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Main interest – optimal stopping problem for Markov processes.

The value function is a minimal excessive majorant of the payoff function.

How to find this majorant?

To give characterization of excessive functions.

To guess and use Verification Theorem.

Different approach in Presman (2013).

To construct the value function using sequential modification (approximation
from below).
Without guessing and without Verification Theorem.
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The optimal stopping problem for Wiener process on the finite interval is very
simple.

One can formulate the algorithm in terms of concavity, boundary conditions
and the function Exg(Xτa,b), where τa,b is the time of the first exit from the

interval ]a, b[.

For Wiener process the function Exg(Xτa,b) is linear.

It appears that in the general case the algorithm is the same, only
the concavity must be changed to excessivity.

At first we give the known properties of general diffusion.

After that we give some results which might be known, but we failed to find
them in literature.

After that we give some results about optimal stopping problem.

The general diffusion was investigated by Ito, McKean, Dynkin, Feller...
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The general one-dimensional diffusion — is
a homogeneous in time strong Markov process Xt (t ≥ 0)
(Markov family depending on initial state X0 = x ∈ I)
with continuous trajectories, taking values in I

⋃
e

e is absorbing state, I is open (closed, half-open) interval I
(with left end l ≥ −∞, and right end r ≤ ∞).

Example

Deterministic 

(to the right) 

Brownian with 
reflection at -1 and 
absorption at  0 

Geometirc 
Brownian 

Brownian with 
reflection at  1 

Brownian with 
reflection at  2-  

and variance   

Brownian with reflection 
at  2+  and exponential 
sticking at  r 

l -1 0 1 r 2- 2+ 
 [  [  [ [  [ ] ] 
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τy — the time of the first hitting the state y,

ζ = τe — the time of hitting the absorbing state e.

Px (Ex) – probabilistic measure (expectation) in the set of
continuous functions with initial state x
(direct product of that space and half-line corresponding to ζ).

The zero-one law is valid:

∀x ∈ I \ l ∃ lim
a↑x

Ex
[
e−τa

]
= l−x , and either l−x = 1 or l−x = 0.

Analogously lim
a↓x

Ex
[
e−τa

]
= l+x .

x is regular if l+x = l−x = 1, x is a trap if l+x = l−x = 0,

x is a left transfer if l+x = 0, l−x = 1, x is a right transfer if l+x = 1, l−x = 0,

Left transfer Right transfer 
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The set of regular points is open.

I =

m⋃
k=1

Ik, where Ik, k ≤ m ≤ ∞, are open (half-open, closed) intervals

with the ends lk ≤ rk such that :

1. for any interval [a, b] ⊂ int I : [a, b]
⋂
Ik 6= ∅

only for finite number of k,

2. for any k 6= k′ : Ik
⋂
Ik′ is either empty or consists of one point which

is a trap,

3. each Ik has the following structure:

lk rk

 [ [ ] ] 

Regular Regular + left transfer Regular + right transfer 
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Classifications of the boundaries

Left end l:

Exit + no entrance 
No entrance 
+ no exit

Entrance + exit Entrance + no exit   

• entrance + exit (regular)

• no entrance + no exit (natural)

Analogously for the right end r.
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One defines three functions for a general diffusion.

These functions completely define the diffusion.

1) strongly increasing continuous s(x), which generates
a scale measure S(dx), so that S(]a, b]) = s(b)− s(a), l<a<b<r;

2) strongly increasing continuous from the right m(x), which generates
a speed measure M(dx), so that M(]a, b]) = m(b)−m(a), l<a<b<r;

3) nondecreasing continuous from the right k(x), which generates
a killing measure K(dx), so that K(]a, b]) = k(b)− k(a), l<a<b<r.

The first one is defined uniquely up to a linear transformation.
The second and the third ones are defined uniquely up to an additive constant.

In what follows we consider regular diffusions.
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The diffusion is conservative if the probability to reach e is equal to zero.

Consider a conservative regular diffusion.
For l < a < x < b < r define

pb,a(x) = Px[τb < τa], eb,a(x) = Ex[τb ∧ τa].

There exists a strongly increasing continuous function s(x) – which does not
depend on a and b – such that

pb,a(x) =
s(x)− s(a)

s(b)− s(a)
.

The function eb,a(x) has strongly decreasing right (left) derivative with re-
spect to s(x), i. e.

d±eb,a
dS

(x) = lim
v↓0

eb,a(x± v)− eb,a(x)

s(x± v)− s(x)
,

These derivatives does not depend on a and b and generate a positive
measure M(dx).
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In general case for l < a < x < b < r one consider a conditional diffusion
on [a, b] which is stopped at a and b under condition that τa ∧ τb <∞.
Such diffusion is conservative.

Corresponding to this conditional diffusion scale and speed measures are
denoted by S∗(dx),M∗(dx). Then

S(]c, d]) =

∫
]c,d]

S∗(dx)

p(x)
, M(]c, d]) =

∫
]c,d]

M∗(dx)

p2(x)
,

where p(x) = Px[τa ∧ τb <∞].

It was shown that p(x) have an increasing continuous from the right (left)

right derivatives with respect to s(x) which is denoted by
d±p
dS

(x).

Denote by
dp

dS
(dx) corresponding measure. Then

K(]c, d]) =

∫
]c,d]

1

p(x)

dp

dS
(dx).

If l (r) is accessible then one needs to defineK({l}),M({l}) (K({r}),M({r})).
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Let Wt be a Wiener process on [l, r] with some boundary conditions at the
ends of interval.

For almost all trajectories there exists a local time T (t, x) = T (t, x, ω).

For arbitrary measure M̃(dx) consider

T (t) =

∫ b

a
T (t, v)M̃(dv).

Then the process Yt = WT−1(t) is a diffusion with the scale s̃(x) = x, and

speed measure M̃(dx).

For arbitrary s(x) and M(dx) one can choose M̃(dx) such that the process
Zt = s−1(Yt) with scale s(x) and speed measure M(dx).

For almost every trajectory of the process Zt one can define a killing in such
a way that the resulting process will have a scale s(x), speed measure M(dx)
and killing measure K(dx).
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Transition operator of diffusion Ptf (x) = Exf (Xt), f (e) = 0.
Transition function Pt(x,A) = ExχA(Xt).

Ph+t = PhPt,
Ph+t − Pt

h
=
Ph − E

h
Pt.

Gf (x) = lim
h→0

Phf (x)− f (x)

h
.

dPt
dt

= GPt, Pt = etG.

For strong markovian process and stopping time τ

Exf (Xτ )− f (x) = Ex

 τ∫
0

Gf (Xt)dt

 .
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Classical domain of operator G consists of functions such that

1) Right (and left) derivative of f (x) with respect to s(x)

d+f

dS
(x) = lim

v↓0
f (x + v)− f (x)

s(x + v)− s(x)

(
d−f
dS

(x) = lim
v↓0

f (x)− f (x− v)

s(x)− s(x− v)

)
exists and is a function of bounded variation on any interval [a, b[⊂ int I.

For functions satisfying 1) consider operator L such that

Lf (x)− Lf (a) =
d+f

dS
(x)− d+f

dS
(c)−

∫
]c,x]

f (v)K(dv).

2) The function Lf (x) is absolutely continuous with respect to M(dx), and

Radon–Nikodym derivative
d

dM
Lf (x) is continuous.

Then

Gf (x) =
d

dM
Lf (x).

If l (r) is accessible, then G must be defined also in l (r).
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If M(dx) and K(dx) are absolutely continuous and s′(x) is absolutely con-
tinuous, then the infinitesimal generator of Xt has a form

d

dM

[
d+f

dS
(x)− d+f

dS
(a) −

∫
]c,x]

f (v)K(dv)

]
=

1

m′(x)

d

dx

f ′(x)

s′(x)
− k′(x)

m′(x)
f (x)

=
1

2
σ2(x)

d2

dx2
f (x) + b(x)

d

dx
f (x)− ρ(x)f (x),

where

σ2(x)

2
=

1

s′(x)m′(x)
, b(x) = − s′′(x)

m′(x)(s′(x))2
, ρ(x) =

k′(x)

m′(x)
,

s′′(x)

s′(x)
= −2b(x)

σ2(x)
, m′(x) =

2

σ2(x)s′(x)
, k′(x) = ρ(x)m′(x).
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The regularity means that Px[τy < ζ ] > 0 for any x, y ∈ int I.

If the boundary point l (and/or r) is accessible from some inner point
then it is accessible from any inner point and for correct definition of diffusion
one needs to define the values of measures M and K in respective point.
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Since the process Xt (t ≥ 0) is strong Markovian and has continuous paths,
there exist continuous functions h1(x) and h2(x), x ∈ int I, such that

Px[τy < ζ ] =
h1(x)

h1(y)
for y > x, Px[τy < ζ ] =

h2(x)

h2(y)
for y < x. (1)

Obviously, h1(x) > 0, and

– either h1(x) is strictly increasing for all x ∈ int I;

– or h1(x) = h1(x̄) for l < x < x̄, h1(x) is strictly increasing
for x̄ < x < r (with some x̄ ≤ r).

Analogously, h2(x) > 0 and either it is strictly decreasing for all x ∈ int I,
or there exists x̂ > l such that h2(x) = h2(x̂) for x̂ < x < r and h2(x) is
strictly decreasing for l < x < x̂.

If x̄ > x̂ then h1(x) = h2(x) ≡ 1 and the optimal stopping time in the
problem (3) is the time of the first hitting the set where g(x) achieves its
maximum.

In what follows we suppose that x̄ ≤ x̂.
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The well-known formula for diffusion Xt:

Exe
−ατy =


ψα(x)
ψα(y)

for x ≤ y,

ϕα(x)
ϕα(y)

for y ≤ x,
α > 0, (2)

where ψα(x) is continuous and strictly increasing, ϕα(x) is continuous and
strictly decreasing.

Let us consider the process Xα
t with the same speed and scale measures

M(dx), S(dx) as for Xt, and killing measure Kα(dx) = K(dx)+αM(dx).

Then for the process Xα
t one can take

hα1 (x) = ψα(x), hα2 (x) = ϕα(x).

It means that (1) is more general than (2).
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Consider the set D(G) of functions f , such that for all x ∈ int I the limit
d+f

dS
(x) = lim

v↓0
f (x + v)− f (x)

s(x + v)− s(x)
exists and is a function of bounded variation

on any interval [a, b[⊂ int I, The function
d+f

dS
(x) is right-continuous.

For functions from D(G) consider operator L such that

Lf (x)− Lf (a) =
d+f

dS
(x)− d+f

dS
(c)−

∫
]c,x]

f (v)K(dv).
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Let us denote:

D+(G) = {f ∈ D(G) : the function Lf is not decreasing};
D−(G) = {f ∈ D(G) : the function Lf is not increasing};
D0(G) = D+(G) ∩D−(G) = {f ∈ D(G) : Lf (x) ≡ 0}.

Any function in D(G) has a unique minimal representation as a difference of
two functions from D+(G).

The following statements hold.

1. Functions h1(x) and h2(x) belong to D0(G), are linearly independent,
and any function in D0(G) is a linear combination of h1(x) and h2(x).

2. A function f is excessive (for the process Xt) if and only if f ∈ D−(G).
If the boundary point l (or/and r) is accessible then one needs to impose
additional condition (conditions) at this point (points).

3. The value function V (x) in optimal stopping problem is a minimal (with
respect to functions from D−(G)) majorant of g(x).
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A problem of optimal stopping consists in finding the value function

V (x) = sup
τ

Exg(Xτ ), (3)

and respective τ∗=τ∗(x), such that V (x) = Exg(Xτ∗),

where sup is taken over all stopping times τ .

The function g(x) is supposed to be lower semi-continuous, g(e) = 0.
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In the problem (3) the set D = {x : V (x)=g(x)} is called a stopping set,
the set C = {x : V (x)>g(x)} is called a continuation set.

One says, that the solution of (3) has an threshold structure with right (left)
threshold x∗, l < x∗ < r, if C = {x : x ∈ I, x < x∗}
(C = {x : x ∈ I, x > x∗}).

For any y and x ≤ y one has an equality

Exg(Xτy) = h1(x, y) :=
h1(x)

h1(y)
g(y).

Note that the function h1(x, y) is defined also for x > y.

Theorem 1. The solution of (3) has an threshold structure with right
threshold x∗ iff :

a) function g(x) is excessive for process X∗t = Xt∧τx∗, X∗0 = x ∈]x∗, r[ ;

b) g(x) < Exg(Xτx∗) = h1(x, x∗) for l < x < x∗;

c)
d+h1(x, x∗)
dS(x)

∣∣∣∣
x=x∗

≥ d+g

dS
(x∗). (Generalized smooth fitting condition)
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Denote

gy(x) =

{
g(x) for x ≥ y,
Exg(Xτy) = h1(x, y) for x ≤ y.

Theorem 2. Let g(x) be excessive for x ≥ x1 > l. Then either gx1(x) is
excessive or there exist unique x∗ > x1, and x̃≥x∗, x̃ ≤ r, such that:

a) the function gx∗(x) is excessive;

b) gy(x) = gx∗(x) for x∗ ≤ y ≤ x̃, l < x < r;

c) gy(x) < gx∗(x) for x ∨ x1 < y, y /∈ [x∗, x̃];

d) for x < y the function gy(x) as a function of y is not decreasing for
x1 < y < x∗, and is not increasing for y > x̃,

d+h1(x, y)

dS(x)

∣∣∣∣
x=y

<
d+g

dS
(y) for x1 < y < x∗ and

d+h1(x, y)

dS(x)

∣∣∣∣
x=y
≥ d+g

dS
(y) for y > x̃.
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(Some conditions under which the solution to optimal stopping problem has a
threshold structure for less general one-dimensional diffusions were obtained
by Alvarez, Arkin, Arkin&Slastnikov, Crocce&Mordecki, Dayanik&Karatzas,
Presman, Salminen, Villeneuve et al.)
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One says, that the solution of (3) has an island structure with ends a, b,
(l<a<b<r), if C =]a, b[.

For any x ∈ [a, b] one has an equality

Exg(Xτab) = h(x, a, b)

: =
h1(x)[g(a)h2(b)−g(b)h2(a)]−h2(x)[g(a)h1(b)−g(b)h1(a)]

h1(a)h2(b)− h1(b)h2(a)
.

Note that the function h(x, a, b) is defined for all x, l ≤ x ≤ r.

Theorem 3. The solution of (3) has an island structure with ends a, b iff :

a) the function g(x) is excessive for the process Xa
t = Xt∧τa, Xa

0 < a and

for the process Xb
t = Xt∧τb, X

b
0 > b;

b) g(x) < Exg(Xτab) = h(x, a, b) for a < x < b;

c)
d−h(x, a, b

dS(x)

∣∣∣∣
x=a
≤ d−g

dS
(a),

d+h(x, a, b)

dS(x)

∣∣∣∣
x=b
≥ d+g

dS
(b).



25

Denote
g[a,b](x) =

{
g(x) for x /∈ [a, b],
Exg(Xτy) = h(x, a, b) for x ∈ [a, b].

Theorem 4. Let g(x) is excessive for x /∈ [a1, b1]. Then either g[a1,b1](x)

is excessive or there exist unique ã, a∗, b∗, b̃ such that l ≤ ã ≤ a∗ ≤ a1,
b1 ≤ b∗ ≤ b̃ ≤ r, (a1 − a∗) ∨ (b∗ − b1) > 0, and :

a) the function g[a∗,b∗](x) is excessive;

b) g[a,b](x) = g[a∗,b∗](x) for a ∈ [ã, a∗], b ∈ [b∗, b̃], l < x < r;

c)

d)
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Thank you for your attention


