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I - Introduction

Overall goal : Relate the asymptote lœhaoiour of
solutions of PDÈS to that of the

geometry :
"

Geometric compactification
"



④
"

Geometric
"

compactification of pseudo - Riemannien

manifolds
Levi-Civita

→ yg
(Mig ) g

① "Weaken
"

the connection

geometrie
structure

. { v ✓

| (Mdr] ) | ( Mic )
l E confirmed

Ë class

② lorstrut the boundary 0M
.

③ Extend the new structure to boundary points .



In a second time . . .

④ Construct invariant differential operators ( that act en
appropriée objects ) in onder to généralise equations
on M .

e.g. confirmed /projective Laplacien .
. .

⑤ study their extension to boundary points .



⑤ Motivation

• Massive fields
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Future timeline Infinity
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Post timeline Infinity
Penrose diagram of conformally compactifiée

Minkowski spacetime



⑨ Motivation
In

Katy
:

Klein-Gordon
equation : (☐ + m
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I - Projective Differential geometry
M smooth n- dimensional inanifold .

Definition : Two affine connections Det Î ou TM are projectiveby
equivalent if and orly if they have the same
enparametrisedgeodese.es .

Theorem (Weyl) : Pet Î are projectif equivalent iff there is
re IttM) such that :

Îàgb = Ma§ + rigb + Tis
' Sab

,

SEE (TM) .

We will abbreviate this : À =P +r
.



Example . Dj is projectœly equivalent to Ppi

-
-

* pi
t
- -

In the local chart :

Qian = Ppg
,

+ T{ si - Ïâ } ↳
= -

Foi
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=
-
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- ¥



Projective compactification
Het NT -- MUOM be a mauifold with boundary 0M , and Interior
M

.
het P be on affine connection or M -

Ref:D is said projectively compact of onder x if and orly if
at each point xo EOM there is a neighbourhood U and

a boundary defiuing function (BDF) l on U such that the

connection :

Î=P + DI
e BDF

A À
f>o on Mnu

entends smoothly to UnoM . {⇐ o on
mon

dp =/ o ou unOM
.



Def : het NT -- MUOM and g a métrie on M . g is said to be

projectiœly compact of aider x if ils heoi - hirta connection

is progectiudy compact in the preceding sensei

Example : • Minkowski spacetime is projectively compact of onder 1 .

• De Sitter spacetime is projectudy compact of onder 2-



Example : Minkowski spacetime = R*Ï!%✗ =\

StoltzGR) → G , = { | ! ! ) ,
A-csldHN.be IRA}→ Çà { | ! ! / itesoldi) , bar

"}
q -

Oriented projective FÉ subgroup that preserve :

group . IA = lo , . . .

, 0,1 ) H
#

= diag (-1,1 ,
_
. - il

,
o )

timeline infinity

infinity + ←spaolike
infinity

null

+ µ
"

Density
"

of weight 1 .
L

IRD" 1 trou.z= - t }

Fig : Description of the obits of the restriction to Ga of the action of
Star ( IR) on the projective sphere .



Example : de - sitter = S0%, ,
✗= 2

Des = { noirs , -xii-xii-xii-xii-x.it }

'

y ,

,
• HAB on ST given by diag-1,1 .

.
- A)

,

• The image under central projection on
the

i i projective sphere is defined by:O = HABXAXB > o
I I Idensity of weight +2
i. !

• F- ° ⇒ boundary " boundary defuing density
"

-
• In onder to retrieve the metric structure or

.i
BI

,
are should restrict the action of Slut ,UR)

to those elements that preserve HAB .



Il - Tractors and the normal carton connection

④ Densités

• Since we wok with a class of connections
,
no privileged covariant

dérivative .

• Oneida could be to week with meighted tensons .

Def A projective density of weight co is a section of the
associated vector bundle :

E (w) = HTM) ✗ p IR

where p is the représentation of Gln (R) :

p : 44UN→ pis

A ↳ ldet AI¥1



Example : projective Killiney equation

If Î =Dit :

• •c- IlEcwl ) then : Îao = Pas +Tawo .

• Mis c- Itim) ,
then : ÂAMB = Paths +

ftp.bj-ay??bThusiifMb--cI(TMxOEf2)) :

µ_b) = Falls) +2M¥ - 2¥11

⇒ ta Mb) orly depends on the projective class .



⑤ Tractors ( theory)
Theorem - E -Cartan (1924)

Euery projective class inducas a unique torsion free normal

tartan projective geometry (Pro) .

Conversely , each such geometry determines a class of projectivey
equivalent affine connections .

Def : The standard trader bundle is the associated bundle :

T'= (Pxti G) ✗GIR
" '

where G = Slut , GR) acts on IR
" '

canonically .



② Tractors inpractica
• The bundle T has the following decomposition structure :

TM⑤ EC- l )
=

0 El- i )
X T Z TMH ) O

r
-
- -

-

'

W : after a choice of connection .

• A tracter can be though of as an équivalence class of
ELEC-1)④TMH ) ) ✗[$] for the relation :

((F) it ) ~ 9.F) ⇒ {E- ☐+r

E-e- vara ; Û: va

We write : T? (F)



⑤ The tractor connection

• The projective Cartan connection indues on affine connection
.

pt on T .

If T ? (Y ) PETE (
Mva + of e

the - Ebyava
)
\

Projective Schouten
tensor

.



In the case of the projective sphere Sm :

^ • T = j' ✗ 112^+1

Ë
:

o Q = trivial connection

• A density of weight w on s
"

.

â
f : IR"Üo} > IR

s
such that fltx) = twfta ,

TERI
KEIR

"tifo}
L

• ✗ → homogeneous cardinales ; p homogèneous of weight -1 on ☒
" '

Yo}
.

T? p ✗
A

corresponds to the map : x e IR
" '
Yo } , > plus x c-R

"'

: .



④ Tractor metric
• In GR are are mainly interested in the projective class of
the Levi-Civita connection of a metric g.

• This quotes to a metric HAB on l'
*

that is a solution of
the metresability équation .

IHAB + En ✗
'A WEEB! HEF = O

B
We E F = ¥1

ce

B)FÉE
l tracter curuature

• In some cases this reduce to : IHAB =o → XEN .

(Einstein manifolds )



⑤ Natural differential operators on tractors
• The Thomas D- operators ( abasie building block . )
TE -4×04

'
T⑦ Elu))

DATÉ ( Ça? )
[
A-du

• Projective laplacien . : 1T = HABDADB ? g-
"
Paths + Paçobwlwtd

• If FEI TI
,
we set : F)

µ . . . .ae , ,
= DCAFAZ . - - AH

Proposition :(B
'

21) : 02F = 0

|



I - Exterior trader calculus
we restrict now to (Mg) oriented and prgectiudy compact of ader 2-
In this case : (de sitter

.

• HAB is euerywhere non - degenaate

• F- lwgl
-¥
is a boundary defiring density .

Prop : ④211 : one can equip T with an orientation induced by that of
(Mig ) and develop Hodge theory for tractors .



Afew details . . .

• Zaazpsb HAB = o-igab-g-ab-c.ltMC2) )
↳ metric on T'MU )

• Gia ) orthonormal dual Game → Jai = 2-Â wai

• IA = DATE FITOU ) ) ,
JE HABINIB

,

• HAB non - degenerate ⇒ o
-'
I
'

=/ o on NT .

Therefore are can JÂ =È IA
,

À = Ïn J'ai . .
- n Jn

define :

si:( ËÉ÷÷ )
O



A general formula for the Hodge star operate (Bhl )

Nt É À
"

T'M (k) ⑦ Ne -1MW

FA
, .

.
. Au
Ê (
µ" -

"ah ) then :

Ça
,
. .

- ah

!Ï⇒,

/ 1-Dk* Es + Ts (* µ ) )
- F ? |ÎËËg

,

*µ
-Ê÷ç, [1-11441*51+-141] (*

where : T
"

= - THÉ
"

.



Anoperatcr algebra 43121)

• ④ = [ pjntolckti
) +1

SE # &# E-
- sgnloi'I2) , D= sgridetgab )

• J : Fts INF oir I = Dr

• J'
*

=
(-1%+2) /ktiltlse *J#

,

( Fms -Iaf )

Lemma : {I. J'
*

} = - o
- '

Iah
, J' = J'

* 2=0

h-etntz-2-D.ro]=L
, [DÉ] -_ J'

*

p
WEIGHT
OPERATOR

"

If (Mg) Einstein : {D. J'
*

} = -o lettre )
, Etait#↳wt2

{DIT} = - oj-ICw-tni-a-k.li



Corollary 1 : If (Mg) is Einstein then :

{
• = .

( Boundary calculus) y =Èj{ D.D'* }
h = ce + ntre

forma ¥. ? triple .

Corollary 2 : If wto then the cohomologie spaces of the certain complet:

I (Elw ))
@

> Ea
,
Lw - 1)

@
> . . .

@
> {[a, , . . .

, Anil
lw - """

are all trivial



Application to the Pnœa équation :

Tractor version : {
0F = 0

☒F ⇒ !
(I )

According to Corollary 2 , D' E-0=>7 A / F-DA

Using the gauge symmetry we can set : ④A (hareng )

(J ) ⇒ g-A = 0



Why
"

Proca
"

?

If Pg is the Levi-Civita connection :

-8µ•
*

A ↳www.NE-EMSdpu-lwtklog
& À" ( odes + off lw -Hn -Mdr - à!Î¥;EM } )

• This generalis Prœa on M :

la
.
. .

- auEINEM)- la . .
.air"¥EI(NIMlwtk))- da

,
. . -ans

"# 2-
"

Ai .it?k
y ÆÎw)

parallel ferry



Using the ¥. ! algebra : formal solution operators

consider the problem : Jf = 0 on M and f- fo on 0M .

Using the commutation iules we can formally find a solution of the

forme :

f = &[ tnxhykffo = NFG) fo
t

HEIN ↳ f-(g) = Ernst
4--0

J = : Kyle : = xkyk .

Where :

(zf
'

)
'

_ (ho - 1) F
'

+ F = 0

{ v (ho tn - 1) = ° ,
où hfo - hofo

.

Proj In De- Sitter
,

thanks to the symmetries , the resolution is exact .



Perspectives and future projects
• Hou to feat the Ricci -flat G- i ) ease in which the

boundary calculus degenerates ?

• Hou to gare au analytical wearing to the formal series ?
( symbol of a Fourier integral quator ? )

• Can we Construct a tracter version of the Dirac equation ,in
particular in the case ✗=\ ?


