André Joyal :
“A crash course in topos theory: the big picture”
The notion of topos was introduced by Grothendieck more than 50 years ago for its
applications to algebraic geometry. It has since experienced three important mutations: the
first with the notion of elementary topos introduced by Lawvere and Tierney, the second
with the theory of classifying toposes and geometric logic by Makkai and Reyes, and the third
with the theory of higher toposes by Rezk, Lurie, Toen and Vezzosi.
Lecture 1: About half of the topos theory of SGA4 is devoted to categorical generalities.
They are now subsumed by the modern theory of (locally) presentable categories. I will
sketch this theory, stressing the results that are important for topos theory. The category of
complete lattices and sup-preserving maps is a toy example of this theory.
Lecture 2: I will sketch an overall picture of topos theory and of the theory of locales. It
includes the notion of sheaf on a site, the notion of forcing topology, of geometric morphism
and Giraud's theorem.
A useful principle is that a topos is a commutative ring-like object.
Every topos is a quotient of a free topos, like every commutative ring is a quotient of a
polynomial ring.
Lectures 3: I will introduce the notion of elementary topos and its logical interpretation. I
will discuss the notion of frames internal to a topos. I will describe the equivalence between
geometric theories and frames internal to the free topos $S[X]$. I will propose a new
approach to classifying toposes.
See the course of Olivia Caramello for the theory of classifying toposes.
Lectures 4: This lecture will be a very brief introduction to higher category theory and to
higher topos theory.
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