Bogoliubov excitation spectrum of trapped Bose gases in the

Gross—Pitaevskii regime

Séminaire de Mathématiques-Physique — Université de Bourgogne

Arnaud Triay
(j-w. with Phan Than Nam)

LUDWIG-

MAXIMILIANS-
UNIVERSITAT
MUNCHEN




1. Physical motivation and model: BEC and Superfluidity
2. Mathematical context: the GP and the Thermodynamic Limit

3. Idea of proof: Bogoliubov's approximation



Bose-Einstein condensation an

2 D velocity distributions

@ Prediction by Bose & Einstein (1924) for
non-interacting particles

@ 1st experimental realization (1995),
2001-Nobel Prize in Physics for
Cornell-Wieman & Ketterle

@ London (1938) links to superfluidity ,
Landau (1941) via the excitation
spectrum, Bogoliubov (1947) microscopic Anderson—Ensher—Matth . ormell

derivation (Science, 1995)
Image provided by JILA, University of Colorado,

Boulder




Bose-Einstein condensation and Superfluidity

Alfr‘ed Leitner (Liquid Helium, Superfluid)

2 D velocity distributions
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o Landau's argument: particle of

momentum v in a superfluid
> conservation of the energy:

3V =31(v—p)* +<p)
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Bose-Einstein condensation and Superfluidity

2 D velocity distributions
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> conservation of the energy:
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Alfred Leitner (Liquid Helium, Superfluid) > intrinsically linked to interaction



Model and goal

Acting on Q" [2(R®) = {W e PR¥M)|W(xoy, . Xoy) = V(x1,. .., xn) }

N
HE =3 B + Vea(x)+ S0 N2V(N(x — )

i=1 1<i<j<N
o Trapping potential: 0 < Vexs € L2 (R?), Vexe(x) = 00 as |x| = oo
o Interaction potential: 0 < V € L*(R?), radial and compactly supported
— Goal: understand the bottom of the spectrum (ultra cold gas)
M(HST) < Xa(Hn) < As(HEF) < ...

o ) (HGT) ~ N but N\j(HGT) — A (HGT) ~ 1
— Difficult regime: mean-field approximation non valid

V£ u(xt). .. u(xwn).



The Gross—Pitaevskii regime vs Thermodynamic limit

Thermodynamic limit:
N
Hy" = Z “Dg+ Y Viki—x) on  QLA([-L/2,L/2]%)
1<i<j<N s

(W, HEEw)

Energy in the infinite volume limit : e(p, a) := lim N—yo0 infy i

N/L3—p
e(p,a) = 4nap® 1+ ﬁ\/pﬁ +38 A _ V3 pa’log(pa’) + O(pa*)
’ 157 3 P pa) )
as pa®> — 0. The scattering length

47ruo_ |nf {/ |VF]? —I—/ V|f|}

—+ [Lee-Huang-Yang '57], [Wu '59], [Dyson '57], [Lieb-Yngvason '99], [Yau-Yin 09']
(also [Basti-Cenatiempo-Schlein '21]), [Fournais-Solovej '21]



A simpler setting: mean-field bosons

Weakly interacting bosons

N
Z —A 4 Ve (x7) + > V(xi- on QLR
i=1 1<I<j<N s
® W(xy,...,xy) = u(x1)...u(xy) captures the leading order
MY =0 ot {192 Vesalu 4 [ eGPV i)+ o)
2=

@ Excitation spectrum described by the Bogoliubov’s approximation
M) - Al(H,“VAF)}'_>2 =2 me,
> >
for {ni}i>1 C {1,2,...} and {ei};>1 the eigenvalues of
E = (DY?(D + 2K)D'/?)*/2
where D = —A + Vexe + V xp? — (D = 0) and K(x,y) = o(x)V(x = y)p(y).

— in the translational invariant case E(p) = \/p* + 2p2V(p).

—— [Seiringer "11], [Grech-Seiringer '13], [Lewin-Nam-Serfaty-Solovej '13],
[Lewin-Nam-Rougerie '14]




Interpolating MF and Gross—Pitaevskii

Foro< g <1

i N
1
Hy = E —Ay; + Vexs(xi) + N E N*V(N?(x —x)) on ® L*(R?)

i=1 1<i<j<N
® W(xy,...,xy) = u(x1)...u(xy) captures the leading order
/ 1~ 5
M(Hy) =N inf /|vu|2+vext|u\2+7V(0)/ |u|4} +O(N?)
llellz=1 (Jr3 2 R3

@ Excitation spectrum described by the Bogoliubov’s approximation
{ N - ,\1(Hﬁ)}i>2 => e,
= i>1

for {nj}i>1 C {1,2,...} and {ei};>1 the eigenvalues of
E—= (DI/Z(D + 2K)D1/2)1/2
where D = —A + Vixt 4+ V(0)9? — i (D = 0) and K(x,y) = \7(0)6x,y<p(x)2.

—> in the translational invariant case E(p) = 1/p* + 2p2V/(0).




The Gross—Pitaevskii regime

For0<pg<1
N N
=D Ao+ Veal)+ Y NV(N(xi—x)) on (X)LA(R?)
i=1 1<i<j<N s
® W(xq,...,xy) = u(x1)...u(xy) captures the leading order

Al(HﬁP) = {/|Vu| +Vext|u|2+47rao/ |u|4} +0(1)
Htpl\z 1 R3
@ Excitation spectrum described by the Bogoliubov’s approximation

Theorem (Nam-A.T. '21)

{)\ (HN") = Aa(Hy P)} Zn;e;-}-O(N—l/lz)’
i>1

for {n;}i>1 C {1,2,...} and {ei};>1 the eigenvalues of E = (D'/2(D +2K)D*/2)1/2,
where D = —A + Vext + 8magp? — pu (D = 0) and K(x,y) = 87agdx,yp(x)?.

— in the translational invariant case E(p) = \/p* + p?16mag.

— [Lieb-Yngvason '99], [L-Y-Seiringer '00], [Boccato-Brennecke-Cenatiempo-Schlein
'18,’19",20'], [Nam-Napidrkowski-Ricaud-A.T. '22], [Schraven-Brennecke-Schlein '22],
[Nam-A.T. '21], [Schraven-Brennecke-Schlein '22], [Hainzl-Schlein-A.T. '22+]



The Gross—Pitaevskii regime

For0<pg<1
N N
Hi® =) =B+ Vealx)+ D NV(N(xi—x)) on  QLXRY)
i=1 1<i<j<N s
® W(xq,...,xy) = u(x1)...u(xy) captures the leading order
MHSPY=N inf {/|Vu|2+Vext|u|2+47rao/ |u|4} +0(1)
llellz=1 (Jr3 R3

@ Excitation spectrum described by the Bogoliubov’s approximation

Theorem (Nam-A.T. '21)

N
“UTHN U = X (Hn) + > Ex +o(1).”
i=1
with E = (DY/2(D + 2K)DY/2)1/2, where D = —A + Vext + 8maop? — p (D = 0)
and K(x,y) = 8magdx,yp(x)?.

—> in the translational invariant case E(p) = /p* + p216mag.

— [Lieb-Yngvason '99], [L-Y-Seiringer '00], [Boccato-Brennecke-Cenatiempo-Schlein
'18,"19",20], [Nam-Napiérkowski-Ricaud-A.T. '22], [Schraven-Brennecke-Schlein '22],
[Nam-A.T. '21], [Schraven-Brennecke-Schlein '22], [Hainzl-Schlein-A.T. '22+]



Bogoliubov's approximation

Let ¢ the GP minimizer, and P = |¢) (p|, Q =1— P

> Bogoliubov's approximation: (Q1 + -+ + Qn)w, = O(1), |QiV| ~ N—1/2

N
Hy =Y —Dg+ Vexi()+ D N2V(N(x — X))
i=1 1<i<j<N



Bogoliubov's approximation

Let ¢ the GP minimizer, and P = |¢) (p|, Q =1— P

> Bogoliubov's approximation: (Q1 + -+ + Qn)w, = O(1), |QiV| ~ N—1/2

N
Hy = (Pi+ Q) (= Ax+ Vext (7)) (Pi+ Qi)
i=1
+ > NAPHQ)(PHQ)V(N(xi — ) (Pt Q)(Pi+Q)

1<i<j<N



Bogoliubov's approximation

Let ¢ the GP minimizer, and P = |¢) (p|, Q =1— P

> Bogoliubov's approximation: (Q1 + -+ + Qn)w, = O(1), |QiV| ~ N—1/2

N
1
Hv = <Z p,.> ([ 1962 + Vessle + 3 [ W20y« 1o

i=1
N

+ 3 Pi(—A+ Vext + 2| V][22 Qi + h.c.
i=1

N
D Q=D+ Vext +2|[VI[129%) Qi+ > N*PiPV(N(x — %)) QiQ) + h.c.
i=1 1<i<j<N
+ > N*PQV(N(xi—x))QiQ) + h.c. + sym.
1<i<j<N

+ Z NZQinV(N(X:’—Xj))Qin-

1<i<j<N
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Bogoliubov's approximation

Let ¢ the GP minimizer, and P = |¢) (p|, Q =1— P

> Bogoliubov's approximation: (Q1 + -+ + Qn)w, = O(1), |QiV| ~ N—1/2

N

Hy ~ NEMF(9) + D Qi(—A + Vext +2[| V|20 — Emr(9))Q;
i=1

+ > N?PPV(N(xi — %)) Q;Q; + h.c.
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N
(P+Q)® ka — L(R3)®N ~ P HE = F<N(Hy).

On the Fock space, phy5|cal quantities are expressed in terms of creation and
annihilation operators

(W =Ffe;W| eH* forallk>0,WeHk, feHs
and a(f) is the adjoint of af(f). They satisfy the Canonical Commutation Relations
(CCR)
af(f) = / f(x)aldx, a(f) = / f(x)axdx,

[ax, af] = 6.y = [a(f).a' ()l = (f.8)12
[ax, ay] = [af, a]] = 0 = [a(f),a(e)l = [a(f),a'(g)] = 0




Bogoliubov's approximation

Let ¢ the GP minimizer, and P = |¢) (p|, Q =1— P

> Bogoliubov's approximation: (Q1 + -+ + Qn)w, = O(1), |QiV| ~ N—1/2

= Newr(0) + [ al(=Bs+ Vexs (0 + 2] VIl #2() — Eme())o

35 [ VNG = )eenaia, + he.

N
(P+Q)® ka — L2(R3)®N ~ P Hk = FSN().
k_

On the Fock space, phy5|ca| quantities are expressed in terms of creation and
annihilation operators

(AW =Ffo;W| e€H forallk>0,WeHK, feHy

and a(f) is the adjoint of af(f). They satisfy the Canonical Commutation Relations
(CCR)
at(f) = / F(x)aldx,  a(f) = / Fx)axdsx,
<

[ax,a;f,] =dx,y [a(f),aT(g)] = (f’ghz
[ax,ay] = [af,a]] = 0 = [a(f),a(e)] = [a'(F),a'(g)] = 0



Landau's correction

Symplectic diagonalization: Quadratic Hamiltonians can be diagonalized by a unitary
operator U, on F(H4) preserving the CCR

Bog
Hy =~ NEmr(u) +/al(—Ax + Vext (x) + 2| V|12 92 (x) — Emr(¢))ax

3 [ VNG )eemaa, + he.



Landau's correction

Symplectic diagonalization: Quadratic Hamiltonians can be diagonalized by a unitary
operator U, on F(H4) preserving the CCR

Bog
i NEwe(w) + [ al(=As+ Vet () + 2V 13 67(x) — Ene ()
3 [ VNG )eemaa, + he.

~ NEWF(u) + / E(x,y)(a'(V1+52,) 4+ a(s0))(a(V/1+52,) + al (sy)) — tr(sEs)

s(x,y) € L2(R3 x R3) ~ HS(H+)



Landau's correction

Symplectic diagonalization: Quadratic Hamiltonians can be diagonalized by a unitary
operator U, on F(H4) preserving the CCR

Bog
i NEwe(w) + [ al(=As+ Vet () + 2V 13 67(x) — Ene ()
3 [ VNG )eemaa, + he.
= NEwr (u) + / E( )@ (VI+52) +a(s))(a(V1+ 52)) + a(s)) = tr(sEs)

~ NEcp(u) + / E(x, y)UpsogaxayUpog

b Ubogalllsog = aT(V1+52) +a(s),  s(x,y) € L2(R® x R®) ~ HS(#4)

> / E(x.y)alay = D (Z Exk> Dt = — B + Vext (x) + 2|V | 2 0%(x) — Emre ()

n>0 \k=1

T, 12N 1/2
E= (DM/F(DMF + 2HV||L1502)DM/F)




Landau's correction

Symplectic diagonalization: Quadratic Hamiltonians can be diagonalized by a unitary
operator U, on F(H4) preserving the CCR

Bog
i NEwe(w) + [ al(=As+ Vet () + 2V 13 67(x) — Ene ()
3 [ VNG )eemaa, + he.
= NEwr (u) + / E( )@ (VI+52) +a(s))(a(V1+ 52)) + a(s)) = tr(sEs)

~ NEcp(u) + / E(x, y)UpsogaxayUpog

b Ubogalllsog = aT(V1+52) +a(s),  s(x,y) € L2(R® x R®) ~ HS(#4)

> /E(x,y)alay = @ (Z Exk> Dcp = —Ax 4 Vext(x) 4+ 167a(V)?(x) — Ecp(e)

n>0

1/2
E= (Dl/z(D(p + 167a(V)p?)D 1/2)

> Landau: [V is unphysical and should be replaced by 8ma(V).
b 1st order Born approximation: 8wa(sV) = ¢||V/||;2 + O(£?).



Mathematical proof

> extract the cubic contribution in order to implement Landau’s correction
> NPPQV(N(x — X)) QiQ) + h.c. + sym.
1<i<j<N
> in second quantized form, this becomes



Mathematical proof

> extract the cubic contribution in order to implement Landau’s correction

> NPPQV(N(x — X)) QiQ) + h.c. + sym.
1<i<j<N

> in second quantized form, this becomes

Hy =~ NEmF(u) + / Dur(x, y)alay + N*/?at (Duyrg) + h.c.
1
5 [ VNG = )etdet)aay + he.
* / N3/2V(N(x — y))¢(y)ataxay + h.c.

5 [ VNG = yaataa,



Mathematical proof

> in second quantized form, this becomes

Hy ~ NEme(u) + / Dur(x, y)alay + N'/?a (Dyre) + h.c.
1
+ 5 / N3V(N(x — y))e(x)p(y)axay + h.c.
+ [ NV = y)ey)asacay + he.

1
+ > / N2 V(N(x —y))a;a;aya,



Mathematical proof

> in second quantized form, this becomes

Bog 1HNUBog 1 ~ NEGP (1) +/DMF(X y)atay, + O(N”)
3 [ MU= )etey)aay + b
+ [ NRVNG = y)e)asacay + he.

3 [ MV = yasataa,

> we implement a first Bogoliubov transformation U/p.g,1 to replace N3V(N-) by a
softer potential N34 U(N?.) for some small 8 > 0 and [ U = 8ra(V)



Mathematical proof

> in second quantized form, this becomes

u:ubulgog,lHNMBOgﬁlMC‘lb ~ NSGP(U) + / DGP(X7y)a)T<ay + O(Nﬁ)

3 [ WU - )eey)aa, + b

5 [ MV = yasataa,

> we implement a first Bogoliubov transformation U/, 1 to replace N3V(N-) by a
softer potential N3#U(N?.) for some small 8 > 0 and [ U = 8ra(V)
> we implement a cubic transformation U/,.,;, = exp(S — ST)

[ Dur(x)azaey [ NVINGy)atazavay. S1= [ N/2VNGy))oly)asacay



Mathematical proof

> in second quantized form, this becomes

T T T
uBogJM(‘,ubuBogA

=~ Négp(u) + / E(x,y)alay + O(N?) — O(N?)

Il
HNuBog,lucubZ/{BogJ

1
5 [ NV ataaya,

> we implement a first Bogoliubov transformation Up,g 1 to replace N3V(N-) by a
softer potential N34 U(N#.) for some small 8 > 0 and [ U = 8ra(V)
> we implement a cubic transformation U,.,;, = exp(S — ST)

[ Dur(xo)azaes [ NVINGy)atazavay. S1= [ N/2VNGy))oly)asacay

> finally we implement a last Bogoliubov transform /3, > to obtain the excitation
spectrum and kill the error O(N?)



Main result

Theorem (Nam-T' 2021, arXiv:2106.11949)

For every k € N, when N — oo,

Ae(Hn) = M(Hy) = > niei+ O(N7Y*?), nj € {0,1,2,...}

i>1
where the elementary excitations e; < e» < ... are the positive eigenvalues of
1/2 2y 4172 22
E= (D (D + 167a(V)?)D )

with D=—A+ Ve +8ma(V)p?> —p, D>0, D=0
Similar results obtained by Brennecke-Schlein—Schraven ['21]

> Heuristically, Hy is unitarily equivalent to a non-interacting operator

U*HyU — A1 (Hy) ~ dT(E) = é (Z EX,.)

n=0 i=1

where the right side operator acts on Fock space of excited particles F({¢}*)



Earlier results

@ Seiringer ['11] and Grech-Seiringer ['13]: in the mean-field regime
N2V(Nx) — N7'V(x), the elementary excitations are described by

1/2
Evr = (D,},{Fz(DMF + KMF)D/]\./,/FZ)

with Dur = —A+ Vexe + V5 0* — umr, - Kur(x, ) = o(x)V(x — y)e(y)

Further extensions by Lewin—Nam-Serfaty—Solovej, Derezinski-Napiérkowski,
Nam-—Seiringer, Rougerie-Spehner, Pizzo, Bossmann—Petrat—Seiringer

© Boccato—Brennecke—Cenatiempo-Schlein ['19]: the homogeneous gas on T
has ¢ =1 and

e» = \/|p|* + 16ma(V)|p|2, p € 277>

This implies Landau’s criterion for superfluidity

dlr(E) > coltotal momentum|, ¢o := inf & S0
p70 |p|



Outlooks

@ Good understanding and simple techniques — application to other settings,
eg. Neumann Laplacian

@ Open Problem: Proof of BEC in the thermodynamic limit Q = [0, L]3,

e =L"3?1q
-3 a3 V)
i<j
Conjecture (BEC in the thermodynamic limit)

"
MZCO>O%N — &3
N NL—3=p

@ Intermediate length scales between TL and GP
N N
Hi =Y =0+ > N*25V(N(x; — X))
=1 i<j
for 0 < k < 2/3. — [Adhikari - Brennecke - Schlein '20], [Brennecke -
Caporaletti- Schlein '21], [Fournais '20]
@ study the positive temperature case

f(T,p) = 4rpa (1 + v pad CLuy ( ) + o(y/pad )) CLay(a) »a—o0 %7



Thank you for your attention.



Comparison with previous works

@ > Both Grech-Seiringer ['13], Boccato—Brennecke—Cenatiempo—Schlein ['19],
Brennecke-Schlein-Schraven ['21] x2 use approximate CCR:

b= L3 b = (1 M5, - Lar
(g)_ﬁg(ng> <90|)i = [xv y]—( _W) x,y—ﬁaxay

= g;ogbf(g)ﬁBog = bT(\/1 + s2g) + b(s?g) + error

They work in fact in HV (Canonical picture).



Comparison with previous works

@ > Both Grech-Seiringer ['13], Boccato—Brennecke—Cenatiempo—Schlein ['19],
Brennecke-Schlein-Schraven ['21] x2 use approximate CCR:

N
(e = D98 (6 = Db = (1= iy — o

N
= Ul b'(8)Usog = b' (V1 + 5%g) + b(s%g) + error
They work in fact in HN (Canonical picture).

> We use the embedding HN ~ F<N(% ) < F(H) (full Fock space:
Grand-Canonical picture), where

[, a)] =0y = Ubya'(glUpeg = a'(V1+52g) + a(s°g)



Comparison with previous works

@ Working on the full Fock space F(#), we can do very precise computations

Theorem (Nam, Napiérkowski, Ricaud & T’ ['21]): refined lower bound on quadratic

Hamiltonians

Assuming H > (1 + €)||K||op, we have
1 k %k
[ Hoxyyakay+ 5 [[ Kexy@ta; + acay )y

> —%tr (H71K?) — Ce||K]lop Tr(HT2K?)




Comparison with previous works

@ Working on the full Fock space F(#), we can do very precise computations

Theorem (Nam, Napiérkowski, Ricaud & T’ ['21]): refined lower bound on quadratic

Hamiltonians

Assuming H > (1 + €)||K||op, we have
1 k %k
[ Hoxyyakay+ 5 [[ Kexy@ta; + acay )y

> —%tr (H71K?) — Ce||K]lop Tr(HT2K?)

@ We renormalize the interaction potential as an intermediate step
N3V(N(x —y)) — N3BUNB(x —y)) for0< B < 1
2N (—AFG)(N(x = ) + NPV(N(x = y)) = N UV (x — y))
the idea goes back to Dyson. Recall
N

vzt T (NG —x) [ uCa).

U 1<i<j<nN i=1

> 8 ~ 1 very good approximation but the new potential is still very singular
> 8 ~ 0 big error terms but we can apply mean-field techniques



Bogoliubov's excitations

> We want to describe
M(Hn) — Mi(Hy) = O(1) for every k € N

The GP theory captures also the 2nd order ! Taylor expansion of the GP functional
with v Ly

p+v 1 -
Eap () —ear(e)+3((3) e (3))  rolivida)
Vit v Ho 0
The Hessian matrix

£ () = D + 8ra(V)p? 8ra(V)p?
G 8ma(V)p? D + 8ma(V)p?

with D = —A 4 Vext + 8ma(V)p? — 1, Do = 0, can be diagonalized by a real,
symplectic matrix

" E O 14 s2
vegwev=(5 2. v=("'1" Se)

with the one-body excitation operator on H4 = {¢}+ C L?(R3)

1/2
5= (01/2(0 + 16ﬂa(V)¢2)Dl/2) /
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