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Little String Theories
Over the last decades string theory has provided insights into strongly coupled quantum systems
Specifically: prediction of existence of new interacting conformal field theories in dimensions D > 4

e.g.: [Seiberg 1996]

String theory also predicts the existence of new ‘non-local theories’, e.g. little string theories (LSTs)

String theory
- extended objects
- gravitation

quantum field theory
- point-like degrees of freedom
- well defined energy momentum tensor

suitable decoupling of
gravity

suitable decoupling of
gravity

different approaches: [Witten  1995]
[Aspinwall, Morrison  1997]
[Seiberg 1997]
[Intriligator 1997]
[Hanany, Zaffaroni 1997]
[Brunner, Karch 1997]

little string theory
- intrinsic string scale                remains

- well defined energy momentum tensor

Mstring

⌧ Mstring > Mstring

effective QFT
(point-like dofs)

UV-comp. contains
stringy dofs

Rich class of examples realised M-
theory through branewebs

[Haghighat, Iqbal, Kozçaz, Lockhart, Vafa 2013]
[Haghighat, Kozçaz, Lockhart, Vafa 2013]
[SH, Iqbal 2013]

[SH, Iqbal, Rey 2015]
[Haghighat 2015]

[Haghighat, Murthy, Vafa, Vandoren 2015]

Classification of LSTs (ADE type for theories 
with                   supersymmetry )N = (2, 0)

[Bhardwaj, Del Zotto, Heckman, Morrison, Rudelius, Vafa 2016]

String theory
- extended objects
- gravitation
- compactification to D > 4



brane webs: M-branes arranged in a fashion to preserve (some amount of) supersymmetry

many dual realisations allowing to explicitly compute quantities (e.g. partition function)

String-like objects arise at the intersection of M5- and M2-branes

stretched M2-branes 

M-string provide description of  
(almost) tensionless strings in 6. dim. 
relevant for                  SCFTN = (2, 0)

notably: F-theory compactification on toric, non-compact Calabi-Yau threefolds
[Morrison, Vafa 1996]

[SH, Iqbal, Rey 2015]
[Bhardwaj, Del Zotto, Heckman, Morrison, Rudelius, Vafa 2016]

[Heckman, Morrison, Vafa 2013]
[Del Zotto, Heckman, Tomasiello,  Vafa 2014]
[Heckman 2014]
[Haghighat, Klemm, Lockhart, Vafa 2014]
[Heckman, Morrison, Rudelius, Vafa 2015]

Parallel M5-branes



brane webs: M-branes arranged in a fashion to preserve (some amount of) supersymmetry

many dual realisations allowing to explicitly compute quantities (e.g. partition function)

String-like objects arise at the intersection of M5- and M2-branes

stretched M2-branes 

M-string provide description of  
(almost) tensionless strings in 6. dim. 
relevant for                  SCFTN = (2, 0)

low energy limit associated with non-abelian supersymmetric field theories
(mass deformed              theories upon compactification to 4 dimensions)N = 2⇤

Little Stringsdepending on the details of the brane configuration, a large class of different 
(or their duals) can be realised and studied very explicitly

Class of theories exhibits interesting (and non-expected) dualities (trialities)!

notably: F-theory compactification on toric, non-compact Calabi-Yau threefolds

Parallel M5-branes

[Bastian, SH 2018]
[Bastian, SH, Iqbal, Rey 2016, 2017, 2018]



non-compact case: R

leads to CFT on M5-brane world-volume
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Details of the Brane Configurations
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S1 with radius

leads to a LST on M5-brane world-volume

move all M5-branes to one location

still leaves winding modes around 
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Details of the Brane Configurations

Compactification: Compactify (0,1) to                             with radii        and       T 2 ⇠ S1 ⇥ S1 R0 R1 =:
⌧

2⇡i

Deformations:
introducing complex coordinates                                                and (z1, z2) = (x2 + ix3, x4 + ix5) (w1, w2) = (x7 + ix8, x9 + ix10)

gauge theory: Omega-background mass-deformation

there are two types of deformations with respect to the compactified (0,1)-directions

U(1)✏1 ⇥ U(1)✏2 : (z1, z2) ! (e2⇡i✏1z1, e
2⇡i✏2z2) and (w1, w2) ! (e�i⇡(✏1+✏2)w1, e

�i⇡(✏1+✏2)w2)(0)-direct.:

(1)-direct.: U(1)m : (w1, w2) ! (e2⇡imw1, e
�2⇡imw2)

[Nekrasov 2012]



For vanishing mass deformation (           ) the M-brane configuration is dual to D5-NS5-branes in IIBm = 0
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Deformation:

=)
(1,1) brane

uplift the deformed type II configuration to M-th.
on an elliptically fibered Calabi-Yau threefold XN,M

[Leung, Vafa 1997]

topic diagram of              same as deformed brane webXN,M

Dual Type II Setup



Dual Calabi-Yau 3-fold Description
2-parameter series of toric, double elliptically fibered Calabi-Yau threefolds  XN,M

Toric Web Diagram:

 web on a torus(N,M)

 different parameters representing3NM
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NM-)           horizontal lines h1,...,NM
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Dual Calabi-Yau 3-fold Description
2-parameter series of toric, double elliptically fibered Calabi-Yau threefolds  XN,M

Toric Web Diagram:

 web on a torus(N,M)

 different parameters representing3NM

the area of various curves      of the CY3 

NM-)           horizontal lines h1,...,NM

NM-)           vertical lines v1,...,NM

NM-)           diagonal lines m1,...,NM

C

d =

Z

C
!

Kähler form

 double elliptic fibration structure
with parameters (⇢, ⌧)

 only                independentNM + 2

parameters due to consistency 
conditions

h
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v
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m
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different possible choices for
set of independent parameters

h+m = h0 +m0

v +m0 = m+ v0



BPS Partition Function
Free Energy: Counts number of BPS configurations, i.e. M2-branes wrapping holomorphic 

[Haghighat, Iqbal, Kozçaz, Lockhart, Vafa 2013]

[SH, Iqbal 2013]
[Haghighat, Kozcaz, Lockhart, Vafa 2013]

curves on the CY3             . XN,M Captured by topological free energy                                of        FN,M = lnZN,M XN,M

Compute the topological string partition function             using the   ZN,M refined topological vertex
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BPS Partition Function
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ZN,M ({h}, {v}, {m}, ✏1,2) = Zp({v}, {m})
X
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diag

Different choices of preferred direction afford different (but equivalent) expansions:

common normalisation factor 
 (perturbative partition function)

Compare different series expansions with instanton partition functions of quiver gauge theories.

Instanton Partition Functions

Equalities of partition functions implies dualities among different gauge theories: Triality
[Bastian, SH, Iqbal, Rey 2017]
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Duality leaves partition function invariant

Z3,2({h}, {v}, {m}, ✏1,2) = Z6,1({h0}, {v0}, {m0}, ✏1,2)

Kähler parameters implied by duality transformation

[Bastian, SH, Iqbal, Rey 2017]

Further dualities among larger classes of gauge symmetries

Vertical expansion of           gives rise to a gauge theory with gauge group           and part. fct.U(6) Z(6,1)
vertZ6,1

X3,2 ⇠ X6,1

Flop transition for any two curves in the diagram:

Example: Series of flop and SL(2,Z) transformations for  [SH, Iqbal, Rey 2016]
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Extended moduli space of              : XN,M

XN,M ⇠ XN 0,M 0
NM = N 0M 0

gcd(N,M) = gcd(N 0,M 0)
for 

intermediate Kähler cone(s) that are passed through
in the series of flop- and symmetry transformations
connecting XN,M and XN0,M0

Kähler cone of XN,M

Kähler cone of XN0,M0

walls of Kähler cones

Partition function invariant
ZN,M ({h}, {v}, {m}, ✏1,2) = ZN 0,M 0({h0}, {v0}, {m0}, ✏1,2) [Bastian, SH, Iqbal, Rey 2017]

[SH, Iqbal, Rey 2016]

[Haghighat, Sun 2018]
(partial) proves:

Network of Dual Theories
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Weak coupling regions within each Kähler cone: 

•
••

•

R
m ! ! 1

•

R
h ! ! 1

•

R
v ! ! 1

[Haghighat, Sun 2018]
(partial) proves:
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for any                 with 
<latexit sha1_base64="Vbfc3DgRM+sFHNO/hWQoJEl5N8I=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZpBSmJFPVY9OJFqWA/oA1ls920SzabsLsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz87yYM6Vt+9vKrayurW/kNwtb2zu7e8X9g5aKEklok0Q8kh0PK8qZoE3NNKedWFIcepy2veBm6refqFQsEo96HFM3xEPBfEawNlK7cl8+uyuf9oslu2rPgJaJk5ESZGj0i1+9QUSSkApNOFaq69ixdlMsNSOcTgq9RNEYkwAPaddQgUOq3HR27gSdGGWA/EiaEhrN1N8TKQ6VGoee6QyxHqlFbyr+53UT7V+5KRNxoqkg80V+wpGO0PR3NGCSEs3HhmAimbkVkRGWmGiTUMGE4Cy+vExa51Xnolp7qJXq11kceTiCY6iAA5dQh1toQBMIBPAMr/BmxdaL9W59zFtzVjZzCH9gff4AM9mOLw==</latexit>

(N 0,M 0)

<latexit sha1_base64="S746fspG1Mp4uimL0Q26Pmnk6lc=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBapp5JIUS9C0YuXlgr2A9pQNttNu3SzCbsboYT+CC8eFPHq7/Hmv3Hb5qCtDwYe780wM8+POVPacb6t3Nr6xuZWfruws7u3f2AfHrVUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07Y/vZn77iUrFIvGoJzH1QjwULGAEayO167WbeqlW6ttFp+zMgVaJm5EiZGj07a/eICJJSIUmHCvVdZ1YeymWmhFOp4VeomiMyRgPaddQgUOqvHR+7hSdGWWAgkiaEhrN1d8TKQ6VmoS+6QyxHqllbyb+53UTHVx7KRNxoqkgi0VBwpGO0Ox3NGCSEs0nhmAimbkVkRGWmGiTUMGE4C6/vEpaF2X3slx5qBSrt1kceTiBUzgHF66gCvfQgCYQGMMzvMKbFVsv1rv1sWjNWdnMMfyB9fkDvzyOig==</latexit>

NM = N 0M 0
<latexit sha1_base64="7fneBrsmzHHBvBamduXq5vaJ2Fc=">AAACCnicbVDLSsNAFJ34rPUVdekmWqQtlJJIUTdC0Y2bSgX7gDaUyWTaDp08mLkRS+jajb/ixoUibv0Cd/6N0zaL2nrgwplz7mXuPU7ImQTT/NGWlldW19ZTG+nNre2dXX1vvy6DSBBaIwEPRNPBknLm0xow4LQZCoo9h9OGM7ge+40HKiQL/HsYhtT2cM9nXUYwKKmjH7WBPkLcI+4od1uo5C9n39lCJZvv6BmzaE5gLBIrIRmUoNrRv9tuQCKP+kA4lrJlmSHYMRbACKejdDuSNMRkgHu0paiPPSrteHLKyDhRimt0A6HKB2Oizk7E2JNy6Dmq08PQl/PeWPzPa0XQvbBj5ocRUJ9MP+pG3IDAGOdiuExQAnyoCCaCqV0N0scCE1DppVUI1vzJi6R+WrTOiqW7UqZ8lcSRQofoGOWQhc5RGd2gKqohgp7QC3pD79qz9qp9aJ/T1iUtmTlAf6B9/QIuGJlH</latexit>

gcd(N,M) = gcd(N 0,M 0)

[Bastian, SH, Iqbal, Rey 2017]



Web of dualities among different theories can be turned into symmetries for individual theories

Example (N,M)=(2,1): 
[SH, Bastian 2018]
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<latexit sha1_base64="aRM3hDDbdcbdVu/j+CVLnC/5+M4="></latexit>

dual web diagrams
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<latexit sha1_base64="CjkdDv3fsNTc3SveVwHYHN+cenA="></latexit>

ba1 = v1 + h2 , ba2 = v2 + h1 ,

S = h2 + v2 + h1 , R� 2S = m1 � v2 .
<latexit sha1_base64="WF2iEDorm0M4yqATNCzXVvLwJR0="></latexit>

ba01 = m1 + h1 , ba02 = m2 + h2 ,

S0 = h2 +m1 + h1 , R0 � 2S0 = v2 �m1 .
<latexit sha1_base64="CVuFlrti/nPAaoJ8feRohKif4cE="></latexit>

Implies the following symmetry of the partition function:
0

BB@

ba1
ba2
S
R

1

CCA = G1 ·

0

BB@

ba01
ba02
S0

R0

1

CCA

<latexit sha1_base64="LAW+Ue+jqw3j81iEv4MFyiAXPXQ="></latexit>

withG1 =

0

BB@

1 0 �2 1
0 1 �2 1
0 0 �1 1
0 0 0 1

1

CCA

<latexit sha1_base64="LCdjdSaDmDbvneMLx0KEpc2uHec="></latexit>

detG1 = 1
<latexit sha1_base64="rtDWAOMr+vxUnjo7vHMLeD4lsoA=">AAACDXicbVDLSgNBEJyNrxhfazx6GQyCBwm7UdCLEPSgxwjmAUkIs5NOMmT2wUyvJC75Bv/Aq/6AN/HqN3j3Q5w8DiaxoKGo6qaa8iIpNDrOt5VaWV1b30hvZra2d3b37P1sRYex4lDmoQxVzWMapAigjAIl1CIFzPckVL3+zdivPoLSIgwecBhB02fdQHQEZ2iklp1tIAwwaQOOGqf0tuVeuS075+SdCegycWckR2YoteyfRjvksQ8Bcsm0rrtOhM2EKRRcwijTiDVEjPdZF+qGBswH3Uwmv4/osVHatBMqMwHSifr3ImG+1kPfM5s+w55e9Mbif149xs5lMxFBFCMEfBrUiSXFkI6LoG2hgKMcGsK4EuZXyntMMY6mrrkUFP2nUcbU4i6WsEwqhbx7li/cn+eK17OC0uSQHJET4pILUiR3pETKhJMBeSGv5M16tt6tD+tzupqyZjcHZA7W1y/1nptL</latexit>

G1 ·G1 = 114⇥4
<latexit sha1_base64="wtf7qzBINJpa47I+8UpSEUdGcqk=">AAACGnicbVC7SgNBFJ31GeNr1dLCiUGwCrsxoI0QtNAygnlANiyzk9lkyOyDmbtCXLb0L/wDW/0BO7G1sfdDnDwKk3hg4HDOvZw7x4sFV2BZ38bS8srq2npuI7+5tb2za+7tN1SUSMrqNBKRbHlEMcFDVgcOgrViyUjgCdb0Btcjv/nApOJReA/DmHUC0gu5zykBLbnm0Y1rO7QbAdbk0nYKTsF204oDPGAKVzLXLFolawy8SOwpKaIpaq7543QjmgQsBCqIUm3biqGTEgmcCpblnUSxmNAB6bG2piHROZ10/JEMn2ili/1I6hcCHqt/N1ISKDUMPD0ZEOireW8k/ue1E/AvOikP4wRYSCdBfiIwRHjUCu5yySiIoSaESq5vxbRPJKGgu5tJAT54zPK6Fnu+hEXSKJfss1L5rlKsXk0LyqFDdIxOkY3OURXdohqqI4qe0At6RW/Gs/FufBifk9ElY7pzgGZgfP0CxT2fVA==</latexit>

where

Dihedral Symmetries of Configurations (N,1)



Generalising to include other duality transformations:

G1 =

0

BB@

1 0 �2 1
0 1 �2 1
0 0 �1 1
0 0 0 1

1

CCA

<latexit sha1_base64="LCdjdSaDmDbvneMLx0KEpc2uHec="></latexit>

G2 =

0

BB@

1 0 0 0
0 1 0 0
1 1 �1 0
2 2 �4 1

1

CCA

<latexit sha1_base64="BfLW6Kk5QSLRRbSrb6mpSqOyLJw="></latexit>

G3 =

0

BB@

1 0 �2 1
0 1 �2 1
1 1 �3 1
2 2 �4 1

1

CCA

<latexit sha1_base64="JW+CJmV9/aKkbijiCBQA48YYcd8="></latexit>

114⇥4 G1 G2 G3

114⇥4 114⇥4 G1 G2 G3

G1 G1 114⇥4 G3 G2

G2 G2 G3 114⇥4 G1

G3 G3 G2 G1 114⇥4
<latexit sha1_base64="mQrzKvVckyY065o4KhohpFWN0UA="></latexit>
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<latexit sha1_base64="sFSbrpRcqpNLJlMTQOfSm8rwOjA="></latexit>

{114⇥4, G1, G2, G3} ⇠= Dih2
<latexit sha1_base64="+x5Li7e8aUgveQeRWSqyC8jCZws=">AAACHXicbVBNS8NAEN34bf2KevSytQgepCS1oEdRQY8K1ha6IWy223bpZhN2J2IJ+SNe/CtePCjiwYv4b9zWHvx6MPB4b4aZeVEqhQHP+3Cmpmdm5+YXFktLyyura+76xrVJMs14gyUy0a2IGi6F4g0QIHkr1ZzGkeTNaHAy8ps3XBuRqCsYpjyIaU+JrmAUrBS6dZL7pEzKfpjXCYiYG1wv9s5C31bN1j4pCEtUDxPgt5Cfin4R1kK34lW9MfBf4k9IBU1wEbpvpJOwLOYKmKTGtH0vhSCnGgSTvCiRzPCUsgHt8balito7gnz8XYF3rNLB3UTbUoDH6veJnMbGDOPIdsYU+ua3NxL/89oZdA+DXKg0A67Y16JuJjEkeBQV7gjNGcihJZRpYW/FrE81ZWADLdkQ/N8v/yXXtaq/X61d1itHx5M4FtAW2ka7yEcH6AidowvUQAzdoQf0hJ6de+fReXFev1qnnMnMJvoB5/0TAUygDg==</latexit>

Group Structure:



Generalisation to (N,1): Symmetry group

G(N) ⇥ DihN
<latexit sha1_base64="iILGGYSP1nCVkE3WnVJn94iDUmo=">AAACDnicbVDLSgNBEJyNrxhfUY9eBkMggoTdKOgxqKCnEME8ILuE2ckkGTL7YKZXDEu+wIu/4sWDIl49e/NvnE32oIkFDUVVN91dbii4AtP8NjJLyyura9n13Mbm1vZOfnevqYJIUtaggQhk2yWKCe6zBnAQrB1KRjxXsJY7ukz81j2Tigf+HYxD5nhk4PM+pwS01M0Xse0RGLpufD0p1Y7sYxu4xxROCHuA+IoPJ91aN18wy+YUeJFYKSmgFPVu/svuBTTymA9UEKU6lhmCExMJnAo2ydmRYiGhIzJgHU19onc68fSdCS5qpYf7gdTlA56qvydi4ik19lzdmdyu5r1E/M/rRNA/d2LuhxEwn84W9SOBIcBJNrjHJaMgxpoQKrm+FdMhkYSCTjCnQ7DmX14kzUrZOilXbk8L1Ys0jiw6QIeohCx0hqroBtVRA1H0iJ7RK3oznowX4934mLVmjHRmH/2B8fkD+mubcg==</latexit>

G(N) ⇠=

8
>><

>>:

Dih3 if N = 1 ,
Dih2 if N = 2 ,
Dih3 if N = 3 ,
Dih1 if N � 4 .

<latexit sha1_base64="BH7MfS0czGZMYWs8Y6hu1wJE8K0="></latexit>

‘shuffling’ of roots

where

Explicitly

G(N) ⇠=
⌦
{G2(N),G0

2(N)
��(G2(N))2 = (G0

2(N))2 = (G2(N) · G0
2(N))n = 11}

↵
<latexit sha1_base64="x1uH53h2Tzt4P8DRlVNwufDJgXA="></latexit>

G2(N) =

0

BBBBB@

0 0

11N⇥N

...
...

0 0
1 · · · 1 �1 0
N · · · N �2N 1

1

CCCCCA

<latexit sha1_base64="8q9/C9GIDg3ryfjde7b44QPZZQg="></latexit>

with the  (N + 2)⇥ (N + 2)
<latexit sha1_base64="gD4+BufTtoJuFJNuRBZ0ukueaYc=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFqAglqYIui25cSQV7gTaUyXTSDp1MwsxEKbWP4saFIm59Ene+jdM0C239YeDjP+dwzvx+zJnSjvNt5VZW19Y38puFre2d3T27uN9UUSIJbZCIR7LtY0U5E7Shmea0HUuKQ5/Tlj+6ntVbD1QqFol7PY6pF+KBYAEjWBurZxfLt6fVk65mIVUo5Z5dcipOKrQMbgYlyFTv2V/dfkSSkA pNOFaq4zqx9iZYakY4nRa6iaIxJiM8oB2DAptV3iQ9fYqOjdNHQSTNExql7u+JCQ6VGoe+6QyxHqrF2sz8r9ZJdHDpTZiIE00FmS8KEo50hGY5oD6TlGg+NoCJZOZWRIZYYqJNWgUTgrv45WVoVivuWaV6d16qXWVx5OEQjqAMLlxADW6gDg0g8AjP8Apv1pP1Yr1bH/PWnJXNHMAfWZ8/ElaR7w==</latexit>

matrices

G0
2(N) =

0

BBBBB@

�2 1

11N⇥N

...
...

�2 1
0 · · · 0 �1 1
0 · · · 0 0 1

1

CCCCCA

<latexit sha1_base64="w8aeqi7a5WENzfUI4hRGjrUK1fo="></latexit>

and

n =

8
<

:

3 for N = 1, 3
2 for N = 2
1 for N � 4

<latexit sha1_base64="l9tKloRf5h2V2MdtXSWdD06gpNU="></latexit>



Action on the Free Energy: <latexit sha1_base64="FBMJV70Uio5HbRhzvhzbBnC0CJk=">AAAB7HicdVBNSwMxEM3Wr1q/qh69BItQQZasdrV7K3rxJBXcttCWkk3TNjSbXZKsUJb+Bi8eFPHqD/LmvzHbVlDRBwOP92aYmRfEnCmN0IeVW1peWV3Lrxc2Nre2d4q7ew0VJZJQn0Q8kq0AK8qZoL5mmtNWLCkOA06bwfgq85v3VCoWiTs9iWk3xEPBBoxgbSS/fHPiHPeKJWQj13MdBJHtIsc7y4jnVSuuCx0bzVACC9R7xfdOPyJJSIUmHCvVdlCsuymWmhFOp4VOomiMyRgPadtQgUOquuns2Ck8MkofDiJpSmg4U79PpDhUahIGpjPEeqR+e5n4l9dO9KDaTZmIE00FmS8aJBzqCGafwz6TlGg+MQQTycytkIywxESbfAomhK9P4f+kcWo753bltlKqXS7iyIMDcAjKwAEXoAauQR34gAAGHsATeLaE9Wi9WK/z1py1mNkHP2C9fQK3UY3/</latexit>

(N, 1)

<latexit sha1_base64="7CzGFzOsDOn9cj2EBtf5c86AOWY="></latexit>
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Fourier Expansion of the Free Energy:

f (s1,s2)
i1,...,iN ,k,n = f (s1,s2)

i01,...,i
0
N ,k0,n0

<latexit sha1_base64="l7ME1xyS5ThHYY4drovF+ptSTdo="></latexit>

(i01, . . . , i
0
N , k0, n0)T = GT · (i1, . . . , iN , k, n)T

<latexit sha1_base64="rB++IMRoQuhdv0KCXb4yRNFy+78=">AAACJXicbVDLSgMxFM3UV62vUZdugkVaYSgzUtCFQtGFrqRCX9BOh0wmbUMzmSHJCKX0Z9z4K25cWERw5a+YPha19UDgcM653Nzjx4xKZdvfRmptfWNzK72d2dnd2z8wD49qMkoEJlUcsUg0fCQJo5xUFVWMNGJBUOgzUvf7dxO//kyEpBGvqEFM3BB1Oe1QjJSWPPM6T3OeY7VYEClpaf5o9XMW5LnzduXmvl1pYW3APF3ITCI6oQOembUL9hRwlThzkgVzlD1z3AoinISEK8yQlE3HjpU7REJRzMgo00okiRHuoy5paspRSKQ7nF45gmdaCWAnEvpxBafq4sQQhVIOQl8nQ6R6ctmbiP95zUR1rtwh5XGiCMezRZ2EQRXBSWUwoIJgxQaaICyo/ivEPSQQVrrYjC7BWT55ldQuCk6xUHwqZku38zrS4AScgjxwwCUogQdQBlWAwQt4Ax9gbLwa78an8TWLpoz5zDH4A+PnF03roXw=</latexit>

Action of                                 on Fourier coefficientsG(N) ⇥ DihN
<latexit sha1_base64="iILGGYSP1nCVkE3WnVJn94iDUmo=">AAACDnicbVDLSgNBEJyNrxhfUY9eBkMggoTdKOgxqKCnEME8ILuE2ckkGTL7YKZXDEu+wIu/4sWDIl49e/NvnE32oIkFDUVVN91dbii4AtP8NjJLyyura9n13Mbm1vZOfnevqYJIUtaggQhk2yWKCe6zBnAQrB1KRjxXsJY7ukz81j2Tigf+HYxD5nhk4PM+pwS01M0Xse0RGLpufD0p1Y7sYxu4xxROCHuA+IoPJ91aN18wy+YUeJFYKSmgFPVu/svuBTTymA9UEKU6lhmCExMJnAo2ydmRYiGhIzJgHU19onc68fSdCS5qpYf7gdTlA56qvydi4ik19lzdmdyu5r1E/M/rRNA/d2LuhxEwn84W9SOBIcBJNrjHJaMgxpoQKrm+FdMhkYSCTjCnQ7DmX14kzUrZOilXbk8L1Ys0jiw6QIeohCx0hqroBtVRA1H0iJ7RK3oznowX4934mLVmjHRmH/2B8fkD+mubcg==</latexit>

for

G 2 G(N)⇥DihN

<latexit sha1_base64="W649rM7Me+9vA2a46SA8VUUNLF4=">AAACDnicbVA9SwNBEN3zM8avqKXNYgjEJtxJQMugQqxCBPMBuSPsbTbJkr29Y3dODEd+gY1/xcZCEVtrO/+Nm+QKTXww8Hhvhpl5fiS4Btv+tlZW19Y3NjNb2e2d3b393MFhU4exoqxBQxGqtk80E1yyBnAQrB0pRgJfsJY/upr6rXumNA/lHYwj5gVkIHmfUwJG6uYKVZdL7AYEhr6fVCfF2qkLPGAau8AeILnmw0m31s3l7ZI9A14mTkryKEW9m/tyeyGNAyaBCqJ1x7Ej8BKigFPBJlk31iwidEQGrGOoJGajl8zemeCCUXq4HypTEvBM/T2RkEDrceCbzundetGbiv95nRj6F17CZRQDk3S+qB8LDCGeZoN7XDEKYmwIoYqbWzEdEkUomASzJgRn8eVl0jwrOeVS+bacr1ymcWTQMTpBReSgc1RBN6iOGoiiR/SMXtGb9WS9WO/Wx7x1xUpnjtAfWJ8/pC6b3w==</latexit>

Notation:
Qbai = e2⇡ibai

<latexit sha1_base64="citcnhY8oOaqs5kyViAbOHIQINk=">AAACEnicbVDLSsNAFJ34rPUVdelmsAi6KUkp6EYounHZgn1AW8NkctMOnUzCzEQpod/gxl9x40IRt67c+TdOHwvbeuDC4Zx7ufceP+FMacf5sVZW19Y3NnNb+e2d3b19++CwoeJUUqjTmMey5RMFnAmoa6Y5tBIJJPI5NP3BzdhvPoBULBZ3ephANyI9wUJGiTaSZ5/XvKzzyALoE52RkcdGV3CflToJw2xe9+yCU3QmwMvEnZECmqHq2d+dIKZpBEJTTpRqu06iuxmRmlEOo3wnVZAQOiA9aBsqSASqm01eGuFTowQ4jKUpofFE/TuRkUipYeSbzojovlr0xuJ/XjvV4WU3YyJJNQg6XRSmHOsYj/PBAZNANR8aQqhk5lZM+0QSqk2KeROCu/jyMmmUim65WK6VC5XrWRw5dIxO0Bly0QWqoFtURXVE0RN6QW/o3Xq2Xq0P63PaumLNZo7QHKyvX3/UnqI=</latexit>

QS = e2⇡iS

<latexit sha1_base64="Vll4LfNGozFq0DGI6QxD3t7SdBY=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kkkp6EUoevHYUvsBbQyb7aRdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq2Nza3tnd3CXnH/4PDo2D45bas4lRRaNOax7AZEAWcCWpppDt1EAokCDp1gfD/3OxOQisXiUU8T8CIyFCxklGgj+bbd8Ju38JRV+gnDDDdnvl1yys4CeJ24OSmhHHXf/uoPYppGIDTlRKme6yTay4jUjHKYFfupgoTQMRlCz1BBIlBetrh8hi+NMsBhLE0JjRfq74mMREpNo8B0RkSP1Ko3F//zeqkOb7yMiSTVIOhyUZhyrGM8jwEPmASq+dQQQiUzt2I6IpJQbcIqmhDc1ZfXSbtSdqvlaqNaqt3lcRTQObpAV8hF16iGHlAdtRBFE/SMXtGblVkv1rv1sWzdsPKZM/QH1ucPICeSsA==</latexit>

QR = e2⇡iR

<latexit sha1_base64="tvDxOVffGwhBTtw161VssPgUf1c=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kkkp6EUoevHYFvsBbQyb7aRdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq2Nza3tnd3CXnH/4PDo2D45bas4lRRaNOax7AZEAWcCWpppDt1EAokCDp1gfD/3OxOQisXiUU8T8CIyFCxklGgj+bbd8Ju38JRV+gnDDDdnvl1yys4CeJ24OSmhHHXf/uoPYppGIDTlRKme6yTay4jUjHKYFfupgoTQMRlCz1BBIlBetrh8hi+NMsBhLE0JjRfq74mMREpNo8B0RkSP1Ko3F//zeqkOb7yMiSTVIOhyUZhyrGM8jwEPmASq+dQQQiUzt2I6IpJQbcIqmhDc1ZfXSbtSdqvlaqNaqt3lcRTQObpAV8hF16iGHlAdtRBFE/SMXtGblVkv1rv1sWzdsPKZM/QH1ucPHRGSrg==</latexit>

⇢ =
NX

i=1

bai

<latexit sha1_base64="lw5itjarLv8Hc5WMKXwiUMu0okM=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmkoJtC0Y0rqWAf0MQwmUyaoZNJmJkoJWTpxl9x40IRt36CO//G6WOhrQcuHM65l3vv8VNGpbKsb6O0tLyyulZer2xsbm3vmLt7HZlkApM2Tlgiej6ShFFO2ooqRnqpICj2Gen6w8ux370nQtKE36pRStwYDTgNKUZKS5556IgoaTgyi72cNuzi7ho6DzQgEVI5KjzqmVWrZk0AF4k9I1UwQ8szv5wgwVlMuMIMSdm3rVS5ORKKYkaKipNJkiI8RAPS15SjmEg3nzxSwGOtBDBMhC6u4ET9PZGjWMpR7OvOGKlIzntj8T+vn6nw3M0pTzNFOJ4uCjMGVQLHqcCACoIVG2mCsKD6VogjJBBWOruKDsGef3mRdE5rdr1Wv6lXmxezOMrgAByBE2CDM9AEV6AF2gCDR/AMXsGb8WS8GO/Gx7S1ZMxm9sEfGJ8/zAmZ2A==</latexit>

Symmetry constrains form of the coefficients of 
the free energy

Re-organise expansion in different objects

<latexit sha1_base64="SYAZaDZHPMubm3SEGT0qdS39qIY="></latexit>

FN,1(bai, S,R; ✏1,2) = ln ZN,1(bai, S,R; ✏1,2) =
1X

s1,s2=0

1X

r=0

1X

i1,...,iN

X

k2Z
✏s1�1
1 ✏s2�1

2 f (s1,s2)
i1,...,iN ,k,r Q

i1
ba1

. . . QiN
baN

Qk
S Qr

R

checked explicitly in numerous examples



Implications for the Free Energy: <latexit sha1_base64="FBMJV70Uio5HbRhzvhzbBnC0CJk=">AAAB7HicdVBNSwMxEM3Wr1q/qh69BItQQZasdrV7K3rxJBXcttCWkk3TNjSbXZKsUJb+Bi8eFPHqD/LmvzHbVlDRBwOP92aYmRfEnCmN0IeVW1peWV3Lrxc2Nre2d4q7ew0VJZJQn0Q8kq0AK8qZoL5mmtNWLCkOA06bwfgq85v3VCoWiTs9iWk3xEPBBoxgbSS/fHPiHPeKJWQj13MdBJHtIsc7y4jnVSuuCx0bzVACC9R7xfdOPyJJSIUmHCvVdlCsuymWmhFOp4VOomiMyRgPadtQgUOquuns2Ck8MkofDiJpSmg4U79PpDhUahIGpjPEeqR+e5n4l9dO9KDaTZmIE00FmS8aJBzqCGafwz6TlGg+MQQTycytkIywxESbfAomhK9P4f+kcWo753bltlKqXS7iyIMDcAjKwAEXoAauQR34gAAGHsATeLaE9Wi9WK/z1py1mNkHP2C9fQK3UY3/</latexit>

(N, 1)

<latexit sha1_base64="7CzGFzOsDOn9cj2EBtf5c86AOWY="></latexit>

· · ·

a

a

1

2

3

N

1

2

N� 1

N

ba
1

ba
2

ba
N

S

R
�

N
S

<latexit sha1_base64="Fy8/A0axEAvlIDgN6nRAr40LXtc="></latexit>

FN,1(bai, S,R; ✏1,2) = lnZN,1(bai, S,R; ✏1,2)

Free Energy:

Unrefined Limit: <latexit sha1_base64="lbFahBGKzht+txdPXePrJabhngk=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFcGOZKUXdFIpuXFawF2iHkklP29BMZkgyQhm6dOOruHGhiFsfwZ1vY9oORVt/CHz85xxOzu9HnCntON9WZmV1bX0ju5nb2t7Z3bP3D+oqjCWFGg15KJs+UcCZgJpmmkMzkkACn0PDH95M6o0HkIqF4l6PIvAC0hesxyjRxurYx22IFOMG3fL5nIvlOdp5p+BMhZfBTSGPUlU79le7G9I4AKEpJ0q1XCfSXkKkZpTDONeOFUSEDkkfWgYFCUB5yfSQMT41Thf3Qmme0Hjq/p5ISKDUKPBNZ0D0QC3WJuZ/tVase1dewkQUaxB0tqgXc6xDPEkFd5kEqvnIAKGSmb9iOiCSUG2yy5kQ3MWTl6FeLLgXhdJdKV+5TuPIoiN0gs6Qiy5RBd2iKqohih7RM3pFb9aT9WK9Wx+z1oyVzhyiP7I+fwCRwZm0</latexit>✏1 = �✏2 = ✏

Instanton Expansion:
<latexit sha1_base64="PFzU0NaTY8lwjJ6CovtcUOUwz9Q="></latexit>

FN,1(bai, S,R; ✏,�✏) =
X

r

Qr
R P (r)

N (bai, S, ✏)

<latexit sha1_base64="zDUqhNB+HT1GWPuUt3c3b2GCPOg=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lKUS9C0YvHttgPaGPYbKft0s0m7G4KJfSfePGgiFf/iTf/jds2B219MPB4b4aZeUHMmdKO823lNja3tnfyu4W9/YPDI/v4pKWiRFJo0ohHshMQBZwJaGqmOXRiCSQMOLSD8f3cb09AKhaJRz2NwQvJULABo0Qbybftut+4hae03IsZZrgx8+2iU3IWwOvEzUgRZaj59levH9EkBKEpJ0p1XSfWXkqkZpTDrNBLFMSEjskQuoYKEoLy0sXlM3xhlD4eRNKU0Hih/p5ISajUNAxMZ0j0SK16c/E/r5vowY2XMhEnGgRdLhokHOsIz2PAfSaBaj41hFDJzK2YjogkVJuwCiYEd/XlddIql9yrUqVeKVbvsjjy6Aydo0vkomtURQ+ohpqIogl6Rq/ozUqtF+vd+li25qxs5hT9gfX5Ax25krA=</latexit>

QR = e2⇡iR

Consider    - expansion for individual orders in     <latexit sha1_base64="dNaRbtHUcByh+nWByrC7ShFQ0BQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuqXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4A+M/w==</latexit>r<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏
<latexit sha1_base64="jX1RO7XMWKcKvUsBVsXr2dUHQHk="></latexit>

P (r)
N (bai, S, ✏) =

1X

s=0

✏2s�2 P (r)
N,(s)(bai, S)

<latexit sha1_base64="5vtBbMGXCxlOc3xRq8rDgifFx5I=">AAACFHicbVDLSgNBEJyNrxhfUY9eBoMgKGE3BPUiBL14TMA8ILsus5NOMmb2wcysEpZ8hBd/xYsHRbx68ObfOEn2YBILGoqqbrq7vIgzqUzzx8gsLa+srmXXcxubW9s7+d29hgxjQaFOQx6KlkckcBZAXTHFoRUJIL7HoekNrsd+8wGEZGFwq4YROD7pBazLKFFacvMnNTexH1kH+kQlZOTejy7hLinZEcPMPp113HzBLJoT4EVipaSAUlTd/LfdCWnsQ6AoJ1K2LTNSTkKEYpTDKGfHEiJCB6QHbU0D4oN0kslTI3yklQ7uhkJXoPBE/TuREF/Koe/pTp+ovpz3xuJ/XjtW3QsnYUEUKwjodFE35liFeJwQ7jABVPGhJoQKpm/FtE8EoUrnmNMhWPMvL5JGqWidFcu1cqFylcaRRQfoEB0jC52jCrpBVVRHFD2hF/SG3o1n49X4MD6nrRkjndlHMzC+fgG5L59C</latexit>

Qbaj = e2⇡ibajwith

Fourier expansion in gauge parameters
<latexit sha1_base64="6s3RYPC9lj9l1kH5H/Ee0aDVN8I="></latexit>

P (r)
N,(s)(bai, S) =

X

n1,...,nN

Qn1

ba1
. . . QnN

baN
P (r),{n1,...,nN}
N,(s) (S)



Leading Instanton Level            for        <latexit sha1_base64="CoX0idNl6tsQw9v6dKu1UWMgtLs=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFSbaaLMQim5cVrQPaEOZTCft0MkkzEyEEvoJblwo4tYvcuffOGkrqOiBC4dz7uXee4KEM6UR+rAKS8srq2vF9dLG5tb2Tnl3r6XiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHyV++17KhWLxZ2eJNSP8FCwkBGsjXQrL5x+uYJs5HqugyCyXeR4pznxvFrVdaFjoxkqYIFGv/zeG8QkjajQhGOlug5KtJ9hqRnhdFrqpYommIzxkHYNFTiiys9mp07hkVEGMIylKaHhTP0+keFIqUkUmM4I65H67eXiX1431WHNz5hIUk0FmS8KUw51DPO/4YBJSjSfGIKJZOZWSEZYYqJNOiUTwten8H/SOrGdM7t6U63ULxdxFMEBOATHwAHnoA6uQQM0AQFD8ACewLPFrUfrxXqdtxasxcw++AHr7RNCHY3P</latexit>

r = 1
<latexit sha1_base64="zasAxIImua5Vyu1Fn8fyisrD3sA=">AAAB7nicdVDLSgMxFM3UV62vqks3wSJUkCFTO9pZCEU3rqSCfUA7lEyaaUMzD5KMUIZ+hBsXirj1e9z5N2baCip64MLhnHu59x4v5kwqhD6M3NLyyupafr2wsbm1vVPc3WvJKBGENknEI9HxsKSchbSpmOK0EwuKA4/Ttje+yvz2PRWSReGdmsTUDfAwZD4jWGmpXb65qJxYx/1iCZnIdmwLQWTayHJOM+I4taptQ8tEM5TAAo1+8b03iEgS0FARjqXsWihWboqFYoTTaaGXSBpjMsZD2tU0xAGVbjo7dwqPtDKAfiR0hQrO1O8TKQ6knASe7gywGsnfXib+5XUT5dfclIVxomhI5ov8hEMVwex3OGCCEsUnmmAimL4VkhEWmCidUEGH8PUp/J+0KqZ1ZlZvq6X65SKOPDgAh6AMLHAO6uAaNEATEDAGD+AJPBux8Wi8GK/z1pyxmNkHP2C8fQKr7I6C</latexit>

(N = 2, 1)
[SH 2019]

<latexit sha1_base64="/jfnvZ9XVPESQrCZWToDUvdjmT4="></latexit>

P
(r=1)
2,(s) (ba1,ba2, S) = H

(1),{0}
(s) W

(1)
(0) O

(2),0 +H
(1),{0}
(s) H

(1),{0}
(0) O

(2),1(ba1, ⇢)

Following expansion compatible with the symmetry group G(N) ⇥ DihN
<latexit sha1_base64="iILGGYSP1nCVkE3WnVJn94iDUmo=">AAACDnicbVDLSgNBEJyNrxhfUY9eBkMggoTdKOgxqKCnEME8ILuE2ckkGTL7YKZXDEu+wIu/4sWDIl49e/NvnE32oIkFDUVVN91dbii4AtP8NjJLyyura9n13Mbm1vZOfnevqYJIUtaggQhk2yWKCe6zBnAQrB1KRjxXsJY7ukz81j2Tigf+HYxD5nhk4PM+pwS01M0Xse0RGLpufD0p1Y7sYxu4xxROCHuA+IoPJ91aN18wy+YUeJFYKSmgFPVu/svuBTTymA9UEKU6lhmCExMJnAo2ydmRYiGhIzJgHU19onc68fSdCS5qpYf7gdTlA56qvydi4ik19lzdmdyu5r1E/M/rRNA/d2LuhxEwn84W9SOBIcBJNrjHJaMgxpoQKrm+FdMhkYSCTjCnQ7DmX14kzUrZOilXbk8L1Ys0jiw6QIeohCx0hqroBtVRA1H0iJ7RK3oznowX4934mLVmjHRmH/2B8fkD+mubcg==</latexit>

External states: Couplings:
- only depend on      and 

<latexit sha1_base64="H2UI2F6g7ufjoFY7E8fwLK70BHE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0UQhJKUom6EohuXFewDmhAmk0kzdDIJMxOlhG7d+CtuXCji1j9w5984bbOorQcunDnnXube46eMSmVZP0ZpZXVtfaO8Wdna3tndM/cPOjLJBCZtnLBE9HwkCaOctBVVjPRSQVDsM9L1hzcTv/tAhKQJv1ejlLgxGnAaUoyUljwTOiJKrpxHGpAIqRyNPfts/lX3zKpVs6aAy8QuSBUUaHnmtxMkOIsJV5ghKfu2lSo3R0JRzMi44mSSpAgP0YD0NeUoJtLNp5eM4YlWAhgmQhdXcKrOT+QolnIU+7ozRiqSi95E/M/rZyq8dHPK00wRjmcfhRmDKoGTWGBABcGKjTRBWFC9K8QREggrHV5Fh2AvnrxMOvWafV5r3DWqzesijjI4AsfgFNjgAjTBLWiBNsDgCbyAN/BuPBuvxofxOWstGcXMIfgD4+sXsp+aWA==</latexit>

⇢ = ba1 + ba2
<latexit sha1_base64="sHlBn3nzuTgUhUT0HUHU6PWCiko=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hyiOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALETjOA=</latexit>

S
- universal definition for any 

<latexit sha1_base64="3/4YisKq/bnccaEY7EkdQlpA6Eg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9i7LlXqlVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6l/jNs=</latexit>

N
- only depend on        and 

<latexit sha1_base64="PQRCK4pZ9n9LekmnyZZP/bW8K1Q=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS+id7U2GzD6cmY2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lJYIrbdvfVmFtfWNzq7hd2tnd2z8oHx61VJxKhk0Wi1h2PFAoeIRNzbXATiIRQk9g2xvdzvz2GKXicfSgJwm6IQwiHnAG2khu74n7OASdwbTv9MsVu2rPQVeJk5MKydHol796fszSECPNBCjVdexEuxlIzZnAaamXKkyAjWCAXUMjCFG52fzoKT0zik+DWJqKNJ2rvycyCJWahJ7pDEEP1bI3E//zuqkOrt2MR0mqMWKLRUEqqI7pLAHqc4lMi4khwCQ3t1I2BAlMm5xKJgRn+eVV0rqoOpfV2n2tUr/J4yiSE3JKzolDrkid3JEGaRJGHskzeSVv1th6sd6tj0VrwcpnjskfWJ8/5CuSMA==</latexit>

ba1
<latexit sha1_base64="i2ylX6EPy0B9TTkWbd87f4qm25g=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOZrND5rHMzAoh5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3woZyJmnLMstpN9UUi4jTTjS+y/3OE9WGKfloJykNBR5JFjOCbS71daIG1Zpf9+dAqyQoSA0KNAfVr/5QkUxQaQnHxvQCP7XhFGvLCKezSj8zNMVkjEe056jEgppwOr91hs6cMkSx0q6kRXP198QUC2MmInKdAtvELHu5+J/Xy2x8E06ZTDNLJVksijOOrEL542jINCWWTxzBRDN3KyIJ1phYF0/FhRAsv7xK2hf14Kp++XBZa9wWcZThBE7hHAK4hgbcQxNaQCCBZ3iFN094L96797FoLXnFzDH8gff5AyKajlA=</latexit>⇢

- independent of 
<latexit sha1_base64="sHlBn3nzuTgUhUT0HUHU6PWCiko=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hyiOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALETjOA=</latexit>

S

- encodes the gauge structure of the 
spectrum of the gauge theory 

- definition specific for 
<latexit sha1_base64="tSVbNWxk5IpyS1rFIj11HL00TMo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUBshaGMlEY0JJEfY2+wlS/b2jt05IYT8BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++3kVlbX1jfym4Wt7Z3dveL+waOJU814g8Uy1q2AGi6F4g0UKHkr0ZxGgeTNYHg99ZtPXBsRqwccJdyPaF+JUDCKVrq/vax0iyW37M5AlomXkRJkqHeLX51ezNKIK2SSGtP23AT9MdUomOSTQic1PKFsSPu8bamiETf+eHbqhJxYpUfCWNtSSGbq74kxjYwZRYHtjCgOzKI3Ff/z2imGF/5YqCRFrth8UZhKgjGZ/k16QnOGcmQJZVrYWwkbUE0Z2nQKNgRv8eVl8lgpe2fl6l21VLvK4sjDERzDKXhwDjW4gTo0gEEfnuEV3hzpvDjvzse8NedkM4fwB87nD5xtjV4=</latexit>

N = 2

(Form verified by calculating the Fourier expansion up to very high orders)

<latexit sha1_base64="8e+9ZXkEUaEVUjnxgnz7JHsbsNo="></latexit>

H
(0,1)
(0) H

(0,1)
(s)O

(2),1

<latexit sha1_base64="jFgW2gTf/hVNGSxZqivwaIE4vbI="></latexit>

W(0) H
(0,1)
(s)O

(2),0
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="o0UDn87ntNIeS736rXNGUO+b0UU=">AAADl3ichZLdatswFMfVeB9d9tF2uxq7MTODGEKwTVl7U1Y2GLlaU7YkhTgNsiw3orJkJHldEHqAPc1ut0fZ20x2DGs+uh0wHM75/c85PjpJQYlUQfB7p+Xcu//g4e6j9uMnT5/t7R88H0leCoSHiFMuLhIoMSUMDxVRFF8UAsM8oXicXH+o8uOvWEjC2Re1KPA0h1eMZARBZUOzfW8w01G3I31zqTv iJPRNJ74hKZ5DpaGZke5n/8RSQS+ozd10wsbxQGOD2UErjlOOyhwzhSiUchIGhZpqKBRBFJt2XEpcQHQNr/DEugzmWE51/TfGfWMjqZtxYT+m3Dp6W6FhLuUiTyyZQzWX67kquC03KVV2PNWEFaXCDC0bZSV1FXer1bgpERgpurAORILYWV00hwIiZRfYjhm+QTzPIUt1XAhenInE6LhqgyDVZ9UCI78bGLOJfuJsOx2u0/atFP7W8JNo+lcyqiRe5JuZ9sLu7Ue6o8h/KmwMiopsla+H9EK/60WWXYWTktC0X/P9S73EYh3ExtjqdROzRTCuBeNGcBeKeFn8axJ7j+H69W06o6gXvu0dnh96p++by9wFr8Br0AEhOAKnoA8GYAgQ+A5+gJ/gl/PSeed8dPpLtLXTaF6AFXPO/wAdpCjH</latexit>

P (r=1)
2,(s) (bai, S) =



External states:
Free energy for <latexit sha1_base64="isjaobW4qZq8yI0fTRbXOYKonD0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IsniWgekCxhdtJJhszOLjOzQljyCV48KOLVL/Lm3zhJ9qCJBQ1FVTfdXUEsuDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJYZ5GIVCugGgWXWDfcCGzFCmkYCGwGo5up33xCpXkkH804Rj+kA8n7nFFjpYe7K69bLLlldwayTLyMlCBDrVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H46O3VCTqzSI/1I2ZKGzNTfEykNtR6Hge0MqRnqRW8q/ue1E9O/9FMu48SgZPNF/UQQE5Hp36THFTIjxpZQpri9lbAhVZQZm07BhuAtvrxMGmdl77xcua+UqtdZHHk4gmM4BQ8uoAq3UIM6MBjAM7zCmyOcF+fd+Zi35pxs5hD+wPn8AZrpjV0=</latexit>

N = 1
<latexit sha1_base64="0QQB5oTRvrkUIvDHGA68Eht6wa0=">AAACHnicbVDLSsNAFJ3UV62vqEs3wSKkUEoi9bEpFN10JRVtKzQxTKaTdujkwcxEKCFf4sZfceNCEcGV/o3TNhRtPXDhcM693HuPG1HChWF8K7ml5ZXVtfx6YWNza3tH3d1r8zBmCLdQSEN250KOKQlwSxBB8V3EMPRdijvu8HLsdx4w4yQMbsUowrYP+wHxCIJCSo560nSSq5pZ1nkpvU90Vkp1iw3C8k2p1nCSmVq2EsNKZ56jFo2KMYG2SMyMFEGGpqN+Wr0QxT4OBKKQ865pRMJOIBMEUZwWrJjjCKIh7OOupAH0MbeTyXupdiSVnuaFTFYgtIn6eyKBPucj35WdPhQDPu+Nxf+8biy8czshQRQLHKDpIi+mmgi1cVZajzCMBB1JAhEj8lYNDSCDSMhECzIEc/7lRdI+rpinlep1tVi/yOLIgwNwCHRggjNQBw3QBC2AwCN4Bq/gTXlSXpR35WPamlOymX3wB8rXD99kn+E=</latexit>

P
(r)
N=1,(s)(⇢, S) = H

(r),{0}
(s) (⇢, S)

Jacobi Form of weight                       and index  <latexit sha1_base64="bCtwcp4L+VjGSegx+DPFGo8zAGY="></latexit>

w = 2s� 2

Jacobi Form of weight     and index     :<latexit sha1_base64="Lur3PYe6Dd3Y4rsfX8NSaOBdlEk="></latexit>m<latexit sha1_base64="p6LtIlsRUxJ75EZxhAqxwVGwLpo="></latexit>w
<latexit sha1_base64="3F++d+IyAa/ohL7NvGRz9UzrZ6Y="></latexit>

� : H⇥ C ! C

<latexit sha1_base64="B4KxX6Wu2neJlQBkUSI2s1RUyNk="></latexit>

�

✓
a⇢+ b

c⇢+ d
,

z

c⇢+ d

◆
= (c⇢+ d)w e

2⇡imc z2

c⇢+d �(⇢, z) , 8
✓

a b
c d

◆
2 SL(2,Z) ,

�(⇢, z + k1 ⇢+ k2) = e�2⇡im(k2
1⇢+2k1z) �(⇢, z) , 8k1,2 2 N ,

With the following transformation properties

<latexit sha1_base64="1o53ZmtVfKgMMalacl13PlB6MxE="></latexit>

�(z, ⇢) =
1X

n=0

X

k2Z
c(n, k)Qn

⇢ e
2⇡izk , with c(n, k) = (�1)w c(n,�k)

and the Fourier series

<latexit sha1_base64="OAaMsMGCUSDZ7mDFsZMz7HXFcQw="></latexit>m = r

<latexit sha1_base64="o/2EfflBdWUh1yGPgsxqHwP8tZs="></latexit>

a

1

a

1

· · ·

· · ·

⇢

S



External states:
Free energy for <latexit sha1_base64="isjaobW4qZq8yI0fTRbXOYKonD0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IsniWgekCxhdtJJhszOLjOzQljyCV48KOLVL/Lm3zhJ9qCJBQ1FVTfdXUEsuDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJYZ5GIVCugGgWXWDfcCGzFCmkYCGwGo5up33xCpXkkH804Rj+kA8n7nFFjpYe7K69bLLlldwayTLyMlCBDrVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H46O3VCTqzSI/1I2ZKGzNTfEykNtR6Hge0MqRnqRW8q/ue1E9O/9FMu48SgZPNF/UQQE5Hp36THFTIjxpZQpri9lbAhVZQZm07BhuAtvrxMGmdl77xcua+UqtdZHHk4gmM4BQ8uoAq3UIM6MBjAM7zCmyOcF+fd+Zi35pxs5hD+wPn8AZrpjV0=</latexit>

N = 1
<latexit sha1_base64="0QQB5oTRvrkUIvDHGA68Eht6wa0=">AAACHnicbVDLSsNAFJ3UV62vqEs3wSKkUEoi9bEpFN10JRVtKzQxTKaTdujkwcxEKCFf4sZfceNCEcGV/o3TNhRtPXDhcM693HuPG1HChWF8K7ml5ZXVtfx6YWNza3tH3d1r8zBmCLdQSEN250KOKQlwSxBB8V3EMPRdijvu8HLsdx4w4yQMbsUowrYP+wHxCIJCSo560nSSq5pZ1nkpvU90Vkp1iw3C8k2p1nCSmVq2EsNKZ56jFo2KMYG2SMyMFEGGpqN+Wr0QxT4OBKKQ865pRMJOIBMEUZwWrJjjCKIh7OOupAH0MbeTyXupdiSVnuaFTFYgtIn6eyKBPucj35WdPhQDPu+Nxf+8biy8czshQRQLHKDpIi+mmgi1cVZajzCMBB1JAhEj8lYNDSCDSMhECzIEc/7lRdI+rpinlep1tVi/yOLIgwNwCHRggjNQBw3QBC2AwCN4Bq/gTXlSXpR35WPamlOymX3wB8rXD99kn+E=</latexit>

P
(r)
N=1,(s)(⇢, S) = H

(r),{0}
(s) (⇢, S)

<latexit sha1_base64="nC+72lWHznKTxU3VqgTm5EUQVcQ="></latexit>

H
(1),{0}
(s) (⇢, S) =

8
>>><

>>>:

���2,1(⇢, S) if s = 0 ,

�0,1(⇢,S)
24 if s = 1 ,

(�1)sB2s E2s(⇢)
(2s�3)!!(2s)!! ��2,1(⇢, S) if s > 1 ,

Explicitly for 

Jacobi Form of weight                       and index  <latexit sha1_base64="bCtwcp4L+VjGSegx+DPFGo8zAGY="></latexit>

w = 2s� 2

Standard Jacobi Forms:

�0,1(⇢, z) = 8
4X

a=2

✓2a(z; ⇢)

✓2a(0, ⇢)

<latexit sha1_base64="tQqAYGEnZbbQQN9zcKSrV8xrwX8="></latexit>

��2,1(⇢, z) =
✓21(z; ⇢)

⌘6(⇢)

<latexit sha1_base64="VynblPhzXsjwxGGmMo3s4PtcrDg="></latexit>

Eisenstein series:

E2k(⇢) = 1� 4k

B2k

1X

n=1

�2k�1(n)Q
n
⇢

<latexit sha1_base64="erefWGr3ouSNvt1IPg08tnHlv4s="></latexit>

<latexit sha1_base64="Jszsnd0ZfcOnGSfHW0lJ3mOT5zo="></latexit>

r = 1

<latexit sha1_base64="OAaMsMGCUSDZ7mDFsZMz7HXFcQw="></latexit>m = r

<latexit sha1_base64="o/2EfflBdWUh1yGPgsxqHwP8tZs="></latexit>

a

1

a

1

· · ·

· · ·

⇢

S



External states:
Free energy for <latexit sha1_base64="isjaobW4qZq8yI0fTRbXOYKonD0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IsniWgekCxhdtJJhszOLjOzQljyCV48KOLVL/Lm3zhJ9qCJBQ1FVTfdXUEsuDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJYZ5GIVCugGgWXWDfcCGzFCmkYCGwGo5up33xCpXkkH804Rj+kA8n7nFFjpYe7K69bLLlldwayTLyMlCBDrVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H46O3VCTqzSI/1I2ZKGzNTfEykNtR6Hge0MqRnqRW8q/ue1E9O/9FMu48SgZPNF/UQQE5Hp36THFTIjxpZQpri9lbAhVZQZm07BhuAtvrxMGmdl77xcua+UqtdZHHk4gmM4BQ8uoAq3UIM6MBjAM7zCmyOcF+fd+Zi35pxs5hD+wPn8AZrpjV0=</latexit>

N = 1
<latexit sha1_base64="0QQB5oTRvrkUIvDHGA68Eht6wa0=">AAACHnicbVDLSsNAFJ3UV62vqEs3wSKkUEoi9bEpFN10JRVtKzQxTKaTdujkwcxEKCFf4sZfceNCEcGV/o3TNhRtPXDhcM693HuPG1HChWF8K7ml5ZXVtfx6YWNza3tH3d1r8zBmCLdQSEN250KOKQlwSxBB8V3EMPRdijvu8HLsdx4w4yQMbsUowrYP+wHxCIJCSo560nSSq5pZ1nkpvU90Vkp1iw3C8k2p1nCSmVq2EsNKZ56jFo2KMYG2SMyMFEGGpqN+Wr0QxT4OBKKQ865pRMJOIBMEUZwWrJjjCKIh7OOupAH0MbeTyXupdiSVnuaFTFYgtIn6eyKBPucj35WdPhQDPu+Nxf+8biy8czshQRQLHKDpIi+mmgi1cVZajzCMBB1JAhEj8lYNDSCDSMhECzIEc/7lRdI+rpinlep1tVi/yOLIgwNwCHRggjNQBw3QBC2AwCN4Bq/gTXlSXpR35WPamlOymX3wB8rXD99kn+E=</latexit>

P
(r)
N=1,(s)(⇢, S) = H

(r),{0}
(s) (⇢, S)

<latexit sha1_base64="nC+72lWHznKTxU3VqgTm5EUQVcQ="></latexit>

H
(1),{0}
(s) (⇢, S) =

8
>>><

>>>:

���2,1(⇢, S) if s = 0 ,

�0,1(⇢,S)
24 if s = 1 ,

(�1)sB2s E2s(⇢)
(2s�3)!!(2s)!! ��2,1(⇢, S) if s > 1 ,

Explicitly for 

<latexit sha1_base64="wnJDs+Z9UlG3v1esrXsODTqeseU="></latexit>

H
(r),{0}
(s) (⇢, S) = Hr

⇣
H

(1),{0}
(s) (⇢, S)

⌘

Jacobi Form of weight                       and index  <latexit sha1_base64="bCtwcp4L+VjGSegx+DPFGo8zAGY="></latexit>

w = 2s� 2

Different instanton levels related by action of a Hecke operator

Hecke Operator:
<latexit sha1_base64="2LNCQnw83ykiETlB2ByH4EwukDs="></latexit>Jw,m space of Jacobi forms of weight      and index <latexit sha1_base64="sMCNMqgCj2HYvVtSB6YFMsBgc+g="></latexit>w <latexit sha1_base64="FOiOQfl+yrTUC86PG8cNk0jLNnA="></latexit>m

<latexit sha1_base64="3ue6deMBQhR5TtOeDWUqjdmLPqA="></latexit>

Hn : Jw,m �! Jw,nm

�(⇢, z) 7�! Hn(f) = nw�1
X

d|n
b mod d

d�wf

✓
n⇢+ bd

d2
,
nz

d

◆

<latexit sha1_base64="Jszsnd0ZfcOnGSfHW0lJ3mOT5zo="></latexit>

r = 1

<latexit sha1_base64="OAaMsMGCUSDZ7mDFsZMz7HXFcQw="></latexit>m = r

<latexit sha1_base64="o/2EfflBdWUh1yGPgsxqHwP8tZs="></latexit>

a

1

a

1

· · ·

· · ·

⇢

S



(Quasi) Jacobi Form [SH, Iqbal, Rey 2015]
[Ahmed, SH, Iqbal, Rey 2017]

<latexit sha1_base64="zO2RLES1DIlyy2jW/rcJUkyTW8M="></latexit>

W (⇢, S, ✏) =
✓21(⇢, S)� ✓1(⇢, S + ✏)✓1(⇢, S � ✏)

✓21(⇢, ✏)
=

1X

s=0

✏2s W (1)
(s) (⇢, S)

are Jacobi forms of weight                   and index               , explicitly
<latexit sha1_base64="k32IycUUMaxQfr+J6Pt4eZz2LdM="></latexit>

W (1)
(s)

<latexit sha1_base64="XS0m+OYfiAZOqVLiGOHDsNE4kaQ="></latexit>

w = 2s
<latexit sha1_base64="w9z2o/veF4QO6QuQPYGklzGYBxo="></latexit>

m = 1

Higher instanton levels through action of Hecke operators
<latexit sha1_base64="SNGkcc/LXgr1DzZb7yRQNJ59Sfc="></latexit>

W (r)
(s) (⇢, S) = Hr

⇣
W (1)

(s) (⇢, S)
⌘

<latexit sha1_base64="OiRzI6BHICedd6WCqKUm1uLtRVU="></latexit>

W (1)
(0) =

1

24
(�0,1 + 2E2��2,1)

<latexit sha1_base64="NijTx9FLzYhX7/z/Y0JlBWCeKUc="></latexit>

W (1)
(1) =

E2
2 � E4

288
��2,1

<latexit sha1_base64="uv62uiDd6WF/g1zz9wSo+ZHYRVI="></latexit>

W (1)
(2) =

5E3
2 + 3E2E4 � 8E6

51840
��2,1, ,

      governs the counting of (single particle) BPS states of single M2-branes ending on M5-branes on 
both sides

<latexit sha1_base64="av7pILLkJN5XOhv0FB8zEoyUwyQ="></latexit>

W

M5-brane

single M2-branes

<latexit sha1_base64="mZnSfsIOdQ7FhEXj/OMjVCokknQ="></latexit>⇠

<latexit sha1_base64="iA65ddmqw8x9xJsLZ6NCUnWSXHI="></latexit>

x6

<latexit sha1_base64="h84QfRzFyZbW7IvQGr6VCASr4GQ="></latexit>

x6

<latexit sha1_base64="mYe6JdoY8UOAPXoNY+GHUzY8J3Y=">AAACAXicbVBNS8NAEJ34WetX1IvgJViECqUkUtRj0YvHivYDmlA22027dLMbdjdCKfXiX/HiQRGv/gtv/hu3bQ7a+mDg8d4MM/PChFGlXffbWlpeWV1bz23kN7e2d3btvf2GEqnEpI4FE7IVIkUY5aSuqWaklUiC4pCRZji4nvjNByIVFfxeDxMSxKjHaUQx0kbq2IfNoi/7onRX8kmiKBP81Nc0JqpjF9yyO4WzSLyMFCBDrWN/+V2B05hwjRlSqu25iQ5GSGqKGRnn/VSRBOEB6pG2oRyZJcFo+sHYOTFK14mENMW1M1V/T4xQrNQwDk1njHRfzXsT8T+vneroMhhRnqSacDxbFKXM0cKZxOF0qSRYs6EhCEtqbnVwH0mEtQktb0Lw5l9eJI2zsndertxWCtWrLI4cHMExFMGDC6jCDdSgDhge4Rle4c16sl6sd+tj1rpkZTMH8AfW5w+0aZZw</latexit>

W (⇢, S, ✏)⇥

Configuration with M5-brane removed

[SH, Iqbal, Rey 2015]



Couplings:

<latexit sha1_base64="Q9I67figxC+ZGgiwyf5+qY5zoFE="></latexit>

O
(2),1(ba1, ⇢) = �

1X

n=1

2n

1�Qn
⇢

 
Qn

ba1
+

Qn
⇢

Qn
ba1

!
<latexit sha1_base64="BeGHDb1Elo7Tw/k72145l0qcY3k="></latexit>

O
(2),0(ba1, ⇢) = 2

[SH 2019]

<latexit sha1_base64="VWGrxCCRUmKXkA/1yy4zPqOloxs="></latexit>

O
(2),1(ba1, ⇢) = �

2

(2⇡i)2


⇡2

3
E2(⇢) + }(ba1; ⇢)

�
= �

2

(2⇡i)2


G00(ba1; ⇢) +

2⇡i

⇢� ⇢̄

�
Intriguing re-writing of 

<latexit sha1_base64="v2z3N8fHgpaWaku6sDkEvw4hgjk="></latexit>

O
(2),1

<latexit sha1_base64="WVjt8W1N6e3CG4t59e4xB4Q2yJ0="></latexit>

}(z; ⇢) =
1

z2
+ 2

1X

k=1

(2k + 1) ⇣(2k + 2)E2k+2(⇢) z
2kWeierstrass elliptic Function:

2-Point Function of a free scalar field     on a torus: 
<latexit sha1_base64="HrNdzMi5hEYb0/DRVFTrYTZLFu4="></latexit>

G(z � w; ⇢) = h�(z)�(w)i = � ln

����
✓1(z � w; ⇢)

✓01(0, ⇢)

����
2

� ⇡

2Im(⇢)
(z � w � (z̄ � w̄))2

<latexit sha1_base64="C0eY/r428lN7k2LhYPxWqzFfvuc="></latexit>

�

<latexit sha1_base64="JHf9itxjcmsMrbPMprlSY6yzwqc="></latexit>

�z G(z; ⇢) = 4⇡ �(2)(z)� 2⇡

Im(⇢)
satisfies:

given by the propagator of a free scalar field!
<latexit sha1_base64="v2z3N8fHgpaWaku6sDkEvw4hgjk="></latexit>

O
(2),1



[SH 2020]

<latexit sha1_base64="jemnHIM5GacK6lYflfG6dUQ4NhE="></latexit>

·
·
·

W
(1)
(0)

W
(1)
(0)

W
(1)
(0)

(N
�
1�

↵
)

tim
es

H
(1),{0}
(0)

H
(1),{0}
(0)

H
(1),{0}
(0)

↵
ti
m
es

·
·
·

H
(1),{0}
(s)

O
(N),↵

Leading Instanton Level            for        <latexit sha1_base64="CoX0idNl6tsQw9v6dKu1UWMgtLs=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFSbaaLMQim5cVrQPaEOZTCft0MkkzEyEEvoJblwo4tYvcuffOGkrqOiBC4dz7uXee4KEM6UR+rAKS8srq2vF9dLG5tb2Tnl3r6XiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHyV++17KhWLxZ2eJNSP8FCwkBGsjXQrL5x+uYJs5HqugyCyXeR4pznxvFrVdaFjoxkqYIFGv/zeG8QkjajQhGOlug5KtJ9hqRnhdFrqpYommIzxkHYNFTiiys9mp07hkVEGMIylKaHhTP0+keFIqUkUmM4I65H67eXiX1431WHNz5hIUk0FmS8KUw51DPO/4YBJSjSfGIKJZOZWSEZYYqJNOiUTwten8H/SOrGdM7t6U63ULxdxFMEBOATHwAHnoA6uQQM0AQFD8ACewLPFrUfrxXqdtxasxcw++AHr7RNCHY3P</latexit>

r = 1
<latexit sha1_base64="FBMJV70Uio5HbRhzvhzbBnC0CJk=">AAAB7HicdVBNSwMxEM3Wr1q/qh69BItQQZasdrV7K3rxJBXcttCWkk3TNjSbXZKsUJb+Bi8eFPHqD/LmvzHbVlDRBwOP92aYmRfEnCmN0IeVW1peWV3Lrxc2Nre2d4q7ew0VJZJQn0Q8kq0AK8qZoL5mmtNWLCkOA06bwfgq85v3VCoWiTs9iWk3xEPBBoxgbSS/fHPiHPeKJWQj13MdBJHtIsc7y4jnVSuuCx0bzVACC9R7xfdOPyJJSIUmHCvVdlCsuymWmhFOp4VOomiMyRgPadtQgUOquuns2Ck8MkofDiJpSmg4U79PpDhUahIGpjPEeqR+e5n4l9dO9KDaTZmIE00FmS8aJBzqCGafwz6TlGg+MQQTycytkIywxESbfAomhK9P4f+kcWo753bltlKqXS7iyIMDcAjKwAEXoAauQR34gAAGHsATeLaE9Wi9WK/z1py1mNkHP2C9fQK3UY3/</latexit>

(N, 1)

<latexit sha1_base64="8rOInbpQounSn0HW9wxLZyfCMYo="></latexit>

P
(r=1)
N,(s) (ba1,...,N , S) = H

(1),{0}
(s) (⇢, S)

N�1X

↵=0

⇣
W

(1)
(0) (⇢, S)

⌘N�1�↵ ⇣
H

(1),{0}
(0) (⇢, S)

⌘↵
O

(N),↵(ba1,...,N�1, ⇢)

Conjectured form for general <latexit sha1_base64="nko7cq5VTeeUSjqgzX145ztK2i8="></latexit>

N

Individual terms have the structure of      - point Feynman diagrams:<latexit sha1_base64="nko7cq5VTeeUSjqgzX145ztK2i8="></latexit>

N

- same general external states
<latexit sha1_base64="xBtV1fMFq49C/ExkkYz3s/D56/I="></latexit>

W 1
(0)

<latexit sha1_base64="RhjW3xHdJXCY/ccI9lB+XmbrqJA="></latexit>

H
(1),{0}
(s)and

- individual couplings                that
encode the gauge structure

<latexit sha1_base64="E5aezrHLFFUPr76I4BVK/mUulFQ="></latexit>

O
(N),↵

- explicitly verified through Fourier 
expansions up to  <latexit sha1_base64="WQf1BqPLWdR57if+jPHFP8M/pj8="></latexit>

N = 5



Couplings are still combinations of propagators of a free scalar field on a torus
<latexit sha1_base64="S2kcxkCpr6fECas8BEy25HaITQ4="></latexit>

O
(N),↵(ba1,...,N�1, ⇢) =

1

(2⇡)2↵

N�1X

`=0

X

S⇢{0,...,N�1}\{`}
|S|=↵

Y

j2S

✓
G00(bb` �bbj ; ⇢) +

2⇡i

⇢� ⇢̄

◆

<latexit sha1_base64="c24LK47Kp+QZ3K1rqChGuOrW8mg="></latexit>

bb0 = 0

<latexit sha1_base64="XotGVQCNZn8prLR+Nn63oMrDB7U="></latexit>

bbj =
jX

n=1

ban , 8j = 1, . . . , N � 1with positions             and 

<latexit sha1_base64="LAC754609G09Sl0LtauDIWQa3IE="></latexit>

•
•

•

•
•

•

bb0 = 0
bb1 = ba1

bb2 = ba1 + ba2

bb3 = ba1 + ba2 + ba3

bb`�1

bb` = ba1 + . . .+ ba`

bb`+1

bb`+2

Graphical representation:

free propagators from 
<latexit sha1_base64="LKovQHHxQ4REK7FkfewFWwMCync="></latexit>↵

<latexit sha1_base64="TTL8450cOV2IiahNDop60DfF6RQ="></latexit>

bb`
to      distinct other positions



(Graphical) example: 
<latexit sha1_base64="T7SBxco85KIvG3ZijDJA1649ux0="></latexit>

N = 3

<latexit sha1_base64="ojzQTuaQFbGkdKMIJ3JC+56pa1Y="></latexit>

bb0 = 0 bb1 = ba1

bb2 = ba1 + ba2
<latexit sha1_base64="3E3Kt+4QPXBTkhu3Wo3Mljoxk9E="></latexit>

O
(3),0(ba1,ba2, ⇢) = 3

<latexit sha1_base64="vqrf3FKYNE4BVXS15JscIUtTAho="></latexit>

bb0 bb1

bb2

+

bb0 bb1

bb2

+

bb0 bb1

bb2

<latexit sha1_base64="glE5hYdAi2OULRZnRcpk1fgiSQM="></latexit>

O
(3),2(ba1,ba2, ⇢) =

<latexit sha1_base64="oko5cLxr+VOnHV0fzJQWB3RFu5I="></latexit>

O
(3),1(ba1,ba2, ⇢) =

<latexit sha1_base64="MFEBMki2w3gYC/k9IUrhTh5f+iI="></latexit>

bb0 bb1

bb2

+

bb0 bb1

bb2

+

bb0 bb1

bb2



Second Instanton (          ) Level for        
<latexit sha1_base64="zasAxIImua5Vyu1Fn8fyisrD3sA=">AAAB7nicdVDLSgMxFM3UV62vqks3wSJUkCFTO9pZCEU3rqSCfUA7lEyaaUMzD5KMUIZ+hBsXirj1e9z5N2baCip64MLhnHu59x4v5kwqhD6M3NLyyupafr2wsbm1vVPc3WvJKBGENknEI9HxsKSchbSpmOK0EwuKA4/Ttje+yvz2PRWSReGdmsTUDfAwZD4jWGmpXb65qJxYx/1iCZnIdmwLQWTayHJOM+I4taptQ8tEM5TAAo1+8b03iEgS0FARjqXsWihWboqFYoTTaaGXSBpjMsZD2tU0xAGVbjo7dwqPtDKAfiR0hQrO1O8TKQ6knASe7gywGsnfXib+5XUT5dfclIVxomhI5ov8hEMVwex3OGCCEsUnmmAimL4VkhEWmCidUEGH8PUp/J+0KqZ1ZlZvq6X65SKOPDgAh6AMLHAO6uAaNEATEDAGD+AJPBux8Wi8GK/z1pyxmNkHP2C8fQKr7I6C</latexit>

(N = 2, 1)
Similar decomposition in terms of                  and             , (for                    ), however, not unique! 

<latexit sha1_base64="jYnqY3zDLJvxmdOWph80fFjCjT8="></latexit>

H
(r),{0}
(s)

<latexit sha1_base64="IGzTEGIJETvwDSDleVrxqO3YU8k="></latexit>

W (r)
(s)

Still intriguing features and structures.

<latexit sha1_base64="r42pPSvQT8joq+naS8gAdDALW5U=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuwqQ22iyEohuXFe0D2lAm00k7dDIJMxOhhH6CGxeKuPWL3Pk3TtoKKnrgwuGce7n3niDhTGmEPqyl5ZXVtfXCRnFza3tnt7S331JxKgltkpjHshNgRTkTtKmZ5rSTSIqjgNN2ML7K/fY9lYrF4k5PEupHeChYyAjWRrqVF5V+qYxs5HqugyCyXeR4pznxvFrVdaFjoxnKYIFGv/TeG8QkjajQhGOlug5KtJ9hqRnhdFrspYommIzxkHYNFTiiys9mp07hsVEGMIylKaHhTP0+keFIqUkUmM4I65H67eXiX1431WHNz5hIUk0FmS8KUw51DPO/4YBJSjSfGIKJZOZWSEZYYqJNOkUTwten8H/SqtjOmV29qZbrl4s4CuAQHIET4IBzUAfXoAGagIAheABP4Nni1qP1Yr3OW5esxcwB+AHr7RNDoY3Q</latexit>

r = 2
<latexit sha1_base64="SAZ8WGp4U4KHh2tct/DALceAn2k=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosevFYwX5AEspmu2mXbnbD7kYooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMi1LOtHHdb6e0tr6xuVXeruzs7u0fVA+POlpmitA2kVyqXoQ15UzQtmGG016qKE4iTrvR+G7md5+o0kyKRzNJaZjgoWAxI9hYyVcBE0HuXnjBtF+tuXV3DrRKvILUoECrX/0KBpJkCRWGcKy177mpCXOsDCOcTitBpmmKyRgPqW+pwAnVYT4/eYrOrDJAsVS2hEFz9fdEjhOtJ0lkOxNsRnrZm4n/eX5m4pswZyLNDBVksSjOODISzf5HA6YoMXxiCSaK2VsRGWGFibEpVWwI3vLLq6RzWfeu6o2HRq15W8RRhhM4hXPw4BqacA8taAMBCc/wCm+OcV6cd+dj0Vpyiplj+APn8wecBZDT</latexit>

r 2 {0, 1}

<latexit sha1_base64="S0CajgvoJLb/OlV4l/71iAZ8utU="></latexit>

P
(2)
2,(0)(ba1,ba2, S) =

2

3
H

(2),{0}
(0) W

(2)
(0) O

(2),0 +
4

3
H

(2),{0}
(0) H

(2),{0}
(0) O

(2),1

Unambiguous decomposition at            (leading order in    ) that is compatible with all symmetries:
<latexit sha1_base64="1Swi45fIkUFm8yCPyE2QYrNO+4A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHvS12ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuquf355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8A0cONgQ==</latexit>

s = 0
<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏

<latexit sha1_base64="+1zSSTnrszx5rv5dHVHR9GSC8po="></latexit>

+

<latexit sha1_base64="Ys+W5tJDS/T5g/IWXYApnJrgBVA="></latexit>⇣
H

(1),{0}
(0)

⌘4
O

(2),4-pt
r=2,s=0

Two-Point Functions:

- same structure as two-point functions as for 
<latexit sha1_base64="/cMzqiABeiRV0KAkatybEFKDgfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9KCvvV654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvUuquf355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8A0cGNgQ==</latexit>

r = 1

- same coupling functions              and              as for   
<latexit sha1_base64="ANcOMHbO1RGPb865fUbooNNHG9c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJUkJKUoi6LbtxZwT6gjWUynbRDJw9mJkII9VfcuFDErR/izr9x0mahrQcGDufcyz1z3IgzqSzr21hZXVvf2CxsFbd3dvf2zYPDtgxjQWiLhDwUXRdLyllAW4opTruRoNh3Oe24k+vM7zxSIVkY3Kskoo6PRwHzGMFKSwOz1PexGhPM09vpQ1qpnZ5Z04FZtqrWDGiZ2DkpQ47mwPzqD0MS+zRQhGMpe7YVKSfFQjHC6bTYjyWNMJngEe1pGmCfSiedhZ+iE60MkRcK/QKFZurvjRT7Uia+qyezqHLRy8T/vF6svEsnZUEUKxqQ+SEv5kiFKGsCDZmgRPFEE0wE01kRGWOBidJ9FXUJ9uKXl0m7VrXPq/W7erlxlddRgCM4hgrYcAENuIEmtIBAAs/wCm/Gk/FivBsf89EVI98pwR8Ynz+tOZQk</latexit>

O
(2),0

<latexit sha1_base64="jSS3dezmkmUATsKcJrefOUOHOMQ=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJUkJKUoi6LbtxZwT6gjWUynbRDJw9mJkII9VfcuFDErR/izr9x0mahrQcGDufcyz1z3IgzqSzr21hZXVvf2CxsFbd3dvf2zYPDtgxjQWiLhDwUXRdLyllAW4opTruRoNh3Oe24k+vM7zxSIVkY3Kskoo6PRwHzGMFKSwOz1PexGhPM09vpQ1qpnZ7Z04FZtqrWDGiZ2DkpQ47mwPzqD0MS+zRQhGMpe7YVKSfFQjHC6bTYjyWNMJngEe1pGmCfSiedhZ+iE60MkRcK/QKFZurvjRT7Uia+qyezqHLRy8T/vF6svEsnZUEUKxqQ+SEv5kiFKGsCDZmgRPFEE0wE01kRGWOBidJ9FXUJ9uKXl0m7VrXPq/W7erlxlddRgCM4hgrYcAENuIEmtIBAAs/wCm/Gk/FivBsf89EVI98pwR8Ynz+uvpQl</latexit>

O
(2),1

<latexit sha1_base64="/cMzqiABeiRV0KAkatybEFKDgfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9KCvvV654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvUuquf355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8A0cGNgQ==</latexit>

r = 1

- external states obtained through Hecke operators from external states for 
<latexit sha1_base64="/cMzqiABeiRV0KAkatybEFKDgfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9KCvvV654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvUuquf355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8A0cGNgQ==</latexit>

r = 1

<latexit sha1_base64="IEO+9ZKcyOKfpTWYJAeA2K4kIps="></latexit>⇣
H

(1),{0}
(0)

⌘2
H

(2),{0}
(0) O

(2),3-pt
r=2,s=0

<latexit sha1_base64="gahXut16umC6K/qOEng/QqGzik8="></latexit>

+

<latexit sha1_base64="1lf09/b2vVEvEiooVNs/p0xjAd8="></latexit>

H
(2),{0}
(0) = H2

⇣
H

(1),{0}
(0)

⌘
<latexit sha1_base64="fr8NlxKXquIG83JWHnicxWajNaA="></latexit>

W (2)
(0) = H2

⇣
W (1)

(0)

⌘

[SH 2020]



Three-Point Functions:

- Two external states of the same form as for                  
<latexit sha1_base64="/cMzqiABeiRV0KAkatybEFKDgfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9KCvvV654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvUuquf355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8A0cGNgQ==</latexit>

r = 1

<latexit sha1_base64="IEO+9ZKcyOKfpTWYJAeA2K4kIps="></latexit>⇣
H

(1),{0}
(0)

⌘2
H

(2),{0}
(0) O

(2),3-pt
r=2,s=0

<latexit sha1_base64="e/khWpunOCiQbTW7O9092mthNJI="></latexit>

O
(2),3-pt
r=2,s=0(ba1, ⇢) =

4

3
I1(⇢,ba1)

- One external state obtained through Hecke transform                

- Coupling function:             

<latexit sha1_base64="TxTm7vNBxBJWgozJOBWMEaWXrW0="></latexit>

H
(1),{0}
(0) H

(1),{0}
(0)

H
(2),{0}
(0)

Functions      for                         :  
<latexit sha1_base64="+6klpxP9ShnpLey8TOHPFu8vGRc=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GjJaa90V3eiugn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GzHQEFT0QOJxzL/fkeBFnSiP0YRWWlldW14rrpY3Nre2d8u5eW4WxJLRFQh7KrocV5UzQlmaa024kKQ48Tjve5Cr1O1MqFQvFnZ5F1A3wSDCfEayN5PYDrMcE8+RmPpgMyhVknyHnooYgslGGjNSdUwc6uVIBOZqD8nt/GJI4oEITjpXqOSjSboKlZoTTeakfKxphMsEj2jNU4IAqN8lCz+GRUYbQD6V5QsNM/b6R4ECpWeCZyTSk+u2l4l9eL9Z+3U2YiGJNBVkc8mMOdQjTBuCQSUo0nxmCiWQmKyRjLDHRpqeSKeHrp/B/0j6xnZpdva1WGpd5HUVwAA7BMXDAOWiAa9AELUDAPXgAT+DZmlqP1ov1uhgtWPnOPvgB6+0TNmKSaA==</latexit>Ik

<latexit sha1_base64="wMTm1AEIujwU7xD4FRE3DoTTEk4="></latexit>

Ik(⇢,ba) =
1X

n=1

n2k+1

1�Qn
⇢

✓
Qn

ba +
Qn

⇢

Qn
ba

◆

<latexit sha1_base64="+mFl2RT7jcRCCDnaeZTmzI2RB+M=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaL4KpMtNa6K7pxJRXsA5pQJtNpO3QyCTMToYRs/BU3LhRx62e482+cpBVU9MCFwzn3cu89fsSZ0gh9WIWFxaXlleJqaW19Y3PL3t5pqzCWhLZIyEPZ9bGinAna0kxz2o0kxYHPacefXGZ+545KxUJxq6cR9QI8EmzICNZG6tt7E5cJN8B67PvJdeqSOHIT5KZ9u4wqp8g5ryGIKihHTurOiQOduVIGczT79rs7CEkcUKEJx0r1HBRpL8FSM8JpWnJjRSNMJnhEe4YKHFDlJfkDKTw0ygAOQ2lKaJir3ycSHCg1DXzTmZ2qfnuZ+JfXi/Ww7iVMRLGmgswWDWMOdQizNOCASUo0nxqCiWTmVkjGWGKiTWYlE8LXp/B/0j6uOLVK9aZablzM4yiCfXAAjoADzkADXIEmaAECUvAAnsCzdW89Wi/W66y1YM1ndsEPWG+fYXKW7g==</latexit>

k 2 N [ {0}

Iterative relation: 
<latexit sha1_base64="cm/RioBU1dIgULQpGbGYPUTdb80="></latexit>

Ik(⇢,ba) = D2k
ba I0(⇢,ba)

with
<latexit sha1_base64="u7tgJGo6FZM47A2wm6ZyBaDlF2w="></latexit>

Dba =
1

2⇡i

@

@ba = Qba
@

@Qba

Starting function:
<latexit sha1_base64="i+6uRIXnrQ8mpNCU1LbkKaTusls="></latexit>

I0(⇢,ba) = �2O(2),1(ba, ⇢)

=
1

(2⇡i)2


G00(ba; ⇢) + 2⇡i

⇢� ⇢̄

�



Three-Point Functions:

- Two external states of the same form as for                  
<latexit sha1_base64="/cMzqiABeiRV0KAkatybEFKDgfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9KCvvV654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvUuquf355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8A0cGNgQ==</latexit>

r = 1

<latexit sha1_base64="IEO+9ZKcyOKfpTWYJAeA2K4kIps="></latexit>⇣
H

(1),{0}
(0)

⌘2
H

(2),{0}
(0) O

(2),3-pt
r=2,s=0

<latexit sha1_base64="e/khWpunOCiQbTW7O9092mthNJI="></latexit>

O
(2),3-pt
r=2,s=0(ba1, ⇢) =

4

3
I1(⇢,ba1)

<latexit sha1_base64="g+s+6Tub/kbLNyuOTY9VmZBf8ZM="></latexit>

= �
8

3
D2

ba1
O

(2),1(ba1, ⇢)

- One external state obtained through Hecke transform                

- Coupling function:             

<latexit sha1_base64="TxTm7vNBxBJWgozJOBWMEaWXrW0="></latexit>

H
(1),{0}
(0) H

(1),{0}
(0)

H
(2),{0}
(0)

Functions      for                         :  
<latexit sha1_base64="+6klpxP9ShnpLey8TOHPFu8vGRc=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GjJaa90V3eiugn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GzHQEFT0QOJxzL/fkeBFnSiP0YRWWlldW14rrpY3Nre2d8u5eW4WxJLRFQh7KrocV5UzQlmaa024kKQ48Tjve5Cr1O1MqFQvFnZ5F1A3wSDCfEayN5PYDrMcE8+RmPpgMyhVknyHnooYgslGGjNSdUwc6uVIBOZqD8nt/GJI4oEITjpXqOSjSboKlZoTTeakfKxphMsEj2jNU4IAqN8lCz+GRUYbQD6V5QsNM/b6R4ECpWeCZyTSk+u2l4l9eL9Z+3U2YiGJNBVkc8mMOdQjTBuCQSUo0nxmCiWQmKyRjLDHRpqeSKeHrp/B/0j6xnZpdva1WGpd5HUVwAA7BMXDAOWiAa9AELUDAPXgAT+DZmlqP1ov1uhgtWPnOPvgB6+0TNmKSaA==</latexit>Ik

<latexit sha1_base64="wMTm1AEIujwU7xD4FRE3DoTTEk4="></latexit>

Ik(⇢,ba) =
1X

n=1

n2k+1

1�Qn
⇢

✓
Qn

ba +
Qn

⇢

Qn
ba

◆

<latexit sha1_base64="+mFl2RT7jcRCCDnaeZTmzI2RB+M=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaL4KpMtNa6K7pxJRXsA5pQJtNpO3QyCTMToYRs/BU3LhRx62e482+cpBVU9MCFwzn3cu89fsSZ0gh9WIWFxaXlleJqaW19Y3PL3t5pqzCWhLZIyEPZ9bGinAna0kxz2o0kxYHPacefXGZ+545KxUJxq6cR9QI8EmzICNZG6tt7E5cJN8B67PvJdeqSOHIT5KZ9u4wqp8g5ryGIKihHTurOiQOduVIGczT79rs7CEkcUKEJx0r1HBRpL8FSM8JpWnJjRSNMJnhEe4YKHFDlJfkDKTw0ygAOQ2lKaJir3ycSHCg1DXzTmZ2qfnuZ+JfXi/Ww7iVMRLGmgswWDWMOdQizNOCASUo0nxqCiWTmVkjGWGKiTWYlE8LXp/B/0j6uOLVK9aZablzM4yiCfXAAjoADzkADXIEmaAECUvAAnsCzdW89Wi/W66y1YM1ndsEPWG+fYXKW7g==</latexit>

k 2 N [ {0}

Iterative relation: 
<latexit sha1_base64="cm/RioBU1dIgULQpGbGYPUTdb80="></latexit>

Ik(⇢,ba) = D2k
ba I0(⇢,ba)

with
<latexit sha1_base64="u7tgJGo6FZM47A2wm6ZyBaDlF2w="></latexit>

Dba =
1

2⇡i

@

@ba = Qba
@

@Qba

Starting function:
<latexit sha1_base64="i+6uRIXnrQ8mpNCU1LbkKaTusls="></latexit>

I0(⇢,ba) = �2O(2),1(ba, ⇢)

=
1

(2⇡i)2


G00(ba; ⇢) + 2⇡i

⇢� ⇢̄

�

<latexit sha1_base64="00/6HPORym1GwN/tbZOVuFy5TCU="></latexit>

bb0 = 0 bb1 = ba1

graphical representation:  

action of         on 
<latexit sha1_base64="Xu4Ldc5XIm9BD4yGEDV+f6Ugirk=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclaQUdVnUhcsK9gFtDJPJtB06eTBzo4QQf8WNC0Xc+iHu/BunbRbaeuDC4Zx7ufceLxZcgWV9Gyura+sbm6Wt8vbO7t6+eXDYUVEiKWvTSESy5xHFBA9ZGzgI1oslI4EnWNebXE397gOTikfhHaQxcwIyCvmQUwJacs3K9X3dzQaP3GdjAhnJXTt3zapVs2bAy8QuSBUVaLnm18CPaBKwEKggSvVtKwYnIxI4FSwvDxLFYkInZMT6moYkYMrJZsfn+EQrPh5GUlcIeKb+nshIoFQaeLozIDBWi95U/M/rJzC8cDIexgmwkM4XDROBIcLTJLDPJaMgUk0IlVzfiumYSEJB51XWIdiLLy+TTr1mn9Uat41q87KIo4SO0DE6RTY6R010g1qojShK0TN6RW/Gk/FivBsf89YVo5ipoD8wPn8Ao3WUyA==</latexit>

D2
ba1

<latexit sha1_base64="jSS3dezmkmUATsKcJrefOUOHOMQ=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJUkJKUoi6LbtxZwT6gjWUynbRDJw9mJkII9VfcuFDErR/izr9x0mahrQcGDufcyz1z3IgzqSzr21hZXVvf2CxsFbd3dvf2zYPDtgxjQWiLhDwUXRdLyllAW4opTruRoNh3Oe24k+vM7zxSIVkY3Kskoo6PRwHzGMFKSwOz1PexGhPM09vpQ1qpnZ7Z04FZtqrWDGiZ2DkpQ47mwPzqD0MS+zRQhGMpe7YVKSfFQjHC6bTYjyWNMJngEe1pGmCfSiedhZ+iE60MkRcK/QKFZurvjRT7Uia+qyezqHLRy8T/vF6svEsnZUEUKxqQ+SEv5kiFKGsCDZmgRPFEE0wE01kRGWOBidJ9FXUJ9uKXl0m7VrXPq/W7erlxlddRgCM4hgrYcAENuIEmtIBAAs/wCm/Gk/FivBsf89EVI98pwR8Ynz+uvpQl</latexit>

O
(2),1



<latexit sha1_base64="Ys+W5tJDS/T5g/IWXYApnJrgBVA="></latexit>⇣
H

(1),{0}
(0)

⌘4
O

(2),4-pt
r=2,s=0Four-Point Functions:

- Four external states of the same form as for                
<latexit sha1_base64="/cMzqiABeiRV0KAkatybEFKDgfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9KCvvV654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvUuquf355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8A0cGNgQ==</latexit>

r = 1

<latexit sha1_base64="3J0kXr1WVXI0OPLl3d6Na9jWV1Y=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiQiKoJQdOOyBfuAJoTJZNIOnWTCzEQoIV/gxl9x40IRt67d+TdO2iy09cDAOefey9x7/IRRqSzr26isrK6tb1Q3a1vbO7t75v5BT/JUYNLFnHEx8JEkjMakq6hiZJAIgiKfkb4/uS3q/QciJOXxvZomxI3QKKYhxUhpyzMbToTUOBRokgX51XXHc8SYO1pjrbNgrnPPrFtNawa4TOyS1EGJtmd+OQHHaURihRmScmhbiXIzJBTFjOQ1J5UkQXiCRmSoaYwiIt1sdk4OG9oJYMiFfrGCM/f3RIYiKaeRrzuL5eVirTD/qw1TFV66GY2TVJEYzz8KUwYVh0U2MKCCYMWmmiAsqN4V4jHSWSidYE2HYC+evEx6p037vHnWOau3bso4quAIHIMTYIML0AJ3oA26AINH8AxewZvxZLwY78bHvLVilDOH4A+Mzx9qE5z9</latexit>

d := Q⇢
d

dQ⇢

<latexit sha1_base64="0i2C/d9frG4UbWtrotUDPevFQUQ="></latexit>

H
(1),{0}
(0) H

(1),{0}
(0)

H
(1),{0}
(0) H

(1),{0}
(0)O

(2),1

<latexit sha1_base64="GxPDhK/A0r10+CDbmUeqZyHzYsU="></latexit>

H
(1),{0}
(0) H

(1),{0}
(0)

H
(1),{0}
(0)

H
(1),{0}
(0)

<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

- coupling function  
<latexit sha1_base64="q6zBuSCGMb4auUYI0BsmoDoS9uQ="></latexit>

O
(2),4-pt
r=2,s=0(ba1, ⇢) = �

1

48
[2I2(⇢,ba1) + dE4(⇢) + 4E4(⇢) I0(⇢,ba1)]



<latexit sha1_base64="Ys+W5tJDS/T5g/IWXYApnJrgBVA="></latexit>⇣
H

(1),{0}
(0)

⌘4
O

(2),4-pt
r=2,s=0Four-Point Functions:

- Four external states of the same form as for                
<latexit sha1_base64="/cMzqiABeiRV0KAkatybEFKDgfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9KCvvV654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvUuquf355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8A0cGNgQ==</latexit>

r = 1

<latexit sha1_base64="0i2C/d9frG4UbWtrotUDPevFQUQ="></latexit>

H
(1),{0}
(0) H

(1),{0}
(0)

H
(1),{0}
(0) H

(1),{0}
(0)O

(2),1

<latexit sha1_base64="GxPDhK/A0r10+CDbmUeqZyHzYsU="></latexit>

H
(1),{0}
(0) H

(1),{0}
(0)

H
(1),{0}
(0)

H
(1),{0}
(0)

<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

- coupling function  

<latexit sha1_base64="siZqfwuSIbGmntgH9Nuc++A/68E="></latexit>

=
E4

24
O

(2),1(ba1, ⇢)�
1

48
dE4

=
1

24

h
E4 O

(2),1(ba1, ⇢)� quasi-holomorphic
i

<latexit sha1_base64="Q3b5aPgjmiprLN9OQlzXPtdti2I="></latexit>

= O
(2),4-pt,1
r=2,s=0 +O

(2),4-pt,2
r=2,s=0

<latexit sha1_base64="sta+aJUc/CZxBdDcxlNJnm/Xw1E="></latexit>

E4

bb0 = 0 bb1 = ba1

<latexit sha1_base64="UZdJmRjshZAtj3cJFbwYzLdUhyg="></latexit>

= �
1

24
I2(⇢,ba1) =

1

48
D4

ba1
O

(2),1(ba1, ⇢)

<latexit sha1_base64="auv0KRYVjz7bIdLWKsupOQAgCxc="></latexit>

bb0 = 0 bb1 = ba1

<latexit sha1_base64="q6zBuSCGMb4auUYI0BsmoDoS9uQ="></latexit>

O
(2),4-pt
r=2,s=0(ba1, ⇢) = �

1

48
[2I2(⇢,ba1) + dE4(⇢) + 4E4(⇢) I0(⇢,ba1)]



<latexit sha1_base64="sta+aJUc/CZxBdDcxlNJnm/Xw1E="></latexit>

E4

bb0 = 0 bb1 = ba1

Graph Functions and Graph Forms
<latexit sha1_base64="pGT2Wd/4LyGJYbhOXuJJ0b01myY="></latexit>

� graph of       vertices (labelled by      ) with       oriented edges <latexit sha1_base64="nko7cq5VTeeUSjqgzX145ztK2i8="></latexit>

N
<latexit sha1_base64="mjk3Ni+Wq2/e8LTHK78uueJeRYA="></latexit>

i, j
<latexit sha1_base64="IxiviYYDQEe1oQ0sAqbPVT5BlEg="></latexit>rij

<latexit sha1_base64="Znyyjbq50GlRGJHO2RWtrTocLFY="></latexit>

• •

1

2

3

nij

··
·

i j weight of graph
<latexit sha1_base64="VPxs3DW3S3oTV7G1yhMqMgLwgBE="></latexit>

w =
X

1i<jN

rij

[D’Hoker, Green, Gürdogan, Vanhove 2015] 
[Broedel, Matthes, Schlotterer 2015] 
[D’Hoker, Green 2016] 
[D’Hoker, Green, Pioline 2017] 
[Zerbini 2018] 
[Gerken, Kleinschmidt, Schlotterer 2018-19] 
[Mafra, Schlotterer 2019]

Modular graph function associated with 
<latexit sha1_base64="lAMPU3hdPKT5/3A95/WNQrYcI9g="></latexit>

�
<latexit sha1_base64="KkaoPspb0aoocVF66tgeX/q073o="></latexit>

C�(⇢) =
NY

k=1

Z

⌃⇢

d2zk
Im⇢

Y

1i<jN

G(zi � zj ; ⇢)
rij invariant under <latexit sha1_base64="Lj2CCumDmZUSqiuBQ8HuPM2Hhik="></latexit>

SL(2,Z)
Non-holomorphic modular function

<latexit sha1_base64="lAMPU3hdPKT5/3A95/WNQrYcI9g="></latexit>

�Modular graph forms for             : decorate each edge of      by a pair of integers           <latexit sha1_base64="iXTw+4Tvg7dxNZTd7FYvh1PFvNo="></latexit>

N = 2
<latexit sha1_base64="tTchXiPWgroBZBKGlvSdK0/Xe88="></latexit>

(ar, br)
<latexit sha1_base64="Ae/qW12ENHWVoaVvKaXY/fZw/XE="></latexit>

C
⇥a1 a2 ... an
b1 b2 ... bn

⇤
(⇢) =

0X

p1,...,pn2⇤

nY

r=1

1

par
r p̄brr

�

 
NX

s=1

ps

!
<latexit sha1_base64="wp0tg9CW8U7G3H9bCJDJD3JPmk4="></latexit>

⇤ = Z� ⇢Zwith [D’Hoker, Green 2016]

<latexit sha1_base64="MJ7cYPy24wKPviE9XD9sO371FZc="></latexit>

C
⇥a1
b1

⇤
(⇢) = 0

<latexit sha1_base64="2zSf0jcQKM4ANzvijZJXTm0E4E0="></latexit>

8a1, b1 2 N
<latexit sha1_base64="dcjtBFWYwKwoISRV5TKf44E99PE="></latexit>

C
⇥
2k 0
0 0

⇤
(⇢) =

⇢
2⇣(2) bE2(⇢, ⇢̄) if k = 1 ,
2⇣(2k)E2k(⇢) if k > 1 .

Examples:



<latexit sha1_base64="sta+aJUc/CZxBdDcxlNJnm/Xw1E="></latexit>

E4

bb0 = 0 bb1 = ba1

For the current case:
<latexit sha1_base64="NBBhl9w1rUygiaVZNyF0FqVvEEs="></latexit>

2 ⇣(4)E4(⇢) = C
⇥
4 0
0 0

⇤
(⇢)

<latexit sha1_base64="CSc2BICuRo9rTZyjGExh2T8qWpM="></latexit>

=
1

3! (Im⇢)4
r2 (Im(⇢))2 C

⇥
2 0
2 0

⇤
(⇢)

<latexit sha1_base64="+g5CmDO5PBVeZlOH/MdsNPlNWvE="></latexit>

r = 2i (Im⇢)2
@

@⇢

given as an integral over scalar Greens function
<latexit sha1_base64="LrzidPvGjdTYY86mWqLd1hSanew="></latexit>

C
⇥
2 0
2 0

⇤

<latexit sha1_base64="DXtedSRuEDG8BtoIlf6uJw6zqOU="></latexit>

C
⇥
2 0
2 0

⇤
(⇢) = C

⇥
1 1
1 1

⇤
(⇢) =

Z

⌃

d2z1
Im⇢

Z

⌃

d2z2
Im⇢

✓
⇡

(Im⇢)
G(z1 � z2; ⇢)

◆2

suggests corrections to the 2-point function from integrated vertex insertions

Similar contributions appear for <latexit sha1_base64="x0d/XI05Mhc9oW5v1NZEsZNdd+8="></latexit>

r > 2



Summary and Conclusions
Studied dualities in a class of Little String Orbifolds:

partition function             compute as topological string partition function on   XN,MZN,M

weak coupling regions give rise to different (but equivalent) expansions of              that can              ZN,M

be interpreted as instanton partition functions, dualities:

[U(M)]N () [U(M 0)]N
0 NM = N 0M 0

gcd(N,M) = gcd(N 0,M 0)for

non-perturbative symmetries suggest Feynman graph decomposition of the free energy
leading instanton level: ‘tree level’ graphs as combinations of Greens functions of a free

scalar field on the torus

higher instanton levels: integrated corrections similar to loop corrections
relation to modular graph forms of integrated propagators

Future directions: 
geometric reason for the decomposition of the free energy

generalisation beyond free energy 

extension to further (phenomenologically realistic) theories 


