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Non-intrusive supervision of computer experiments
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® Methods from engineering, numerical maths, proba/stats, machine learning, scientific
computing, data assimilation, geostatistics, structural reliability, ...

®» Keywords: VVUQ (Validation, Verification and Uncertainty Quantification)

DACE (Design & Analysis of Computer Experiments)
GSA (Global Sensitivity Analysis)
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BEPU (Best-estimate Plus Uncertainties)



Example: Simulation of IBLOCA accident

cld 9

Loss of primary coolant accident due to
a break in cold leg

al Tlowrates, al/bounaa
conditions, phys. eq. coef,, ...

Probabilistic modeling: fy

Modelled using CATHARE?2 code:
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. Pt —  CATHARE calculation
(thermal-hydraulic phenomena) PN i,
600 |- b y — Experimental results
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CPU cost for one code run > 1 hour g 500} |
In industrial studies: N ~ O(1000) runs i —
g
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% 0 160 260 3(;0 460 560 600 -3

Time (s)



2 PROBLEMATIQUES ISSUS D’UN DOSSIER D’INGENIERIE

= Environ 100 parametres d'entrée du code sont considérés aléatoires, de 3 types :

= Type 1: Conditions initiales et aux limites ;
= Type 2 : incertitudes modeles
= Type 3 : parametres scénario

= La méthode (nommeée Cathsbi) se décline en 2 étapes :

Etape 1 :
Identification du scénario
pénalisant
v Etape 2 :
Scénario pénalisant —  Propagation d’incertitudes
pour calculer le quantile 95/95

I

Avec une étape préliminaire de
pénalisation des entrées trés influentes
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= Environ 100 parametres d'entrée du code sont considérés aléatoires, de 3 types :

= Type 1: Conditions initiales et aux limites ;
= Type 2 : incertitudes modeles
= Type 3 : parametres scénario

= La méthode (nommeée Cathsbi) se décline en 2 étapes :

// Etape 1\

Identification du scénario
pénalisant

!

Scénario pénalisant

Etape 2 :
Propagation d’incertitudes
pour calculer le quantile 95/95

I

Avec une étape préliminaire de
pénalisation des entrées trés influentes

Point saillant: la méthode actuelle est basée sur I’analyse manuelle de plusieurs séries

¢ de calculs => développement d’une méthode automatique basée sur un seul batch
~ S EeDF -5




2 PROBLEMATIQUES ISSUS D’UN DOSSIER D’INGENIERIE

= Environ 100 parametres d'entrée du code sont considérés aléatoires, de 3 types :

= Type 1: Conditions initiales et aux limites ;
= Type 2 : incertitudes modeles
= Type 3 : parametres scénario

= La méthode (nommeée Cathsbi) se décline en 2 étapes :

Etape 1 :
Identification du scénario
pénalisant /
v Etape 2 :
Scénario pénalisant Propagation d’incertitudes
pour calculer le quantile 95/95

I

Avec une étape préliminaire de
pénalisation des entrées trés influentes

Point saillant: nécessité de justifier les modélisations probabilistes faites sur les entrées
:‘:eDF => Robustesse de la quantité d’intérét (quantile) aux lois des entrées




IMPORTANCE OF INPUT PROBABILITY DISTRIBUTIONS IN
UNCERTAINTY QUANTIFICATION

G(X) = G(X1,X;) = cos(X;) + cos(X;) ; X; and X, are independent with same pdf

Strong impact of the choice of the input pdf on the output distribution, and
particularly on some quantities of interest: probability of exceendance, quantile, ...

pdf of X; and X, pdf of G (X)
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=> Needs of sensitivity analysis wrt pdf of the inputs
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NOTATIONS

We want to study a deterministic computer code G which :

» is «costly » (CPU time, memory,...).

= has d input variables

= allows calculating the value G (X) for a given set of input values X = (X4, ..., X4)

Constraints: we will have only access to one batch of N computations

The input variables are uncertain, hence we denote

= X c R4 the domain of variation of the random vector X

= f=TI%, f; the probability density function of X
» each f; is the density of X;, the i-th marginal of X
» the uncertain input variables X;, ... X; are considered independent

The Qol can be: 1) a failure probability Proba(Y > t), 2) a-order quantile g% =
inf{t € R, F,(t) = a}, 3) a-order superquantile Q% = E[G(X)|G(X) = g*], ...

=> Robustness of these Qol wrt uncertainty in some f,
<'seDF -



PLI (PERTURBED LAW-BASED INDICES)

We aim at quantifying the impact of a perturbation on the pdf of X;
For example, what happens if we replace E(X;) = u; by E(X;)) =u; +6 ?

a
We define the PLI-quantiles as : Si(g — (% — ) (same way for any Qol)

= |t gives results in terms of percentage of perturbations
= S;5 = 0 when g5 = q% i.e. when f; has no impact on the quantile

= The sign of S;5 indicates how the perturbation modifies the quantile

pop+s

Perturbation de la moyenne Calcul de la déviation du
:‘:epp de la loi de I'entrée d’un écart type superquantile (noté SQ)



ESTIMATION: REVERSE IMPORTANCE SAMPLING

= We have N obs. (the model calculations) : (x™, ..., xM) > (y@ . ()

= We start from classical Monte-Carlo estimators:
- if Qol = failure probability (Proba(Y < t)):p =1/NYN_, Iy

- if Qol = quantile: §*N = inf{t € R, FY (t) > a} where F}'(t) = 1/NY¥N_, ey <)
= Let us note f;s5 the perturbed density of f; by §, we can estimate p;s, F;5(t), qis with

the same sample than for p, Fy(t), g% by « reverse importance sampling »:
[ Lemaitre et al., 2015; Sueur et al., 2017 ]

(o _ fis(x"”)
i fi(xlgn))

N N
RO = ) Ty 1/ ) 17 5 a3 = inf(t € REY(®) 2 o)
n=1 n=1

~ 1 .
pi\(lS — E ervl=1 H{y(n)St} Lgn)Wlth

No need of new runs of ¢ model
?‘QeDF - 10



PLI INDICES ESTIMATION

We then estimate the PLI with the so-called plug-in estimator, for the PLI-quantile:
SN = Tip' 1
i6 — q\aN

= Convergence and cental limit theorems of this estimator have been obtained
([Lemaitre et al., 2015 for failure probability; Gauchy et al., 2020 for quantile) ] , with natural
assumption Supp(fis) S Supp(f;), and others more complex:

(f i5(x)
upp(fi) \ fi(x)

3
= For example, for PLI-quantile: fs ) dx < +oo

For PLI-quantile, confidence intervals are easier to compute by bootstrap
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ILLUSTRATION

Vi

PLI indice S;

[ J
4o =
-~ EDF

\%

- 12



ILLUSTRATION

Vi

PLI indice S;

[ J
4o =
-~ EDF

v

- 13



ILLUSTRATION

» =
> S eDF

® \1
e V2

PLI indice S;

V




ILLUSTRATION

* \1
e V2

/N

'S 921pul 17d

- 15

€DF

b‘a
9N



1.0

0.8

0.6

0.4

0.2

0.0

G(X) = sin(X;) + 7 * sin®(X;) + 0,1 * X3 * sin(X) ;

Standard global sensitivity analysis

PLI-based sensitivity analysis

X;~U(—m, ) independent

Sobol’ (variance-based) indices
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Perturbation on the pdf mean — N = 10000

The provided information are different
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HOW TO DEFINE A DENSITY PERTURBATION ?

= Let’s assume that the X; input variable has a normal distribution X; ~ N (u, 02)

= What if the mean of X; was not u but u+46 ?

L S
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HOW TO DEFINE A DENSITY PERTURBATION ?

= Let’s assume that the X; input variable has a normal distribution X; ~ N (u, 02)

* How to define f;s with the constraint [ x;fis(x;)dx; =pu+38?

SN |
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= Let’s assume that the X; input variable has a normal distribution X; ~ N (u, 6%)
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HOW TO DEFINE A DENSITY PERTURBATION ?

= We suggest to define the perturbed density f;s as the closest one from the initial f;
In the sense of the entropy, under the constraint of perturbation

= i.e. in the sense of Kullback-Leibler divergence : [ Lemaitre et al., 2015 ]
+00
1 (x)
KL(mq{,m,) = j m,(x) lo < )dx
1,702 1 8 7, (%)

— 00

= S0 we can give a general formal definition for f;5 in the following way :

fis = argmin KL(m,f;)
T

s.t. Exlgrl=6k
k=1,...K

where : - g4, ..., g are K linear constraints on the modified density

- and 64, ..., 6 are the values for the perturbed parameters
In this framework, a Gaussian distrib. which is perturbed remains Gaussian

This perturbation approach can be criticized [ Gauchy et al., 2020
& S@eDF - 23
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EXAMPLES OF PERTURBED PDF

Mean u ; Variance ¢?

Mean perturbation

Variance perturbation
E[X;] = n

Var[X;] = 0%+ 6

[ J
4o =
-~ EDF

Gaussian

Uniform
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THERMAL-HYDRAULIC MODEL OF A MOCKUP

27 inputs with truncated Gaussian, log-normal, uniform, log-uniform, triangular pdf

Monte-Carlo sampling of 1000 runs

Perturbation on the mean between [-1;1] in the standard space (each input ~A/(0,1))
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RESULTS

Graphs show
the PLI of the 7
most influential
variables

90%-confidence
Intervals are
obtained by
bootstrap
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Perturbation é dans |'espace standard

Observations: quantile seems to be robust towards the pdf (less than 5% variation),
sign of the PLI allows to know which value allows us to be conservative

Utilisation des PLI dans un dossier industriel (Cathsbi) : hiérarchisation finale des
entrées influentes et détection de leur « c6té » pénalisant (augmente le quantile)

g
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PROBLEMATIQUES ISSUS D’UN DOSSIER D’INGENIERIE

= Environ 100 parametres d'entrée du code sont considérés aléatoires, de 3 types :

= Type 1: Conditions initiales et aux limites ;
= Type 2 : incertitudes modeles
= Type 3 : parametres scénario

= La méthode (nommeée Cathsbi) se décline en 2 étapes :

// Etape 1\

Identification du scénario
pénalisant

!

Scénario pénalisant

Etape 2 :
Propagation d’incertitudes
pour calculer le quantile 95/95

I

Avec une étape préliminaire de
pénalisation des entrées trés influentes

Point saillant: la méthode actuelle est basée sur I’analyse manuelle de plusieurs séries

¢ de calculs => développement d’une méthode automatique basée sur un seul batch
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ICSCREAM: IDENTIFICATION OF PENALIZING
CONFIGURATIONS USING SCREENING AND
METAMODEL

Uncertain
parameters

CATHARE2

temperature (PCT)
Code

Y= g(X1! neny

s NS NS EEESEESEEEEEESEEEEEEEEEE®

O In IB-LOCA modeling framework, uncertain input parameters are:

» (Type 1) initial/boundary conditions = probabilistic (U, V)
» (Type 2) Parameters of physical models = probabilistic (U, LU, N, LN)
» (Type 3) Scenario parameters (min / max bounds) = no probabilistic

& ICSCREAM final objective A

Identify the most penalizing configurations for Type 3 inputs,
regardless to the uncertainties of Types 1 & 2 inputs.

\_ Penalizing configurations < leading to high PCT values )

<'~epF | | 28
IB-LOCA: Intermediate break loss of coolant accident



INDUSTRIAL CONSTRAINTS

Very large number of inputs (~100), but effective dimension might be lower
» Each CATHARE simulation ~ 1 hour = one batch of around 1000 simulations
» Phenomena involved in the model are complex with strong non-linearities

» Black-box model = intrusive methods not possible

= Efficient methodology combining Screening, sensitivity analysis, metamodel
and inversion under uncertainty

— Adapted to VERY HIGH DIMENSIONAL test case

. J
& TeDF - 29



ICSCREAM: A FOUR-STEPS METHODOLOGY

Uncertainty quantification of inputs:
Identification of d uncertain inputs X = (X,,...,X;) and associated probability distributions

Step 1 — Quantifj_c ation & Scenario inputs whose penalizing values must be identified: X,,., c X
propagation of uncertainties !

Learning sample of n simulations (Xs,Ys)
Design of n experiments Xs = {(x(, .., x} and associated simulations of the numerical model
Y = g(X): ¥s = iy @, y™} with y© = g(x®)
Estimation of a-quantile g,

4
Screening with independence tests

Step 2 —_ Global Sensitivity HSIC-based and Target HSIC-based independence statistical tests computed from (Xs,Ys)
= Clustering of inputs into two subgroups:
analysis (screening with HSIC)

X= (X1.~--:Xa)
Xpy: Primary Influential Inputs (PII) I <:=ﬂ_=>| {X\ Xp;;} : non-influential Inputs |

= Ranking of PII in Xp;; according to p-value of independence tests
1

v
Metamodeling with Gaussian process according to X.., = {Xp;; U X,.,}
= A Gp Y, (Xexp) With homoscedatic nugget effect is fitted on Y, conditionally to (X, ¥s), with a

Step 3 —_ Construction & sequential building process

R 1
validation of a metamodel r—— T ——1 2

= Estimation by cross validation of predictivity coefficient Q2 and rate of good classification 1 s
= Comparison between Gp-predicted and observed confidence intervals

o Use of Gp metamodel to identi nalizing values of X,.,, under the uncertainty of the other inputs {X.,,\X,..
Step 4 - Inversion P s g R e i
= Full-Gp estimation of conditional probabilities: P (X,en) = P[Y6pXexp)) > Ga | Xpen]

. J
& TeDF - 30



Goal: replace code by a statistical function called metamodel

v With good approximation and prediction capabilities = to be controled
v With a negligible cpu cost for prediction

v" Built from a Monte Carlo sample of n experiments (n~10d)

EXx_: Polynomials, splines, neural networks, regression trees...

X]_ * ° ¢ 25
° . Computer code :
e ° # P #*? _

e ° Experiments

’Xz Y = g(Xy, ..., Xg)

Choice: Gaussian process (GP) metamodel -
see Rasmussen & Williams [2005]

Part of Supervised Machine Learning

Advantage: gives a prediction with an associated error = -1
bound (Gaussian distribution at each point)

—* I How to build the GP in large dimension? N
%~ C©DF |



see Rasmussen & Williams [2005]

v' Kernel-based method of supervised learning from (X, ,Y;). Response is considered as a
realization of a random GP field:

Y (x)~GP(u(x), k(x', x))
With u(x) the mean and k(x’, x) the covariance function.

= Predictive GP is the GP conditioned by the observations (X, ,Y) :

Y (X)) |y xg)=r,~GP(A(x"), §(x', x))

kriging the sinus function

With

* A(x*) = E[Y )IY (X)) = Y] = p(x*) + ky_ Kl (Ys — ps) |
* $(x', x") = Cov[Y (a)|Y (X)) = Ys] = ky_,Kx % Ky A
where p corresponds to u evaluated at X, ky ,- the covariance between X and x™ and Ky_x_
the covariance matrix for X

= Conditional mean fi(x*) serves as the predictor at location x*
= Prediction variance (i.e. mean squared error) given by conditional covariance s(x*, x*)

[ J
& TeDF - 32



Observations

15 ] Trajectoires a posteriori Prédictions

0 02 04 06 08 1
X

Trajectoires a priori

Extrait de la soutenance de these de R. Stroh, ECP -
LNE, 26/06/2018
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STEP 3: Approximation with GP Metamodel

With homoscedastic nugget effect

Observations

15 , o o s
N 10° « . .| Trajectoires a posteriori Prédictions

0 02 04 06 08 1
X

Trajectoires a priori

Extrait de la soutenance de these de R. Stroh, ECP -
LNE, 26/06/2018
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STEP 3: Approximation with GP Metamodel

> Validation of GP predictor:

v’ Study of residuals computed on a test sample or by Cross Validation (CV)
v' Predictivity coefficient Q2 (formula given for test sample (xtest(®), ytest.(0)

QQ o 11;11 (yt est, (i) _ ﬁtmt,[i])z
Z:itli (yt est, (1) _ ﬁtmt }2

where ytest( js the metamodel predictor and y'¢** the empirical test sample mean.

1Sisntest

The closer to one the Q?, the better the accuracy of the metamodel predictor.
v QQ-plot, rate of good classification Y>gq, and correlation coefficient 1. qqq

> Validation of GP predictive variance:

v" Predictive Variance adequacy (PVA): Prediction errors of the same order as the prediction
variances? = « Summary » of standardized residuals (by CV)

- 12
1 Mest (Y () — (D)
PVA = log ( (r®—y")

Miest ; MSE(x(1)

v' Comparison of theoretical levels of GP-confidence intervals and observed levels:

Y~ pp FOr GP-predictions intervals of level ay..,: rate of observed data lying in the intervals (by g:SV)
s see Demay et al. [2021]



STEP 3: Approximation with GP Metamodel
Application on IBLOCA test case

Assessment of accuracy and predictivity of final GP metamodel built on N = 889 simulations

Predictivity by CV Std Residuals by CV

800 120
s
700 - B i ] 100 -
8 R - -
N o * N
2 600 b b ﬂﬁ%@ 80
2 -
g S00p v a3 1 60 1
3] + :
2 ool e ! w0k Accuraccy Sequential
g (S T
o T criterion GP
300 i 1 20
Q? 0.82
200 r r r r 0
300 400 500 600 700 800 - -
Observed values Rate of good 0.943
classification Y>qq, '
Accuracy of Cl levels QQplot
o 1 : : : : 800~ +
g e ;E;-ht-
B st o 107 '
o 2 :
S £ o0 = 82 % of PCT variance
0.6 . . :
& 5 ol explained by the GP built with
B .l S the 20 selected 96 inputs
3 O
S 35 400 -
e g i3 . .
502 = a0t = 18% of variance unexplained:
s r r r r - r r r r inaccuracy of the GP + total
0 0.2 0.4 . 0.6 0.8 1 300 400 500 600- 700 effect of the 76 neg'ected inputs
(4 Theoretical a Observed quantiles
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Step 4: Uncertainty propagation with GP metamodel to identify the penalizing
values of X,,.,, under the uncertainty of the other inputs {X\Xpen}

= Precisely capture critical configurations of X,,.,, = {X;,7, X143} which lead to the highest
probability of PCT > §,4(Y) (under randomness of the other variables)

P(Xpeﬂ) — P[YGp(Xexp) > 5?0.9 |Xpen]
= 1= E(IYG;J(Xexp)Sf?().Q|Xpen) Xexp = Xexp \ Xpen
- 1 o E(IYGP(Xexstpen)é‘?O.Q ‘Xpen)
= 1- E(E(IYGP(chpechn)Sf?()ﬁ) ‘Xexp) ‘XPEH) Xexp and Xpen are
A independent
0.0 — Vi (Rexo, X i
= 1—- /~ b 909 f?p( xp pen) dPXexp (Xexp)
Zexp \/ MSE[YG)(Xexp, Xpen)]

- L oint distribution of X
Variation domain of Xy, J CETD

Q In practice, for each value of X,e, = {X127, X143}, computation of P(X,e,) by
intensive Monte-Carlo computation (integral in dimension 18)

& TeDF - 37



Use of final GP metamodel built on N = 889 simulations and with only 20 explanatory
inputs

Results:
- Considered critical threshold (90% - empirical quantile) g, o= 673.2°C
- Estimated probability of overpass g, o with GP: P[Y;p > §yo] = 0.1005

= Coherence of results

[ J
& TeDF - 38



STEP 4. Uncertainty propagation with GP
Application on IBLOCA test case

Computation of P(Xpep)

Probability of exceeding §o o = 673.18°C, accordingto Xj,; andX;;

@ 1200 = 1200

0 S—

o 05 ™

- -4

x 1100 0.45 s 100

0 — —

o > a 0\

£ 1000 ) £ 1000 %% 03

3 0.3 3

o o * 0,;"

900 900 ‘ 0

E . B N W 0445 N

g 0.25 [} %
= 2 ' E wor
ey % 8 02 0

o 700 0.15 S 700+ N J

" U ¥
£ 0.1 g
= 600" tiod = 600F 00
“ wo 1 1 I I o n n | I
w 32 34 36 38 4 42 @ 32 24 26 18 4 42

Break Size X;,7 (in) Break Size X;,7 (in)

» Strong interaction between the two scenario parameters
» Worst case: (3.57 inches, 907.8 seconds) = P ~ 0.55
» Physical explanation: these two parameters drive the degradation of the water inventory
o The smaller X;,-, the longer the pump will have to run for the same inventory degradation
o If X1,7 < 3.3 = the water inventory does not degrade too much (whatever GMPP)
g‘gedf X127 > 3.9 = break tends to be prevailing and reduces the impact of stop time of GMPP



S. Da Veiga, F. Gamboa, B. looss and C. Prieur. Basics and trends in sensitivity analysis: Theory and practice
in R, SIAM, 2021

C. Demay, B. looss, L. Le Gratiet and A. Marrel, Model selection for Gaussian Process regression: an
application with highlights on the predictive variance, Quality and Reliability Engineering International Journal,
1-20 (2021); https://doi.org/10.1002/gre.2973

C. Gauchy, J. Stenger, R. Sueur and B. looss, An information geometry approach for robustness analysis in
uncertainty quantification of computer codes, Technometrics, In press, 2021

B. looss, V. Verges and V. Larget, BEPU robustness analysis via perturbed-law based sensitivity indices,
Proceedings of the Institution of Mechanical Engineers, Part O: Journal of Risk and Reliability,
doi:10.1177/1748006X211036569, 2021

A. Marrel, B. looss and V. Chabridon, The ICSCREAM methodology: Identification of penalizing configurations
In computer experiments using screening and metamodel — Applications in thermal-hydraulics, Nuclear
Science and Engineering, in press

P. Lemaitre. Sensitivity analysis in structural reliability, Thése de I'Université de Bordeaux |, 2014

P. Lemaitre, E. Sergienko, A. Arnaud, N. Bousquet, F. Gamboa and B. looss. Density modification based
reliability sensitivity analysis. Journal of Statistical Computation and Simulation, 85 :1200-1223, 2015

R. Sueur, B. looss and T. Delage. Sensitivity analysis using perturbed-law based indices for quantiles and
application to an industrial case, 10th International Conference on Mathematical Methods in Reliability (MMR

2047), Grenoble, France, July 2017
U D57 y 40


https://doi.org/10.1002/qre.2973

