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Context and motivation

quantum modular forms

Cmodular forms

Modular forms & quantum modular forms
Za(M3) |

Z,M) are g-series originally intfroduced from a physics perspective (cuo o v 16

[Gukov, Pei, Putrov, Vafa ’17]

ubiquitous in other contexts

3d SQFT
\half-index / homological block

o Z (M) ~ supersymmetric index
counts supersymmetric (BPS) states

—3d topology
_3-manifold invaricp

—> 7 (M,) g-series with integer coefficients
o¢ 3d SQFT has an M-theory realisation
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Context and motivation

quantum modular forms
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Modular forms & quantum modular forms
Za(M3) |

Z,M) are g-series originally intfroduced from a physics perspective (cuo o v 16

[Gukov, Pei, Putrov, Vafa ’17]

ubiquitous in other contexts

3d SQFT
half-index / homological block

— Sdropoloy
_3-manifold invari@

Cheng, Chun, Ferrari, Gukov, Harrison 18] .. can pr‘o\“d@ Var'|ous thSlcal ”’\SIghTS

Quantum modularity of Z,(M;)

Cheng, Ferrari, Sgroi '19]
Bringmann, Kaszian, Milas "19]
Bringmann, Kaszian, Milas, Nazaroglu '21] + ...

— e

eg. definition of 7 hidden structures



Main outcomes

quantum modular forms

Cmodular forms

Modular forms & quantum modular forms

Za(M3) |

The Z8(M,) invariants are defined for simply laced gauge groups 6 with Lie algebra g

and weakly negative definite Seifert 3-manifolds M,

[Park '19], [Cheng, Chun, Fegin, Ferrari, Gukov, Harrison, Passaro '22]

Theorem For weakly negative definite Seifert 3-manifolds with 3 exceptional fibers & g = A,

1. QMF: Z4:(g) is a sum of two depth-2 quantum modular forms

2. Recursion: If Z4 (¢) has a certain SL(2,7) structure, this structure is also found in 74 (@) |

[Cheng, Coman, Passaro, Sgroi, to appear]



Modular forms

— o —

A modular form f(7) of weight w, multiplier system y with respect to I' C SL,(Z)

is a holomorphic functionof € H if flw’)(y(f) =f(r) for any yeT,

where f| y(@) = (ct+d)™ ¥~ f(r7).

2
Modular forms include 0-functions 6(r) = 2 qkT with expansion parameter

keZ
¢ Half integer weight O-functions relevant in relation to Z,(M;)
2 K2
0, (7) = Z q* 0,(t) = Z kg
ke ”Z ke”Z
k = rmod 2p k = rmod 2p

The radial limit |g| = 1 © 7 > a € Q defines a function on Q

— e 2rit



Quantum modular forms

Quantum modular forms (QMF's) are defined at the boundary of H, on Q U {100}

A quantum modular form of weight w, multiplier system y with respect to I' C SL,(Z)
is a function f: Q — C such that, Vy € I', the function p,(x) : Q\{y(c0)} = C

defined by p (x) :=f(x) —f |w% y(x) has a better analytic behaviour than f(x) . izge o

Neither analyticity, nor modularity are required, but failure of one offsets the failure of the other.



Quantum modular forms

Quantum modular forms (QMF's) are defined at the boundary of H, on Q U {100}

A quantum modular form of weight w, multiplier system y with respect to I' C SL,(2)
is a function f: Q — C such that, Vy € I', the function p,(x) : Q\{y(c0)} = C

defined by p (x) :=f(x) —f |w% y(x) has a better analytic behaviour than f(x) . izge o

Neither analyticity, nor modularity are required, but failure of one offsets the failure of the other.

A strong quantum modular form is a QMF f which associates to each element x € Q

a formal power series over C, so that p,(x) 1= lim,_. <f—f|w%y> (x + 17)

has a power series expansion around each point x € () and extends holomorphically

to a neighbourhood of P'(R)\S, for S, a finite sef.



Quantum modular forms

Eichler integrals allow to construct quantum modular forms from modular forms

Given a modular form g of weight w, its Eichler integrals

holomorphic g2(7) = c(w)[ g(t) (7' — )W dr’

non-holomorphic g*(7,7) = c(w)J g(t) (7' + 1)V 2dt’

—T

[Lawrence, Zagier '99]

are QMF's, since g—g|, v and g*—g*|, 'y areperiod integrals.

& Example: false O-functions

2 - 2
6l = Y kg7 weight 3/2 9-function —= 85.() = Y sgn(k)g7 false f-function
ke ”Z ke”Z
k = rmod 2p k = rmod 2p



Quantum modular forms - higher depth

More general quantum modularity can be defined recursively

L—» A depth-N QMF is a function f:Q — C such that p, :=f—f| v isasum

of QMF's of depth N<N, multiplied by some real-analytic functions, Vy €I

o¢ Example: Iterated non-holomorphic Eichler integral o C[jgg“aKa;gatM'Z 17]]
100 100 z z .
If f(T’ 'f) — [ dzl[ dZZ . fi( 1)‘f2( .2) IS a dep'l'h-Z QMF
e _z 2 (—i(zy + 0))>™"1(=i(zp + 7))> ™2

p, contains a regular non-holomorphic Eichler integral (depth-1 QMF) and analytic functions.
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\ forms
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Z (M) -

Z,M) are g-series originally introduced from a physics perspective
ubiquitous in other contexts

3d SQFT
half-index / homological block

N~—"" 3d topology ™S
-manifold invariw




Physical origin of Z (M)

Definition of Z3(M;) g-series from 3d /=2 SQFT T$ with simply-laced gauge group G
[Gukov, Putrov, Vafa '16]

[Gukov, Pei, Putrov, Vafa '17] L|e G|gebr'a g

The spacetime background

2d #'=(0,2) boundary SCFT A,
on T? = 0D?* x_ S

D?x_S!

Z3(M,) is the supersymmetric index of T9 or “half-index" counting of BPS states

Hilbert space of BPS states #'pps., = @; ; " doubly graded by two U(1) symmetries

72 (Ms) =Z,(D*x. S B) = Z (—1)ig/ dim 7%/ g=e¥ el

|

)
_ boundary condition label -

Z3 (M) admits a g-series expansion with integer powers and integer coefficients.



Physical origin of Z (M)

Definition of Z3(M;) g-series from 3d /=2 SQFT T$ with simply-laced gauge group G
[Gukov, Putrov, Vafa '16]

[Gukov, Pei, Putrov, Vafa '17] L|e G|gebr'a g

The spacetime background

2d #'=(0,2) boundary SCFT A,
on T? = 0D?* x_ S

D*x, S g=e"  cel

Z3(M,) is the supersymmetric index of T9 or “half-index" counting of BPS states

e when a Lagrangian description of T9 is known, compute Z by localisation resnia suoyama 14

[Gukov, Putrov, Vafa '16]

F3,(x) ®(a)(x q)

. lY YQ

271X

A dx
Za(Q) — [

contains contributions from 3d bulk fields @-function contains 2d boundary contribution



Physical origin of Z (M)

Definition of Z3(M;) g-series from 3d /=2 SQFT T$ with simply-laced gauge group G

[Gukov, Putrov, Vafa '16]

[Gukov, Pei, Putrov, Vafa '17] L|e Glgebr'a g

The spacetime background
2d #'=(0,2) boundary SCFT A,
on T? = 0D?* x_ S

D*x,S' . g=e"" el

Z3(M,) is the supersymmetric index of T9 or “half-index" counting of BPS states

Je¢ when a Lagrangian description of T9 is known, compute Z by localisation roshica sugiverna 14

[Gukov, Putrov, Vafa '16]

dx

Za(C]) = [ Y rix F34(x) @(262(36; q)

F, (x) trivial: Z (g) modular
F,,(x) non-trivial but small: Z,(g) modularity distorted

F,,(x) non-trivial: Z,(g) modularity compromised



Physical origin of Z (M)

Definition of Z3(M;) g-series from 3d /=2 SQFT T$ with simply-laced gauge group G
[Gukov, Putrov, Vafa '16]

[Gukov, Pei, Putrov, Vafa '17] Lle G|9€bl"0 g

The spacetime background

2d #'=(0,2) boundary SCFT A,
on T? = 0D?* x_ S

D*x, S - g=e el

Z3(M,) is the supersymmetric index of T9 or “half-index" counting of BPS states

(—) is related to other supersymmetric quantities, for which it can be seen as a building block

Gluing two copies of D?x_S' into $?x_ S! —> relates Z, to the 3d .#'=2 superconformal index

Z(S2 XT Sl) = 2 | Wa | Za(M3’ q) Za(M3, q_l) (- Z[[q]] [Gukov, Pei, Putrov, Vafa '17]



Context and motivation

| — S

quantum modular forms

\_(modular forms >

Modular forms & quantum modular forms
Za(M3) |

Z,M) are g-series originally introduced from a physics perspective
T 3dSQFT
half-index / homological block

What is the link to fopology of 3-manifolds M; ?

ubiquitous in other contexts

—  3d poology IR
_3-manifold invaric@




Physical origin of Za(M3) from M-theory

Z (M) as 3-manifold invariants ... in the context of the 3d-3d correspondence

[Gukov, Putrov, Vafa '16], [Gukov, Pei, Putrov, Vafa '17]

¢ 3d SQFT T9[M,] has an M-theory realisation by wrapping M5 branes on M,

M-theory background TN x S' x T*M, / W
U U M5 branes
L
/

N M5-branes on D* x S' x M,




Physical origin of Za(M3) from M-theory

Z (M) as 3-manifold invariants ... in the context of the 3d-3d correspondence

[Gukov, Putrov, Vafa '16], [Gukov, Pei, Putrov, Vafa '17]

¢ 3d SQFT T9[M,] has an M-theory realisation by wrapping M5 branes on M,

6d ./'=(2,0) g-SCFT on D* x_S! x M,

/ \

3d /=2 gauge theory T9[M;] Topological quantum field theory

3d G Chern-Simons on M,




Z (M) and its relation to the WRT invariant of M,

7 (Ms; q) as a convergent g-series with integer powers and integer coefficients in |g| <1

[Gukov, Pei, Putrov, Vafa '17]

l is related through a sum over "a“, in the radial limit |¢g| - 1 <& 7 - 1/k, to

The Witten-Reshetikhin-Turaev invariant Z-q(M;) of My wienss reshetknin uraev o0

itk—hY)

RS 3 =¥ oy e .
Z cs(M3; k) = J GAe Ty TANATTANANA) 3d Chern-Simons partition function
A k € Z shifted CS level

¢ A goal with defining the Z-invariants was to make progress

in the definition and categorification of topological 3-manifold invariants

S0 Ze(Mys k)~ Z ek Cs(a)'::‘[ WVAQUE 6])]

a,b € my M}, (M3,G)

conjectured in [Gukov, Pei, Putrov, Vafa'17] , With Proof in [Mori, Murakami 22]  fOr examples



Z, (M) and its relation to the WRT invariant of M *

Z,(M;; q) as a convergent g-series with integer powers and integer coefficients in |g| <1

[Gukov, Pei, Putrov, Vafa '17]

\ 4

The Witten-Reshetikhin-Turaev invariant Z-q(M;) of My wienss reshetknin uraev o0

Modulari’ry)

s 7 (M;; q) from resurgence in 3d Chern Simons theory cuo vao puro:

(5 is a Borel resummation of a perturbative series Z0 (e*"/F) = Z NE (27i/k)" € Q[[27i/k]]

m>1

Z, <M3; eZ”i/k) ~S .7 (M3; e‘z”ik) + perturbative series in k™!



Topology of M; and mathematical definition of Z (M)

Definition of the 3-manifold invariants Za(M3) from the WRT inv. Z~(M;; k)

... when M3(?) IS a plumbed 3-manif0|d, with p|umblng gr‘aph g [Gukov, Pei, Putrov, Vafa '17]

.. ¥ . €:=(V,E,a)isaweighted grapha: V — Z
a; ay a(v)if v =y
Y .. this data is encoded in the adjacency matrix M M,, = {1 it (v,v) EE
0  otherwise
% M;(&) from Dehn surgery along the corresponding framed link

“l@ w TN

This class of manifolds includes the Seifert fibrations over S2

The definition of Z has been extended to cases where .. & has loops ichun Gucoy, par sopenio19)

.. or M3 |S a kn0‘|' ComplemenT fr‘OI’n Sur'ger'y a|0ng K C S3 [Gukov, Manolescu '19]



Examples

Definition of the 3-manifold invariants Za(M3) from the WRT inv. Z~(M;; k)

.. when M;(9) is a plumbed 3-manifold, with plumbing graph & (cuc. rei. putioy, vara 17)

L : : i
. c Seifert manifolds Xg <0‘0§ {%/Pi}?jgs> S! fibered 2d orbifolds ay=e— i
%o Seifert invariants (¢, p;), ---,(q,, p,) and orbifold Euler number e i _ _ : :
Pi (i)
oy —
%3 | al)—— :
é a§l> o
Brieskorn spheres %(py, py, p3) 1 € Z coprime adjacency matrix |det(M)| =1
. . 31 P Dy Py 5 b 9 42 943 1
M3(C§)_Z(pl7p2ap3)_ {(Xay,Z)EC |X +y +Z _O}nS +p1 +p2+p% __plp2p%
111 -7 2 1
223 7)=M —1;5,5,7 —1 X45,7)=M _I;Z




Examples

Definition of the 3-manifold invariants Za(M3) from the WRT inv. Z~(M;; k)

.. Wwhen M3(?) 1S a plumbed 3-manifold, with plumbing gr'aph G [Gukoy, Pei, Putrov, Vafa '17]

o, ..'. . . n i
~. ¢ . Seifert manifolds X <a0 ; {qi/pi}?:l?88> s! fibered 2d orbifolds ay=c— Y L
0(1 0{2 i=1 pi
%o Seifert invariants (¢, p;), ---,(q,, p,) and orbifold Euler number e i _ _ : :
Di (i) _
; a3 (Xl ar()l)_ 1
i R
More generally ( the adjacency matrix has |det(M)| > 1)
t11 - _2 111 -3 -2
M _13_’_9_ —1 M _1;_7_’_ -1
324 2 23



Mathematical definition of Za(M3) from the topology of M, g=A,

° R
Definition of the 3-manifold invariants Z3 (M;) (cuo rei puron, vara 17 o “ az
g
A 2—deg(v) _utle A,eQ
(M. H —1 2 — :
a( 3> q) = ?I; 271'12 ) q a € Coker(M) .
v £e2M7"V+a o
0 (q:2)

. . - —— T dx
¥¢ this form is reminiscent of the localisation result Lz, = J 2;,1; Fa,(x) ®9(x)

o the contour integral picks the [z°] term

Z,(M;; q) is well defined in this way as a convergent g-series only if M;(&) is weakly negative

the sum is over a positive definite lattice and ®Y(g) converges for |g| < 1

M,(€) weakly negative if M~! negative definite when restricted to subspace of high-valency vertices

.. for 3-star graphs, this means (M), < 0



Mathematical definition of Za(M3) from the topology of M, g=A,

.0
.

Definition of the 3-manifold invariants Z3 (M3) rcucov pei puroy vara 17 "o Y

Z,(M5; ) = §|;H

a € Coker(M) P

21
& Zv £e2M7\V+a é

—

®M(q; z)

Za(M3) |S a TOPOIOQiCGI invar’iant, UnChGnged by 3d K'f'by mOVeS on y [Gukov, Manolescu '19] [Neumann '81]

> 3
1S

a; +a,

>l >

_|_

¢ o | a b‘z
0
2—deg(v) _utle A,eQ
) 2 q *+ Z a

.0.
*



Mathematical definition of Za(M3) from the topology of M, g=A,

D@fl"'Tlon Of The 3-man|f0|d InVClr'lan’l'S chl] (M3) [Gukov, Pei, Putrov, Vafa '17] al
A . _1)\ 2—deg(v) _fTJ\ﬁ_lf £ Aa e Q
Z,Ms; q) = ?I;H 271'12 ) 2 9 g a € Coker(M) :
v £e2M7\V'+a o
0Y(q;2)

EXGmple: Br'ICSkor'n Spher'e 2(4,5,7) [Cheng, Chun, Ferrari, Gukov, Harrison '18]

4 . _ A Nl Nl Nl 2
Zy(2(4,5,7);q) = (‘9140 57~ 014097 — 0140113 — P140,127) 0,,@ = ), sekg

ke”Z
k = rmod 2p

The Z invariant is ~ linear combination of false O-functions, so an example of QMF




Hidden SL(2,Z) structure

Za(M3) for Seifert manifolds with 3-star plumbing graphs & have the structure of a Weil orbit

———

0 = (0 ) rmod2m . @S @ column vector, spans a 2m-dimensional representation ©,, of SL,(Z)

m m,r

®  is reducible for all m>1

Obtain sub-representations by considering eigenspaces of a € O,, orthogonal group

0, ={a€Z2m|a®>=1mod4m}  withaction 0,,-%6,,  commuting with that of SL,(Z)
Use the isomorphism Ex, ~ O,, to label such sub-representations

Ex, = {n|m,(n,m/n) =1} the group of exact divisors of m, has group actionn x n' = nn'/(n, n')?

In particular for K C EX,, with the property EX, = KU (m *x K)and m & K



Hidden SL(2,Z) structure

Za(M3) for Seifert manifolds with 3-star plumbing graphs & have the structure of a Weil orbit

———

0 = (0 ) rmod2m . @S @ column vector, spans a 2m-dimensional representation ©,, of SL,(Z)

m m,r

®  is reducible for all m>1

Obtain sub-representations by considering eigenspaces of a € O,, orthogonal group
0,,={a € Z/2m|a* = 1mod4m}  withaction 6, 6,,  commuting with that of SL,(Z)

Use the isomorphism Ex, ~ O, to label such sub-representations
Ex, = {n|m,(n,m/n) = 1} the group of exact divisors of m, has group action n x n’ = nn'/(n,n’)*

In particular for K C EX,, with the property EX, = KU (m *x K)and m & K

Weil representations ©"** are irreducible sub-representations of ©,, defined as the

simultaneous eigenspaces of a(n) for all n € K and which have eigenvalue 1.

A specific basis of @K is given by {0"*X} for some set of indices 7.



Hidden SL(2,Z) structure

Za(M3) for Seifert manifolds with 3-star plumbing graphs & have the structure of a Weil orbit

[Cheng, Chun, Ferrari, Gukov, Harrison ’18]

: 5 ) Nl ‘Nl ‘Nl N . alp+K
Brieskorn sphere 2(py, P, P3) Zo(Z(pypps03); ) ~ 0, —0,, —0,, =0, = 0.7
P = D1P2P3 K = {1, p\py, P23, P1P3} ry=p— PPy — DP1P3 — P2P3

Iy =p + PPy — P1P3 — P2l
s =P — P1P> t+ P1P3 — P2P3
Iy =P —DP1P2 — P1P3 T+ P23

Weil representations ©@"** are irreducible sub-representations of ©,, defined as the

simultaneous eigenspaces of a(n) for all n € K and which have eigenvalue 1.

A specific basis of @K is given by {0"*X} for some set of indices 7.
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Mathematical definition of Za(M3) from the topology of M, g=Ay

L ee———

De.ﬁn'T'O” Of The 3'man|f0|d lnvar'|an1.s Zg(M:S) [Park '19], [Cheng, Chun, Fegin, Ferrari, Gukov, Harrison, Passaro '22]
a

é
veV weWw % EFM,G+W(ZI))

_) ank G dZ
# ﬂgH 27[12

Za(M3§Q)N<J;H dz.v (zv—z{ 1)2_deg(V) Z q_ﬂﬂi_vzf
1%

£e2M7Vl+q



Mathematical definition of Za(M3) from the topology of M, g=A,

Definition of the 3-manifold invariants Z3(M;)

A —> —> _ 1 2 — / - /
2050~ pE[[(AGF*) Y 3 gH < [1 e“w”)
B veV weWw ZEFM,G‘FW(ZZ)) v'eV

/ n . o={5,%,m,D} mDEZ,
| _: . g . o _ ls
| Rank 2 Z-invariant Z Zz’(M3’ q) 2 (= DF(q) % T oot vectors
| SET

Generalised A, F(q) = Z Z (= D) min(n,, ny)gmml=S+m)l

false 6-function wew 7 e W_l(f +A7) + DA 7 Weyl vector

n e

W =A, Weyl group A = A, root lattice

[Cheng, Chun, Fegin, Ferrari, Gukov, Harrison, Passaro '22]



Mathematical definition of Za(M3) from the topology of M, g=A,

Definition of the 3-manifold invariants Z3(M;)

2050~ pdE[[(AG7F*) Y ¥ q‘%"7"2<He<Z"a>>

9
vevV weW fEFM,G+W(Zl))

-

( A , 50 l 0o={%5,x,m,D} mDEZ,
| Rank 2 Z-invariant Z ZI’(M3’Q) ~ 2 (= DF(q) = = roof vectors
| s€T
Generalised A, F,(q) = F*(Dmr) + DF( )(Dmf) ) = EZ;,V EZ Fiap(@)
false O-function . I
R F§Q><r>=% Y Y Wl Fogoo)

Cheng, Coman, Passaro, Sgroi, to appear
[ 9 g ppear] wew, i€{1,2}

,'/yzii o

Fy o) = [ Z + Z ] g2m, Flo = [ Z _ Z an gOm Qny,n,) = (3”12 + 3nyn, + n22)

nca+N} nel-a+Nj nca+N} nel-a—Nj

cf. [Bringmann, Kaszian, Milas ‘17]




Mathematical definition of Za(M3) from the topology of M, g=A,

Definition of the 3-manifold invariants Zi(M3)

// | A ,
- Rank 2 Z-invariant ZQ(M3,q) 2 (=1DF(g) B

s€T
' @)z — |
Generalised A, Fol@) = FéQ)(Dmr) + DF( )(Dmf) Fi¥) = ;V -g'z} F\ o(?)
false 6-function N
Q
[Cheng, Coman, Passaro, Sgroi, fo appear] e (T) 2 Z W(S)l Foa )(T>

weW ie{

- Lemma let f = a+ (6ay, 6a,) for day, 6a, € Z and consider F, ,(7) for e = 0,1. Then
Fg,ﬂ(T) — Fg’a(T)

is a linear combination of the Eichler integrals of weight 1/2 & 3/2 0-functions.

So a,, a, can be brought into the range [0,1]



Examples

—

g=
Il
>
()

: 3
Brieskorn sphere  %(4,5,7) =M (—1; 5

1
4

1
Z(f ((4,5,7);q) ~ — 6¢** + 12¢7° + 12¢*" + 12¢"" — 12¢™ + 6 (¢™°) = Z FIP 4 2D

i=0 7
&

lD ~ - 1 2D ~ I - .
F. false O-function  F; generalised A, false O-function parameters a;,a, € [0,1]

l

F:_%qz_%cf_%qs_%qé_%qg_%qn_%qn_%qm_%qn_'_%qzo_l_g_zqz:s
F(}DNF_I_%qm_l_%q%_gq%_%q38_%q39_57_1q41_%qm_l_%qzts_l_@(qw)
F(%DN_F_%qm_%q%_'_%qss_l_%q%_'_%qw_l_%qm+%q47_%q48+@<q50)
FllDN_F_%q24_%q26+17_8q35+%q38+%q39+%q41+§q47_%q48+@(q50)
FlzDNF_l_ﬂqm_l_ﬂqzﬁ_'_gqss_ﬁq%_ﬂqw_gqm+ﬁq47_ﬂq48+@(q50)

70 35 35 35 35 5 35 35



Examples 9

11 4 —2
2’4 -1

Il
>
(\9]

Seifert (more general) M (—1;%

1
ZM (= 154.5.4);9) ~ 6 — 12% — 647 + 12¢* — 30¢° + 12¢° + 244" + 0 (¢°) = Z F!P 4 F?P
i=0

.

lD ~ - 1 2D ~ I - . \
F. false 6-function  F; generalised A, false O-function parameters a;,a, € [0,1]

l

1 5 31
FlP ~ ~4- 35¢° + 5q3 —5¢* + 7q5 —7¢°+249" + 0 (q°)

F3P ~ 6q +24q* — 6¢° + 12¢* — 309> + 12¢° — 12¢" + 0 (¢°)

1 5 31
F!P ~ —549- q* —5q3 + 5¢* —7q5 +7¢°+ 129"+ 0 (q°)

FiP ~0(q°)



Examples 9

Il
>
(\9]

. 111 -3 =2
Seifert (more general) M (—1;5,5,§> 1

1
ZM (= 154.4.4);9) ~ 6 — 12% — 647 + 12g* — 30¢° + 12¢° + 244" + O (¢°) = Z F!P +y{

&

lD ~ - 1 2D ~ I - .
F. false 6-function  F; generalised A, false O-function parameters a;,a, € [0,1]

l

FyP ~ 47"+ 18q — 18¢° — 18¢° + 36¢° + 0 (¢'")

r

The Z-invariant is here proportional to a
2D 10
Fs? ~ 0(q")

linear combination of 1D false O-functions

FllD ~—=2¢""4+9¢g-9¢> +9¢° + O (qm)

Fi? ~ 0(q")



Have seen...”

T — ——

quantum modular forms

forms

Modular forms & quantum modular forms
Za(M3) |
Je Mathematical definition of Z3(M;) from the plumbing data of M,

Z2(M;) are proportional to linear combinations of false O-functions, so ~ QMF

: —A .o — nl nl Nl . Alp+K
Brieskorn spheres ¢ "Zy(X(py,p2,p3);q9) =0,, —0,,—-0,,.+6,, = 0,
[Cheng, Chun, Ferrari, Gukov, Harrison ’18]

d¢ What is there to gain from knowing this?

Quantum modularity of Z (M;) provides various insights



Have seen...”

e —E

quantum modular forms

Cmodular forms

Modular forms & quantum modular forms
Za(M3) .
Je Mathematical definition of Z3(M;) from the plumbing data of M,

Z2(M;) are proportional to linear combinations of false O-functions, so ~ QMF

: N4 N — al Nl Nl Nl ._ plp+K
Br‘leSkOI“n Spher‘es q ZO(Z(pl’pZ’p?))’ Q) = 9[9,7’1 — HPJZ — Hp,l”g) + Qp,m = 6,,1
[Cheng, Chun, Ferrari, Gukov, Harrison ’18]

d¢ What is there to gain from knowing this?

Quantum modularity of Z (M;) provides various insights

A\

¥ 7, invariants have been calculated for 7 € H, but what happens for 7 € H_ ?

2S* %, SN = YW | Z,Ms;9) Z,(Ms;47)

#¢ QMFs have appeared in other contexts in physics



Za(M3) when M; not weakly negative*

The 3-manifold invariants Za(M3; q) were defined for M; weakly negative, but Za(M3; q_l) ?

[Gukov, Pei, Putrov, Vafa '17]

From  Z (M5 k) ~ 2 emiklk(a.a) [Sabe(M3; T)] . &  Zes(—=M3; k) = Zog(Ms; — k)
a,b =

but this means defining Z (M;) to be a convergent g-series both for |g| S 1

\ But Z,(—Ms;; q) does not converge for |g| > 1 as defined from —M, plumbing data

o¢ Need asymptotic agreement in radial lim, so use quantum modularity to find companion Za(M3)

[Cheng, Chun, Ferrari, Gukov, Harrison '18], [Cheng, Ferrari, Sgroi '19] rank 1

7 (M) companions” in the sense
—+— | ~ a, . (m — —+— | ~ a m) (—
H_o® ko o2m) &M o \k 2z) AT



Companion Za(M3) at higher rank

v Zfz (M5; q) are ~ linear combinations of generalised A, false &-functions

h it
v/ setting r = n + 21— for coprime h, k € Q, taking the limit t > 0" and sending h — — h
T

companions of F?(q) are ~ ) iterated Eichler integrals

depth-2 QMF I ((7,7) := roo dz [ioo dz fam) = [1¢..65,, and [] 0,68
P B 7 1 2 ? (—i(zy + 0))>"(=i(z, + 7))> ™2 P P
[Cheng, Coman, Passaro, Sgroi, to appear]
cf. expectation from earlier results
[Bringmann, Kaszian, Milas "17] + ...
5 “companions” in the sense
Z (M) mp
H
Ov h it . h it "
A R F — 4+ — Nzahk(m)t «—> E — 4+ — Nza_h,k(m)(—t)
m2>0 m>0




Companion Za(M3) at higher rank

v Zfz (M5; q) are ~ linear combinations of generalised A, false &-functions

h it
v Ssettingz = n + 21— for coprime h,k € Q, taking the limit t - 0" and sending h — — h
T

companions of F?(q) are ~ ) iterated Eichler integrals

depth-2 QMF 1 ;(z.7) roo d ro d A e | CRONR) ) CY
e - T,7T) .= < < . . N  an 1 3p,r!
P it LA G i + 0P S LB
[Cheng, Coman, Passaro, Sgroi, to appear]
cf. expectation from earlier results
[Bringmann, Kaszian, Milas "17] + ...
i i Aw(s) 1 ( 3z, ) 91 ( 7 )
1o mD,ng.,.AL?) ‘mD mD,mD6—w(6 )1, \ D
F\9%q) : E%(z) ~ J [ Z - = - : —dzdz,
-7z, wewt \/—l(Zl + T)\/—I(Zz + T)
o€ {0,1}
T—>—7
>
. : 9o . 3 o1 -, A
©) © 100 100 mD,mD6+ Awga) mD mD,mDS6—w( o )12 D
F9(q) : EQ(z) ~ > _ _ : dz,dz,
79z wewr V=i(z + 1) (=i(z + 7))

o€ {0,1}



Companion Za(M3) at higher rank

v Zfz (M5; q) are ~ linear combinations of generalised A, false &-functions

, h it : : - ,
v Ssettingz = n + 5 for coprime h,k € Q, taking the limit t - 0" and sending h — — h
T

companions of F?(q) are ~ ) iterated Eichler integrals

_ N f@f@) T at ot aa TTel o0
depth-2 QMF 4 ‘_[ 4 J S T 0P it + e |

[Cheng, Coman, Passaro, Sgroi, to appear]

v’ 7*2(M;; q) has a nice structure with respect to SL,(Z) and the plumbing data of M,




Examples g =A,
Brieskorn sphere  =4,5,7)=M (- 1;% K = {1, 20, 28, 35}
v
. v A ol \/g 100 (ic0 ”g)g)
Companion Z,2(2(4,5,7);9) > Y (-1)"" E@(z) = - : [ [ . _ dz,dz,
wew®3 4(140)" J_; 2 \/—1(21 + T)\/—I(Zz + 7)

32, 32, 32 32 <
”(()Q) =6 [27 91140,113 (?O) +13 ‘91140,127 <m) + 383 ‘91140,57 <70> +43 31140,97 <?O 9517’140+K 140
32, 32, 32, 32, 4]
+48 [91140,132 <WO> + 6014045 (?O) + 0405 <WO> +3 01400 (m Olig 140
3Z2 322 3Z2 3Z2 Zl
—6 |:13 91140’13 (m) + 27 91140,27 (m) + 43 61140’43 <?0> + 83 91140,83 <?O 881:;)140-”( ?O + ...



Examples g

P ——

Il
>
(\9]

Brieskorn sphere  =4,5,7)=M <—1; K = {1, 20, 28, 35}

1
4
{1, pipy PiP3 PoP3)

o A 3 100 ploo [l(Q)
Companion Zf2 (24,5,7);q9) > Z (= 1?(#) E(gm(f) _ _ \/_ 2[ [ . 0 . dz,dz,
wew®3 4(140)" J_; 2 \/—1(21 + T)\/—I(ZQ + 7)

Ve

3z, 32, 3%
”(()Q) =0 [27 91140,113 (?O) +13 91140,127 <m> +83 ‘91140,57 <?O +43 91140,97

3Z2 322 3Z2 3Z2 2
+438 [91140,132 <?0) +66140,45 (m) + 01405 <?0> + 3014092 <—1 20 ) | %is 1o
3Z2 3Z2 3Z2 3Z2 2
-6 [13 040,13 <_140 > +270}4,57 (—14()) +43 0}, 43 <_140 +830/,453 T30 g1, 140+K o R



Examples

[ —

T——

Seifert (more general)

Companion Z2(M; q) 3

0
|]0

whereas
wew®3

wew®3

I 11 —4 —2
M __1;__9__a__ K= {1’ 9}
32 4 -1

()

(_DK(W) E(Q)( ) = JIOO
Z o 0V~ + 0/ =iz +7)

CiZlélZZ

\/Gg .[ioo

4(12)3

-7

Z2 ZZ Zz Zl
0511 (Z) + 6}, 4 (I) ~ ‘9112,5 <Z>] 0" (E)

Z (= 1)¢(7) E1<Q)

%) %) %) |
o, (Z) _o.. (Z) oL, (Zﬂ iz <E>

=0 since FP vanishes.



Examples g =A,
I — T —
Seifert (more general) M (—1;l,l,l> - _2 K=1{1, 4}
324 -1
-3
. . X \/g ico rioco ”(()Q)
Companion Z;42 (M; q) > (—I)K(W) E9(7) = J J dz,dz
WEZW:@ 0 4123 ) L ), S r oyt
ﬂé@) ~
+

whereas ). (-1 (") E1<Q) =0  since F” vanishes.
wew®’



Companion Za(M3) at higher rank

v Zfz (M5; q) are ~ linear combinations of generalised A, false &-functions

h it
v/ setting r = n + 21— for coprime h, k € Q, taking the limit t > 0" and sending h — — h
T

companions of F?(q) are ~ ) iterated Eichler integrals

B O fG@) T Tt g TTot a0
depth-2 QMF 4 '_[ 4 [ S T 0P it + e |

[Cheng, Coman, Passaro, Sgroi, to appear]

v’ 7*2(M;; q) has a nice structure with respect to SL,(Z) and the plumbing data of M,

Theorem For weakly negative definite Seifert 3-manifolds with 3 exceptional fibers & g = A,

1. QMF: Z4:(g) is a sum of two depth-2 quantum modular forms
2. Recursion: If Z*1(q) has companion g*, then Z/2(q) is in the linear span of 1, , and (g")*

for simple f and where g’, g” are modular forms in the SL(2,7)-orbit of g.




lterated Eichler integrals elsewhere

Topologically twisted /=4 SU(N) / U(N) SYM theory on compact M, (Vafa-Witten)

L—») partition function Zy, for 6G=SU(N), is not modular under an S-transformation

[Vafa, Witten '94]

00 modular anomaly is an integral of a MF; can be traded for a holomorphic anomaly

[Minahan, Nemeschansky, Vafa, Warner '98] [Manschot ’17]

by adding a non-holomorphic period integral fo the partition function

O higher rank: modular transformation includes a shift by iterated integrals of f-series

[Manschot ’17]

O holomorphic anomaly of Z, factorises into partition functions at lower rank

[Minahan, Nemeschansky, Vafa, Warner ‘98] [Manschot '17]

0:Zy ~ Y k(N —K)ZZy
k

0 interpretation: the non-holomorphic contributions are generated by Q-exact terms
due to boundaries of the moduli space

[Vafa, Witten '94] proposed, [Dabholkar, Putrov, Witten ’20] verified by example



What conclusions can be drawn

v Z;b (M5; g) are ~ linear combinations of generalised A, false 9-functions

25U gy ~ UK ()
® VA . ° ° O q }"1 q
v/ companions Z_2?(M;; q) are ~ iterated Eichler integrals |

*

<9,,1’p+K {%’ffrl(r) (t,7); r,r' € Z/Zp]

Z2(g)3 Y (-DEFP(@) =5 Y (=DhE,(g) € Span,

B (z,7) € Span, [(%lp,sr)* . (65,.5) ]

v/ Recursive and combinatorial structure ~ topological data depth-2 QMF

To do ...

[ What happens for more general families of 3-manifolds

[ Extract prediction for generic building blocks

[ Explore links to Log VOAs
(] What insights can be obtained about T[M;] from the quantum modularity of Z(M3)



l Thank youl '



