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Little String Theories

Over the last decades string theory has provided insights into strongly coupled quantum systems

Specifically: prediction of existence of new interacting conformal field theories in dimensions D > 4
e.g.: [Seiberg 19961

String theory

suitable decoupling of o
- extended objects —_— - point-like degrees of freedom

- gravitation gravity - well defined energy momentum tensor

String theory also predicts the existence of new ‘non-local theories’, e.qg. little string theories (LSTs)

String theory f
3 : suitable decoupling o
extended objects _ - intrinsic string seale M., remains
- gravitation gravity
- compactification to D > 4 < Maping > Mutring
effective QFT UV-comp. contains
(point-like dofs) stringy dofs

Classification of LSTs (ADE type for theories

¢ - well defined energy momentum tensor
with A = (2,0) supersymwmetry)

[Bhardwaj, Pel Zotto, Heckman, Morrison, Rudelivs, Vafa 20161 different approaches: [Witten 19931
LAspinwall, Morrison 19971
[Seiberg 19971
[Haghighat, lqbal, Kozgaz, Lockhart, Vafa 20131 Untriligator 19971
. . CHaghi 1 [Hanany, Zaffaroni 19971
Rich class of examples realised M- [ﬁf,“:"ﬂ“f‘;:f;ﬁ”' Lockhart, Vafa 2013 (Brunmer, Karch 19971
’ q a
theory through branewebs R

LSH, Igbal, Rey 20151
[Haghighat, Murthy, Vafa, Vandoren 20151



Parallel MS-branes

brane webs: M-branes arranged in a fashion to preserve (some amount of) supersymmetry

*  String-like objects arise at the intersection of M- and M2-branes

/ /21" stretohed MZ-branes

M-string provide description of

= e (almost) tensionless strings in 6. dim.
- relevant for N = (2,0) SCFT
— 1

*  wmany dual realisations allowing to explicitly compute quantities (e.g. partition function)

notably: F-theory compactification on toric, non-compact Calabi-Yau threefolds

[Morrison, Vafa 19961

[Heckman, Morrison, Vafa 20131

[Pel Zotto, Heckman, Tomasiello, Vafa 20141
[Heckman 20141

[Haghighat, Klemm, Lockhart, Vafa 20141

[Heckwman, Morrison, Rudelivs, Vafa 20151
LSH, Igbal, Rey 20151
[Bhardwaj, Del Zotto, Heckman, Morrison, Rudelivs, Vafa 20161



Parallel MS-branes

brane webs: M-branes arranged in a fashion to preserve (some amount of) supersymmetry

*  String-like objects arise at the intersection of M- and M2-branes

/ /21 stretohed M2-branes

M-string provide description of

= * (almost) tensionless strings in 6. dim.
- relevant for N = (2,0) SCFT
/

*  wmany dual realisations allowing to explicitly compute quantities (e.g. partition function)
notably: F-theory compactification on toric, non-compact Calabi-Yau threefolds

*  depending on the details of the brane configuration, a large class of different Little Strings
(or their duals) can be realised and studied very explicitly

* low energy limit associated with non-abelian supersymmetric field theories
(mass deformed N = 2* theories upon compactification to 4 dimensions)

Class of theories exhibits interesting (and non-expected) dualities (trialities)t Guiansizois o "o



Details of the Brane Configurations
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Details of the Brane Configurations
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still leaves winding modes around Fg

leads to CFT on M9-brane world-volume leads to a LST on MY-brane world-volume



Details of the Brane Configurations

0) (1)|2 3 4 5]6|7 8 9 10
Mb-branes | e ® (o o o o
M2-branes | e ° °
€1 O O
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T

Compactification: Cowmpactify (01)t0o 72 ~ S x S! withradii Ry and R =: —

271

Peformations: there are two types of deformations with respect to the compactified (0,1)-directions
introducing complex coordinates (z1,22) = (w2 +ixs, x4 +ix5) AN (w1, w2) = (7 + ixs, Tg + iT10)

(0)’dil’ecf..' U(l)el X U(1)€2 : (Zl, 22) — (627Ti61217 627Ti€2z2) and (rwth) — (e—iﬂ'(€1+€2)w1, 6—i7r(61+€2)w2)

(1)-direct.: U(D)p): (wi,wa) = (e2™™wy, e ™ w,)

gauge theory: Omega—backgroundmm.m mass-deformation



Dual Type |l Setup

For vanishing mass deformation ( m = 0) the M-brane configuration is dual to P9-NS9-branes in lI1B

o 1 2 3 4|5 6|7 8 9
D5branes | ¢ e e o o | o —

NSS5branes | ¢ o e o e | — o
\ N~ - H’—/\ Ve o
gauge theory (p,q)+plane transverse R3
1 2 3 M
Peformation:

’ . o - — (11) brane

uplift the deformed type Il configuration to M-th.
on an elliptically fibered Calabi-Yau threefold X 5/

[Leung, Vafa 19971

topic diagram of X n/ », same as deformed brane web



Dual Calabi-Yau 3-fold Description

Z-parameter series of toric, double elliptically fibered Calabi-Yau threefolds X v s
Toric Web Diagrawm:

3

Z

* (N, M) web on a torus T v §
Z
* double elliptic fibration strueture . A
. 2. b

with parameters (p, 7) Y, %,
* 3NM different parameters representing haw & 5, .
. = @\/x . T
the area of various curves (' of the CY3 o0 . v |,

d = / ,
C " Kahler form

-} N M horizontal lines 1y ns
-) N M vertical lines v1_... N
-) N M diagonal lines m1 . nas

* only NM + 2 independent
parameters due to consistency
conditions




Dual Calabi-Yau 3-fold Description

Z-parameter series of toric, double elliptically fibered Calabi-Yau threefolds X v s
Toric Web Diagrawm:

* (N, M) web on a torus
* double elliptic fibration structure
with parameters (p, 7)

* 3N M different parameters representing
the area of various curves (' of the CY3

d = / ,
C " Kahler form

-} N M horizontal lines 1y ns

-) N M vertical lines v1 ... N h+m=~h"+m
-) N M diagonal lines m1 . n s v+m' =m -+
* only NM + 2 independent different possible choices for
parameters due to consistency set of independent parameters

conditions



BPS Partition Function

Free Energy: Counts number of BPS configurations, i.e. M2-branes wrapping holomorphic

curves on the CY3 X v »,. Captured by topological free energy Fiy py = In Zxn pr 0f X s

[Haghighat, Igbal, Koz¢az, Lockhart, Vafa 20131
[Haghighat, Kozeaz, Lockhart, Vafa 20131
[SH, lgbal 20131

Compute the topological string partition function Zx 1s using the refined topological vertex

-) assign trivalent vertex to each intersection

Al —
I 2 1+ 1AL = lul

C)\,ul/:q 2 1 2 q 2 Zl/(t7Q)Z(%) i
n

X Sxt/n(tPq7") s, M@ PTY)

~ t . . —1
Z,(t.q) =[] (1—?5”9'_7’“(1”‘*7) ,

(4,5)ev

h(rv—1)N+2




BPS Partition Function

Free Energy: Counts number of BPS configurations, i.e. M2-branes wrapping holomorphic

curves on the CY3 X »s. Captured by topological free energy 'y py = In Zn as 0f Xy 5y

[Haghighat, Igbal, Koz¢az, Lockhart, Vafa 20131
[Haghighat, Kozeaz, Lockhart, Vafa 20131
[SH, lgbal 20131

Compute the topological string partition function Zx s using the refined fopological vertex

-) assign trivalent vertex to each intersection Notation:

ull? [etl® [zl LRSI g = €*TL and t = e~ 2T

Cyw=q 2t 2 q 2 Z/(t,Q)Z(%) 2
n

[,V , A integer partitions
¢

X Sxen(tPq7") suym(q”"t7") | = Z,ui ’
> Vit pi—j) = \M'
Z,/(t,Q): H (1—tg g .7) : , ¢ , 7
(i,5) €V [l = ZM@

Su/n skew Schur funetion




BPS Partition Function

Free Energy: Counts number of BPS configurations, i.e. M2-branes wrapping holomorphic

curves on the CY3 X v »,. Captured by topological free energy Fiy py = In Zxn pr 0f X s
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BPS Partition Function

Free Energy: Counts number of BPS configurations, i.e. M2-branes wrapping holomorphic
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BPS Partition Function

Free Energy: Counts number of BPS configurations, i.e. M2-branes wrapping holomorphic

curves on the CY3 X »s. Captured by topological free energy 'y py = In Zn as 0f Xy 5y

[Haghighat, Igbal, Koz¢az, Lockhart, Vafa 20131
[Haghighat, Kozeaz, Lockhart, Vafa 20131
[SH, lgbal 20131

Compute the topological string partition function Zx s using the refined fopological vertex

-) assign trivalent vertex to each intersection

Al —
el et vl 1+ 1AL = lul

C)\,ul/:q 2 1 2 q 2 Zl/@aQ)Z(%) i
n

h(rv—1)N+2

X Sxt/n(tPq7") s, M@ PTY)
~ t . . —1
Z,(t.q) =[] (1—75”9'_7’“(1””) ,
(i,5)€v

-) glue vertices according to web diagram

2mim\ |V
E :(—6 )| |CM1>\1VC/L§>\§1/’5

14

-) e¢hoose preferred direction

must be comwmon to all vertices of diagram b m



Instanton Partition Functions

Different choices of preferred direction afford different (but equivalent) expansions:

2y ({h}, (v} {m} e12) = Z,({v}, {m}) D e ™52 Zp({v}, {m}) = Zi0 ™

—

k

= Z,({h} {m}) Y eV Ze({h}, (m}) = 233"

common norwmalisation factor i

(perturbative partition function)
_Em N,M
= Z,({h}, {v) D e "™ Zp({h}, {o}) = 25"

—

k
Compare different series expansions with instanton partition functions of quiver gauge theories.

Equalities of partition functions implies dvalities among different gauge theories: Triality
[Bastian, SH, lqbal, Rey 20171




Further Dualities from X v ),

Flop transition for any two curves in the diagram:

LSH, Igbal, Rey 20161

v2 +v4+ h1 4+ hs + he




Further Dualities from X v ,,

Flop transition for any two curves in the diagram:

Example: Series of flop and SL(2,Z) transformations for Xz o ~ X 1 tsh 1gpal, Rey 20161

Puality leaves partition function invariant
Zzo({h}, {v},{m},e12) = Zs1({W'},{v'}, {m'}, e10) [Bastian, SH, lgbal, Rey 20171
Kahler parameters implied by dvality transformation

: : Lo : 1
Vertical expansion of Zg  gives rise to a gavge theory with gauge group U/ (6) and part. fet. 25213

Further duvalities among larger classes of gauge symwetries



Network of Dual Theories

Extended moduli space of X iy as:
NM = N'M'

X i X / /
N AN for gcd(N, M) = ged(N', M)
Partition function invariant [SH.Igbal, Rey 2016]
ZN,M({h}v {U}v {m}a €1,2) — ZN’,M’ ({h/}, {U/}a {m/}a E1,2) (partial) proves: [Bastian, SH, lqbal, Rey 20171

[Haghighat, Sun 20181

walls of Kahler cones

intermediate Kahler cone(s) that are passed through
in the series of flop- and symmetry transformations
onnecting Xy ar and Xy pp0



Network of Dual Theories

Extended moduli space of X iy as:
XN,Mm ~ XN M for
Partition function invariant

Zym({h} {v, {m} e2) = Zn o ({R'} {v'}, {m'} e 2)

Weak coupling regions within each Kahler cone:

-

[ w— 00

NM = N'M'

ged(N, M) = ged(N', M")

LSH, Iqbal, Rey 20161

(partial) proves: [Bastian, SH, Iqbal, Rey 20171
[Haghighat, Sun 20181




Network of Dual Theories

Extended moduli space of X iy as:

NM = N'M’
X Y X / /
Partition function invariant [SH, Igbal, Rey 20161

ZN,M({h}v {U}v {m}a €1,2) — ZN’,M’ ({h/}, {U/}a {m/}a E1,2) (partial) proves: [Bastian, SH, lqbal, Rey 20171
[Haghighat, Sun 20181

Network of dual theories: eastian SH Igbal, Rey 20171
for any (', M') with

NM = N'M'
ged(N, M) = ged(N', M")




Dihedral Symmetries of Configurations (N.1)

Web of dvalities among different theories can be turned into symmetries for individual theories
LSH, Bastian 20181

Example (N,M)=(21);

S - S
%Lhnl m™os - hy %L__"l 2 S 1 hy
————————————————— a - a
=1 /52 =1 /sg
™Mo U1
S 2 S/ 2

61:v1+h2, aQZU2+h1, ZL\’1:m1+h1, 5’2:m2+h2,
S:h2+U2—|—h1, R—QS:ml—’Ug. S’:h2+m1—|—h1, R/—2S/:U2—m1.

Implies the following symwmetry of the partition function:

a1 a 1 0 -2 1 et O .

o ah 0 1 -2 1 , el =
=G - where G = with

g 1 S’ 1 0 0 —1 1 G- -Gy =1 44

R R’ 00 0 1



Generalising to include other duality transformations:

1 o
S \2 \ lyxs Gi1 Gz Gy
L AN Nywa | Dgxa  Ga G G3
1 0 -2 1 %llvg ,,,,, m 1h_1a Gl Gl ]14)(4 GS G2
=T x
101 =21 / GQ GQ Gg ]14><4 Gl
Gl_ g 2 ,
00 -1 1
00 0 1 G G Go Gy 1454
o N Group Structure:
1 0 0 O 1 {ﬂ4x4,G1,G2,G3}gDih2
a_| 01 00 \
27111 -1 0 o / N
2 2 —4 1 o \

\ tgl:,,,;l m V: h ]_ O _2 1
| e - 01 -2 1
~ —

G /. G Gs=111 31

S 2 2 —4 1
Gy Gs




Symwetry group

" Dihy if N=1,

. Dih, if N =2

G(N) >< where G(N) = 4 Dihz N3
AN | Dih if N >4.

shuffling’ of roots

Explicitly

G(N) = ({Ga(N), Go(N)[(G2(N))? = (G5(N))? = (Ga(N) - Qé(N)ﬁ)— 1})
{ 3 for N=1,3
n = 2 for N =2
o for N >4
withthe (IV + 2) x (IV + 2) watrices

( 0 0 \ ( —2 1 \
Inxn 5 5 , Inxn L
Ga(N) = 0 0 and Go(N) = —2 1
1 1 —1 0 0 0O —1 1




Action on the Free Energy: (V, 1)

Fourier Expansion of the Free Energy:
Fna(ai, S, Rye12) =In Zn1(a;, S, R;€12) Z Z Z > eple! z(lsl Sil)v,k,r N QY QY QR

/N

51,52=07r=014,..., N kKEZ

Action of G(IN) x Dih y on Fourier coefficients

f(81782) _ f(Sl ,52)

/ /
11,--tN,k,n — Jal 10k n

for

N
N\ (i, - i, K on)T = G (i, i, o) T

G € G(N) x Dihpy

e S |

checked explicitly in numerous examples

Notation: Symwetry constrains form of the coefficients of
Q. — e2mid: the free energy

expansion in different objects




Implications for the Free Energy: (V, 1)

Free Energy:

1 N
/ \ FN,l(afL‘,S, R; 61’2) — IHZNJ(EJ?;,S, R; 61,2)
a o .
Unrefined Limit: ¢4 = —eo = ¢
_ 2miR
Instanton Expansion: [ @r=c

Fna(ai, S, R;e, —€) = ZQ% Py (@i, 8, ¢)

Consider €- expansion for individual orders in 7

(7") 2¢—2 (’I") /\
Py’ (a;, S €) = Z PN()aZ,S)

Fourier expansion in gauge parameters

P](\;n)( )(aZ,S) — Z lel o ”g]]\\rr P](\;:)(,S{)TLL,NN}(S) with Qaj _ 62771'63-

niy,.... N



Leading Instanton Level » = 1 for (IV = 2, 1)

Following expansion compatible with the symmetry aroup G(/V) x Dihy [SH 2019]
(Form verified by calculating the Fourier expansion up to very high orders)
(r= 1) 3 (1),{0} vx-(1)|(2),0 (1),{0} r7(1),40 2),1 [~
Py s (a1, a @q W3 )0 +@Lf H)’ E() (‘”’f’)j
External states: Couplings:
- only depend on S and p = a1 + a2 - only depend on @1 and p
- universal definition for any NV - independent of S

- encodes the gauge structure of the
spectrum of the gauge theory

- definition specific for N = 2



External states:

Free energy for NV =1
a p
() _ gg(r),{0} \
PN:L(S)(Pa S) = H(S) (p, S)
Jacobi Form of weight w = 25 — 2 and index m =7 ) s\
Jacobi Form of weight w and indexm:
o: HxC—C
With the following transformation properties
ap + b 2 2mime 22 a b
— d)V e cotd \v4 SL(2,7
o (210 ) — o dm B g, v (4] ) esten)
b(p, 2+ kip+ ko) = e 2mmEPE2RR) g5 2y WEy €N,

and the Fourier series

B(z,0) =D Y cln,k)Qre®™  with  c(n, k) = (=1)" c(n, —k)

n=0kEZ

T ———— -




External states:
\

Free energy for NV =1 p
—
Pgi1,(s)(P» S) = H((;"))’{O}(p, S) K
Jacobi Forw of weight w = 2s — 2 and index m = 7 1 S\
Explicitly for r = 1 ( |
—¢_21(p,5) if s=0,
H) . 5) = § 515 if s=1,

S 6 0a(p,S) i s> 1,

Standard Jacobi Forwms:

do1(p,2) =8 24: bal(z:0) | Eisenstein series:
PR 6200,0)
2(.. '
¢—2,1(,0, Z) — 91 (Z, :0)

n°(p)




External states:
\

Free energy for NV =1 p
—
PJ(\ZL(S)(P» S) = Hf;})’{o]’(p, S) K
Jacobi Forw of weight w = 2s — 2 and index m = 7 1 S\
Explicitly for r = 1 ( |
—¢_21(p,5) if s=0,
H((sl))’{o}(p’ §)=q ey if s=1,

s ¢-2a(p,8) i s> 1,

Ditferent instanton levels related by action of a Hecke operator

r),{0 1),{0
O 0,9) = 1 () (0,9))

Hecke Operator:

Jw.m space of Jacobi forms of weight W and index m

il ¢ jw,m — jw,nm
b(p,2) — Ha(f) =00 Y dvy (

d|n
b mod d

d> ' d

np + bd nz)

e R am




. . [SH, Ighal, Rey 20151
(Quasi) Jacobi Form [Ahmed, K, lqbal, Rey 20171

9 B B 00
W(p, S, 6) _ 91 (107 S) 91(/07 S + 6)91(107 S E) _ ZEQS W(Sl)

9% (107 6) s=0 ( )

|44 Igloverns the counting of (single particle) BPS states of single M2-branes ending on M9-branes on
both sides

(p,S)

LSH, Igbal, Rey 20151
single M2-branes

- - < / /
== ~ W (p, S, €)x i
T
6
MY-brane Configuration with M9-brane removed

W(Sl)) are Jacobi forms of weight w0 — 2s and index m = 1, explicitly

v _ 1 1y FE3—E;4 (1) BHE3 +3EyE, — 8F
W oy 24(¢0,1—|-2E2¢—2,1)' Wiy = 533 d_21, Wiy = ST

®—_2.1

Higher instanton levels through action of Hecke operators



Couplings:

OD0@y, p) =2

N 2n Qn [SH 20191
0(2)’1 a , _ — g _l_ _,0
( 1 :0) ?;1 1 — QZ < 1 le
Intriguing re-writing of O(?)-1
2 m 2 271
O2):1(q — _ E ~ _ G (G-
(@1,) (27i)2 [ 5 B2(p) + plar; p)] (2ri)? [ (@15 p) + pa—

1 o
Weierstrass elliptic Function: ©(z;p) = =+ 2 Z(Qk + 1) ((2k + 2) Eappa(p) 22
k=1

2-Point Function of a free scalar field @ on a torus:

6 = wip) = (6(2) o(w)) = ~In | 2T o (2 - )
satisfies: A, G(z: p) = dm 6P (2) — In?l?p)

O2):1 given by the of a free scalar field! ‘."



Leading Instanton Level » = 1 for (IV, 1)

Conjectured form for general v

N— N—-1l—« o
r=1) ~ 1),10 1 1),10 Q[
PN (@, S) = Hi " E:(Wéof 9) (HG) ™ (0.9) 0N (@n,.nv-1.0)

Individual terms have the structure of NV - point Feynman diagrams:
(1),{0}
H - same general external states

1 (1),{0}
W(O) and H (s)

- individval couplings ON)- that
encode the gavge structure

~0 1 (1).{0}
H o;

E i
5. 0
¢ » - explicitly verified through Fourier
% ) SIONC RN ,
2 (0) (0) 5 expansionsuypto V =5
&



Couplings are still combinations of propagators of a free scalar field on a torus

RO MND VRN | CICRURY=y

—0 sc{o,.|.§|N 11\ {¢} jE€S P —

(f)(N),oz(a]L N1, 0)

I

J
with positions b, =0 and b; =) @, Vi=1,...,N—1

Graphical representation:

free propagators from b,
to o distinet other positions




(Graphical) example: N = 3

0(3),O(alaa27 /0)

=3

0(3)’1(51752,,0) =

0(3)72(617627 p) —

ba
[ J
4
4
4
4
4
4
4
4
~ @ o ~
bo by
b2
(]
4
4
4
4
4
4
4
4
N @mmmmmm=== o ~

b2
()
.
Y
.
Y
Y
Y
s
Y
~ @ ® ~
bo b1
ba
([ ]
Y
1}
1}
.
s
1}
s
)
~N @Emmmm--- ®» ~
bo bl

[ ]
bo—O b1:a1
b2
[ ]
~N @uEmmmmm=m ® ~
bo b1
ba
(J
Y
RN
. .
. .
. .
. .
’ .
. .
~ @ ® ~
bo bl



Second Instanton (= = 2) Level for (N = 2,1)

Similar decomposition in terms of ((Z))’{O} and Wg)) , (for 7 < {0,1}), however, !

Still intriguing features and structures.

Unambiguous decomposition at s = O (leading order in €) that is compatible with all symwetries:

(2),{0} £7(2),{0} ~(2),1
(0) H(O) O j [SH 20201

P

o 2 4
(0] (ah Qo S) :(g H(2)>{0} W(2) O(2),0 4 . H

(0) (0)

1),10 4 2),4-pt 1),{0 2 2),10 2),3-pt
+ (H((O)) { }) Ofr(°:)2,3p=O_|_ (H(<())) { }) H(<O)) { }07(":)2,81):0

Two-Point Functions:
- same structure as two-point functions as for r = 1
- coupling functions O(2):0 and O L agtor r = 1

- external states obtained through Hecke operators from external states for r = 1
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Three-Point Functions: Functions Zx for £ € NU {0} :

0 2k+1 n
- Two external states of the same form as for r = 1 Ti(p,d) = Y 1”_ o (QS + %)
n=1 p a
- One external state obtained through Hecke transform lterative relation:
(20} Ti(p,@) = Dg" To(p, )
(0) - L0 _, 0
WI a — 2—71'2 a—a — Qa aQa
(1),{0} H(l),{()} Starting function:
H(O) (0) To(p,a) = —20®1(a, p)
1 (o 271
= o) G"(a; p) + =7
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Three-Point Functions:

-

-

external states of the same formas for »r = 1

external state obtained through Hecke transform
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Functions Z,. for K € NU {0} :

o 2k+1 n
L) =3 1o (@ + o2
n=1 P a

Iterative relation:
Tk (p, @) = DZ* Zo(p, a)

1 0 0
. DA = — — = i~
With Da = & %6 ~ “2 30,
Starting function:
To(p,a) = —20%)(@, p)
1 (o 21
T (27TZ>2 G (CL, p) —I_ 0 — 15
w: e
ala IO)

action of D2 on O(2):1
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Four-Point Functions: (H ((g))’{(’}) oP,r

- external states of the same formas forr = 1
77 (D0}
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Four-Point Functions: (H ((g))’{(’}) oP,r

- external states of the same formas forr = 1
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Graph Functions and Graph Forms

" graph of [NV vertices (labelled by <, j ) with 7;; oriented edges T °

LD°Hoker, Green, Girdogan, Vanhove 20151
. . h f h Egrﬁegel, l&da’r’rhzeg,l%ahlo’r’rerer 20151
— .. "Hoker, Green
J weig to grap w Z Tij g‘ﬂokenz(}or%%, Pioline 20171
1<i<i< erbini
St<ysN [Gerken, Kleinschmidt, Schlotterer 2018-19]
[Mafra, Schlotterer 20191

associated with I’

d*z , invariant under SL(2,7Z
=11 [ $2 T G- SLeE)
po1 Y5, TP oy Non-holowmor phi¢ modular function
for N = 2: decorate each edge of " by a pair of integers (a,, b,)
N
Clolo o (p) = Z H — (Z ps> with AN=ZPpZ [0Hoker, Green 20161
P1,...,pn €A T=1 Pr pr s=1

Examples: C[;'](p) =0  Va;,b; €N

2% 0 _ [ 2¢(2) Ex(p,p) if k=1,
Clol(p) {QC(Zk)EQZ(g) £ k>l



For the current case:

2((4) E4(p) = C[50] (p) @ mmmn -
= S gy Vf(<n<p)>26[%8] o =t
V = 2i (Imp)? (5,0

C[50] givenasan integral over scalar Greens function

B0 =l = [ [ 2 (T )

suggests corrections to the 2-point function from integrated vertex insertions

Siwilar contributions appear for » > 2



Summary and Conclusions

Studied dvalities in a class of Little String Orbifolds:

*  partition function Z 5, compute as topological string partition function on X s

*  weak coupling regions give rise to different (but equivalent) expansions of Zx s that can
be interpreted as instanton partition functions, dualities:

N NN’ NM = N'M’
UMY = [UM)]™ for sed(N, M) = ged (N, M)

*  non-perturbative symwmetries suggest Feynman graph decomposition of the free energy

leading instanton level: ‘tree level’ graphs as combinations of Greens functions of a free
scalar field on the torus

higher instanton levels: integrated corrections similar to loop corrections
relation to modular graph forwms of integrated propagators

Future directions:

*  geowmetric reason for the decomposition of the free energy
*  generalisation beyond free energy

*  extension o further (phenomenologically realistic) theories



