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Classical Weyl invariance

e Classically, Weyl invariance
S(9.¢) = S(9'.¢')
under
9w (X) = Q)G (x)  ¢'(x) = Q(x)*(x)

implies
9T, =0

@ To accommodate fermions

€,%(x) = Q(x)e.%(x)
where g, (x) = e,%(x)e,a(x)
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e Conformally coupled scalar, ¢/(x) = Q1 (x)¢(x),
il = [ d*xv=g (- 30"0,00,0 - gRF)
@ Massless fermion, ¥/(x) = Q3/2(x)y(x),
St = [ d*xe (9V,0)
@ Electromagnetic field, A;(x) = Au(x),

1
SHAI= [ a*xv=a (3979 FuuFin )

3/75



Quantum Weyl anomalies

@ But in the quantum theory
g < Tuw>#0

Over the period 1973-2022 this Weyl anomaly has found a
variety of applications in quantum gravity, black hole
physics, inflationary cosmology, string theory and statistical
mechanics.

@ Note that in generic curved space
gwj pr

not associated with a Noether current
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Recall flat space ancestry 1970

@ For example SO(D, 2) in the case of flat Minkowski space.

@ More generally, for D-dimensional spacetimes admitting
conformal Killing vectors §/,(x)

. . 2 .
vugzlz + vqu = Eguuvpgé
there is a classically conserved dilatation current
tjil/ _ §1L7'MV
@ Anomaly appears in the quantum theory
. 1 .
V, <J¥ >= Evpg,gglw < Tuw >#0
but this is not an anomaly in local Weyl symmetry
9 (%) = Q(x)guu (%)
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Timeline 1973

@ Corrections to graviton propagator from closed loops of
spin s = 0,1/2/,1 using dimensional regularization.
s=1
s=1/2

s=0

@ Discovery of the Weyl anomaly using dimensional
regularization
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Diffeomophism Ward identity

@ This involved the self-energy insertion

Nwp0(P) = /deeipX < T (X) Tpo(0) > g, =npuw

where D is the spacetime dimension and 7, (x) the
energy-momentum tensor of the massless particles.

@ One of our goals was to verify that dimensional
regularization correctly preserved the Ward identity

P*Myuwpo(P) =0

that follows as a consequence of general covariance.
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Diffeomophism Ward identity

@ Capper and | were able to show that I1,,,,, did indeed obey
the identity with

Mywpo = M(2)S(2) ppo + M(0)S(0),uwp0

where

S(2)vpo = 1(Xuprf + XopXuo) — 1XMVXPU
2 3

1
S(0)pvpo = 5 XuwXpo

3
X;w = 77uup2 — PuPv
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Diffeomophism Ward identity

@ If we denote by D — 4 = ¢ and expand about e = 0

1 -
nw/pa = ;nuupo(p()/e) + rlw,pg(flnlte)

N(2)(pole) = ¢/(4n)®>  MN(0)(pole) =0
where ¢ is a constant, in which case the infinity can then
be removed by a generally covariant counterterm
1. c
€ (4m)2

AL = vV —QCW’JU prpa (1 )

where C,,,,. is the Weyl tensor. We found ¢ = 18 for
s=1/2and ¢ = 72 for spin 1. A later calculation by
Capper gave ¢ = 6 for conformally coupled s = 0.
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Conformal Weyl identity

@ We were also aware that since the actions for massless
particles of spins s = 0,1/2,1 are invariant under the Weyl
transformations

M“,e(p)=0 —M0)=0
but whereas
Mn(2)(pole) # 0 M(0)(pole) =0
we found
M(2)(finite) # 0 M(0)(finite) # O

The Weyl invariance displayed by classical massless field
systems in interaction with gravity, first proposed by
Hermann Weyl in 1918 no longer survives in the quantum
theory! We rushed off a paper to Nuovo Cimento (How

times have changed!).
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Timeline 1974

@ | first announced the existence of gravitational Weyl
anomalies at The First Oxford Quantum Gravity
Conference, organised by , and
held at the Rutherford Laboratory in February 1974

@ Unfortunately, the announcement was somewhat
overshadowed because chose the same
conference to reveal to an unsuspecting world his result
that black holes evaporate!

@ lronically, were subsequently to link
the Hawking effect and the trace anomaly.
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Timeline 1976

@ Non-local effective lagrangian for trace anomaly
By general covariance and dimensional
analysis, it must take the following form:
@ For D=2,
g < T,s >=aR

@ For D=4,
g*? < Tos >= aR?+ SR R" +7Ruwpe R**7 +00R+CF,, 2 F12

where a, o, 8,~,0 and ¢ are constants.
@ For D =6,
9*? < T,p >= (curvature)®
and so on.

@ At one-loop, and ignoring boundary terms, there is no
anomaly for D odd.
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Non-local action

@ The title of the paper Non-local Conformal Anomalies was
chosen to emphasize that although the trace of the stress
tensor and infinite counterterms, for example C,,,,c C**°,
are local, the finite effective action, for example
Cuvpo In O CHP? s not.
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King’s College London 1976




The heat kernel

@ Zeta functions, heat kernels and anomalies
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The heat kernel

@ Classical action
So = /de;(CD, AD)
where A is a conformally invariant d-dimensional operator.
@ The one-loop effective action is given by
Sy = In[detA]~1/?

@ lts kernel F(x, y, p) obeys the heat equation

0
2;;;f:()(7)/)f)) + [ki:()()}/vf)) =0

with the initial conditions

F(x,y,0) =4(x,y)
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The heat kernel

@ One can express F as

F(x,y,p) = e "2dn(X)¢n(y)

=3 e Mn(X)n(y)
n
where ¢, are the eigenfunctions of A with eigenvalues \j:

A¢n = )\nﬁbn

normalized according to
[ d°xv/gx)6n(x)0m(x) = b
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b, coefficients

@ The one-loop action may thus be written as

S = / dpdPxp" /G(X)A(X. p)

where A(x, p) = F(x, X, p). A(x, p) obeys an asymptotic
expansion, valid for small p,

Ax,p) ~ Y Bon(x)p" 2

where

Bop = /dDX\/gbzn(X)
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Zeta functions

@ The coefficients b,, are scalar
polynomials, which are of order 2n in derivatives of the
metric. In D = 4, for example, when A is the conformally
invariant Laplacian acting on scalars:

1
A—_O+ 'R
s

1

2 e = —_—
g < 77¢y > 174 288072 [Fiiupo

R*P? — R, R" +3000R]

@ Furthermore,
B4y = ng + ¢(0)

where ng is the number of zero modes and
((s)=%n A\,°

is defined only over the non-zero eigenvalues of A.
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Timeline 1976

@ Asymptotic safety

Point splitting regularization

More anomaly coefficients

’

@ Vacuum energy in two dimensions

Particle creation

Robertson-Walker and applications to cosmology

Black holes
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Timeline 1977

@ Trace of stress tensor T+,
Divergence of axial current 9,,J°*
Gamma trace of spinor current v#S,,
form a supermultiplet

@ and so, therefore, do the anomalies!
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Timeline 1977

@ CFTs and the a and c coefficients

@ Trace anomalies and the Hawking effect
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Conformal Field Theories (CFT)

@ Weyl anomalies appear in their most pristine form when
CFTs are coupled to an external gravitational field. In this
case

A= g(T,,) = Mjr)g(cF _e)

where F is the square of the Weyl tensor:
1

F = Cuupo C""” = Ry R = 2R, R + 2 2,

G is proportional to the Euler density:
G = Rups R — 4R, R" + R?,

@ Note no R? term.
@ We ignore [JR terms whose coefficient can be adjusted to
any value by adding the finite counterterm

/d4x gR?.
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Central charges c and a

@ Inthe CFT a and c are the central charges given in terms
of the field content by

2= 720a= 2Ny + 11Ny o + 124N,

c=720c=6Ny + 18N1/2 + 72N,

where Ns are the number of fields of spin s.
@ In the notation of

(47)2b=c (4n)’°H =-a
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Central charges c and a

@ The story of the Weyl anomaly for CFTs is thus the story of
the central charges ¢ and a. The ratio is given by

a (2N0+11N1/2+124N1)

¢ (6No+ 18N+ 72N;)

and by inspection we can read off the inequalities

31 a_ 1
> >
c 3

where the upper and lower bounds are saturated by a
single vector and a single scalar respectively.
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Euler number

@ When F — G vanishes, anomaly reduces to

1 * UV PO I
220 R oo

A=A

where
360A=c—a=4N, + 7N1/2 — 52N;

so that in Euclidean signature
/ d*xv/gg" T, = Ax(M*)

where x(M*) is the Euler number of spacetime.
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Non-conformal theories

@ Since the anomaly arises because the operations of
regularizing and tracing do not commute, the anomaly A in
a theory which is not classically Weyl invariant may be

defined as:
A=trregT —regtrT

@ Of course, the second term happens to vanish when the
classical invariance is present.

@ We sitill have
A= by

but may now involve R?.
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Timeline 1978

@ Conformal (and axial) anomalies for arbitrary spin

@ Conformal anomalies for interacting theories: QED, ¢* etc
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Arbitrary spin

@ Calculate by for arbitrary (n, m) reps of Lorentz group, then
physical anomaly given by

A=An,m) +An—-1,m—-1)—-2A(n—1/2,m—1/2)
so in total
Atota/ = 4No + 7N1/2 — 52N, — 233N3/2 + 848N,

where N are the number of fields of spin s.

@ The by coefficient for chiral reps (1/2,0) (1,0) etc also
involve R*R unless we add (0,1/2) (0,1) etc

@ Pseudoscalar contribution to Weyl anomaly?
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Timeline 1980

@ Anomaly-driven inflation
(NB not R + R?)

@ p-forms and inequivalent anomalies

@ The path-integral approach to anomalies
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p-forms and inequivalent anomalies

@ Particularly interesting examples are provided by p-form
gauge fields whose laplacians are not conformally invariant
but for which

[ Aw2) - [ A0 =x

[ Atoe) = 2

Such quantum inequivalence of p-forms and their duals
has been called into question on the grounds that their
total stress tensors are the same. Nevertheless, their
partition functions differ by Euler number factors.
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Central charges c and a

@ In the supersymmetric case we have the values and
bounds given below. Remarkably, these bounds continue
to hold true when the CFT is interacting

Fields a c Bounds

N =0spin 0 1/360 | 1/120 || 31/18 > a/c > 1/3
N =0spin1/2 11/720 | 1/40

N =0 spin 1 31/180 | 1/10

N =1 chiral multiplet || 1/48 1/24 3/2>a/c>1/2
N =1 vector multiplet || 3/16 1/8

N =2 hyper multiplet || 1/24 1/12 5/4>a/c>1/2
N = 2 vector multiplet || 5/24 1/6

N = 4 vector multiplet || 1/4 1/4 a/c=1

Table: The central charges a and c for supersymmetric CFTs
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Timeline 1981

@ When we allow for a cosmological constant A the anomaly
is
Ax + BV
where V is the volume. We find
B = 6Ny + 18Ny 5 + 72Ny — 822N5,5 + 3132N,  (2)
Moreover in gauged supergravity
e = GA
and B also determines the Yang-Mills beta-function.
@ This yields vanishing s-function in gauged N > 4
supergravity
@ Spin sum rules
> (1PN =0
A
for N > k
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Timeline 1981

@ Critical dimensions for bosonic and super strings
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Bosonic string

@ In the first quantized theory of the bosonic string, one
starts with a Euclidean functional integral

r_ [ DyDX s
Vol( Diff)
where
1 " 5
S0 X = 4o [ PEAIOX X",
@ As shown by , the Weyl anomaly in the worldsheet

stress tensor is given by

) 1
ij o _

D is the contribution of the scalars while the —26 arises
from the diffeomorphism ghosts that must be introduced

into the functional integral.
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Fermionic string

@ In the case of the fermionic string, the result is
) 1
if e (D _
@ Thus the critical dimensions D =26 and D = 10

correspond to the preservation of the two dimensional
Weyl invariance ; — Q2(£)v;.
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Spacetime Einstein equations from worldsheet
anomaly

1 i »
4o/ /dzgﬁfylja"xuafx (op%

B(9)w = Ruw + -

vanishing anomaly implies Einstein equations!
Callan, Friedan,Perry

Sy, X] =
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Timeline 1983

@ Conformal anomaly and W-Z consistency (no R?)
@ Anomaly in conformal supergravity N =1,2,3,4
S= /d“x —gC"P? Cpipy + ...

N = 4 conformal supergravity coupled to 4 N = 4 Maxwell
multiplets (or SU(2) x U(1) SYM) is anomaly free/finite

This theory has no chiral anomalies
as well as found later in 85
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Timeline 1984

@ Local version of effective action
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Local action

@ Conformal operators

VIAg =g N g
Ny =1
1 2
Ay =[P +2R™V,V, + 3(V'R)V, — 2RO

@ Subsequent work by

@ Local action

b b 2
Sanom = 2/d4X 9F¢—2/d4X\/§[¢A4¢—(G—BDR)¢]
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Timeline 1985

@ Conformal invariants
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Timeline 1986

@ Recall in D=2
g*¥ < T,3 >=cR c¢ = constant

@ The c-theorem : in 2D CFT with coupling constants g; and
energy scale p there exists a positive real function, c(g;, ;1)
which decreases monotonically under the renormalization
group flow and at fixed points where g; = g}, the function

c(gi,n)=c

@ Theories at high energies have more degrees of freedom
than theories at low energies and that information is lost as
we flow from the former to the latter.
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Timeline 1988

@ c-theorem and/or a-theorem in four dimensions?
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Timeline 1993

@ Geometric classification of conformal anomalies in
arbitrary dimensions
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Timeline 1998

@ The holographic Weyl anomaly

@ Einstein manifolds and the a and ¢ coefficients
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Holography

@ A distinguished coordinate system, boundary at p = 0
GunvaxMaxN = Ld4+12p2dpdp + p g dxtax”
@ The effective action may be written
Se = [ dpaxp ™' VGX)B(x. )
where the specific form of B(x, p) depends on initial action.

B(x,p) ~ Y ban(x)p" ¢

@ Formal similarity with coefficients,
indeed A ~ by same for N=4 Yang-Mills but not in general.
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Timeline 2000

@ Anomaly-driven inflation revived

@ aand c and corrections to Newton’s law

@ Anomalies and entropy bounds
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Corrections to Newton’s law

@ Inmy 1972 PhD thesis, at the suggestion of Abdus Salam,
| calculated one-loop CFT corrections to Newton’s law
(Schwarzschild solution)

. G4M 8CG4
B <1 * 37Tr2>’

v(r)

where G, is the four-dimensional Newton’s constant and ¢
is a purely numerical coefficient. In fact it turned out to be
the ¢ coefficient in the Weyl anomaly
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N=4 Yang-Mills

@ A particularly important example of a CFT is provided by
N = 4 super Yang-Mills with gauge group U(N), for which

(N1, Ny j2, No) = (N?,4N? BN?)
Then

N2
and hence
c 2 N2 1
—_ wy <2 wy 2
A (477)2 <2RWR SR ) 327 3272 (RWR BR )

@ The contribution of a single A" = 4 U(N) Yang-Mills CFT is
2
G4M<1 N 2N G4>.

V(r)=

3rr
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Randall-Sundrum

@ Now fast-forward to 1999 when
proposed that our four-dimensional world is a 3-brane
embedded in an infinite five-dimensional universe. They
showed that there is an r—2 correction coming from the
massive Kaluza-Klein modes
Gy4M 2152
V(r)= —— — .
where Ls is the radius of AdSs.
@ Superficially, our 4D quantum correction seems unrelated
to their 5D classical one.
@ But through the miracle of AdS/CFT
L3 2G
N2 = 755 _ =5
26 7L

the two are in fact equivalent.
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Timeline 2001

@ aand ¢ and the graviton mass

@ Weyl cohomology revisited
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Timeline 2005

@ Anomalies as an infra-red diagnostic; IR free or
interacting?
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Timeline 2006

@ Macroscopic effects of the quantum trace anomaly
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Timeline 2007

@ Anomalies and the hierarchy problem
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Timeline 2008

@ Viscosity bounds
@ Conformal collider physics
@ Weyl invariance and mass

@ Entanglement Entropy, Trace Anomalies and Holography
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Timeline 2009

@ Entanglement Entropy

@ Log corrections to black hole entropy
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Timeline 2010

@ Holographic c-theorems in arbitrary dimensions
@ Generalized mirror symmetry and trace anomalies

@ Vanish without a trace
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M-theory on X”

@ We consider compactification of (W =1,D = 11)
supergravity on a 7-manifold X’ with betti numbers
(bg, b1, bo, b3, b3, bo, by, by) and define a generalized mirror
symmetry

(bo, b1, bo, b3) — (bg, by, b2 — p/2,b3 + p/2)
under which
p(X7)=7by —5b;y +3by, — bs
changes sign
p—>—p

@ The massless sectors of these compactifications have

f=4(by+ by + b + bs)

degrees of freedom.
@ Generalized self-mirror theories are defined to be those for
which p =0 58/75



M-theory on X”

@ In backgrounds for which F — G vanishes, the Weyl
anomaly reduces to

1 R*HVPO R*

T=A%r uvpo

where
A=2(c—a) (4)

so that in Euclidean signature
[ dxvaT = ax(m) (5)
where x(M*) is the Euler number of spacetime.
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Anomalies

Field f AA 360A X’
gun G 2 -3 848 bO
A, 2 0 -52 by
A 1 0 4 —by+ b3
Ym v, 2 1 —233  by+by
X 2 0 7 bo+ bs
Aune  Awp, 0 2 —720 bo
A, 1 -1 364 by
A, 2 0 -52 by
A 1 0 4 bs
fotal A —p/24

Table: X7 compactification of D=11 supergravity
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Vanish without a trace!

@ Remarkably, we find that the anomaly depends on p

1

(X7)

It flips sign under generalized mirror symmetry and
vanishes for generalized self-mirror theories. For
XE@=N) 5 TW=1) with A" > 3 the anomaly vanishes

identically.
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Odd-dimensional analogue of Euler

@ More generally, Euler xy = ¥(—1)Pbp obeys a Kunneth
formula x(X x Y) = x(X)x(Y); p = X(—1)Ppbp is an
odd-dimensional analogue obeying p(X x Y) = x(X)p(Y) .

@ For example, the 4-dimensional Weyl anomaly for M-theory
on Xy x Y7 is given by x(Xs)p(X”) = p(X4 x Y7) and hence
vanishes when Y7 is self-mirror. Since, in particular,

p(Y x 8') = x(Y), this is consistent with the
corresponding anomaly for Type IlA on X, x Yg given by
X(Xa)x(Ys) = x(Xa x Yg), which vanishes when Y is
self-mirror.
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Four curious supergravities

@ Of particular interest are the four cases
(b07b1ab27b3) = (15N_ 153N_374N+3)

with ' = 1,2, 4,8, namely the four “curious”
supergravities, discussed in which enjoy
some remarkable properties.

N =1,7 WZ multiplets, f = 32,

N = 2, 3 vector multiplets, 4 hypermultiplets, f = 64,

N = 4, 6 vector mutiplets, f = 128,

N =8, f =256.
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O, H, C, R theories

Field 360A 0 H C R

g. 848 1 1 1 1
B,  -52 6 0 0
S 4 28 16 10 7
Y, ~ —233 8 4 2 1
X 7 56 28 14 7
A, —720 1 1 1 1
A, 364 3 1 0
A, 52 21 6 4 0
A 4 35 19 11 7

A=0 A=0 A=0 A=0

Table: Vanishing anomaly in O, H, C, R theories.
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Timeline 2011

@ Models for particle physics
@ Renormalization group and Weyl anomalies

@ Proof of the four-dimensional a-theorem
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Timeline 2012

@ Gravitational anomalies and thermal Hall effect in
topological insulators

@ A one-loop test of quantum gravity
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Timeline 2013

@ The a-theorem and entanglement entropy
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Timeline 2015

@ Holographic c-theorems in arbitrary dimensions
@ A one-loop test of quantum supergravity
@ Anomalies and conformal manifolds

@ More on boundary terms in the anomaly

@ Evanescent Effects Can Alter Ultraviolet Divergences
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Timeline 2016

@ C7 for non-unitary CFTs in higher dimensions
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Timeline 2017

@ On the Flow of OR Weyl-Anomaly
@ Higher spins

@ More Weyl cosmology

@ The semi-classical stress-energy tensor in a
Schwarzschild background
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Timeline 2017

@ Conformal anomalies
(1) gravitational wave
(2) Einstein equations
(3) Off-shell extensions
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Timeline 2021

@ Applications of anomalies in condensed matter

@ Conformal Symmetry in Momentum Space and Anomaly
Actions in Gravity

@ Cancelling the Weyl anomaly in the standard model with
dimension-zero scalar fields

@ Boundary conformal invariants and the conformal anomaly
in five dimensions
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Timeline 2022

@ Weyl anomalies of four dimensional conformal boundaries
and defects

@ Anomaly-free scale symmetry and gravity

@ The Effective Theory of Gravity and Dynamical Vacuum
Energy
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Summary

@ Spacetime Weyl anomalies have found application in
quantum corrections to the Schwarzschild solution and
Newton’s law, particle creation, the Hawking effect,.
inflationary cosmology, asymptotic safety, wormholes,
holography, viscosity bounds, condensed matter physics,
hydrodynamics, the graviton mass in the braneworld,
conformal collider physics, quantum entanglement, log
corrections to black hole entropy, generalized mirror
symmetry and double-copy theories.

The cancellation of worldsheet Weyl anomalies not only
determines the critical dimensions D=26 for strings and
D=10 for superstrings, but also provides the derivation of
the spacetime Einstein equations.

@ The next 50 years?
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