compatible with subdivision)

Oxounkov constructs {G, € K (Y)}2, such that

1+ x(Sym" (V) F) ¢ = Exp( o x(Y, Go) ")

n=1 n=1
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Fn:= Rup, 0¥ € K (Sym"(C?)): take n = ki + ko

consider Sym* (C?) x Sym*2(C?) — Sym"(C?)

goal: construct £ F,|y = Fi, X Fi,|y,  consider

A, = ncHilb"(C?) D Hilb"(C?) = Z(s,) =: M, s, € T(An, Vy)

consider

g
Ak X Alu —— A,

|

Mlq X Mk2‘U M,,
l ) ,iv 2
u étale Sym ((C )
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Over P = [(ul,Xl, Yl)] X [(U2,X2, Yg)] S Mkl X ng‘U:

. End(Ch) 0 )
(Vig B Vi,)|p C &) Valp, ( 0 End(CkZ) C End(C")

Xl 0 Yl 0 o [Xl, Yl] 0
(0 Xg)’(O Y2> _< 0 [XQ,Yz])

ds|p : NAIqXAIQ/An‘P = g;:(Vn/(Vkl B Vi))lp

Sp =

= G\ Vilu = A*Vig IA* Vi, RA* N, a, /a,lu
for E, := hVeN (A V) @ hedd(A* V) with class O}}"

= giEnlu = Eiy R Elu, = KFalu = Fig ¥ Filu
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	Appendix

