Some recent advances in the theory of moment
models

Teddy Pichard

CMARP, école polytechnique

T. Pichard Moment models 0/21



© Introduction

© The method of moments

© Geometry of the realizability domain
@ Quadrature approach: HyQMOM
© Entropy approach: (-divergence

© Realizability approach: Projection methods

T. Pichard Moment models 0/21



Introduction

© Introduction

T. Pichal Moment models



Introduction

Context

1D kinetic PDE
Def + vo,f = Q(f)

satisfying certain properties
o Well-posed with (together with IC and BC)
@ Hyperbolic (at fixed v)
@ Entropy decay
OH(F) + 0xG(f) =D(f) <0,

e = [an. an = [we)r o= [woe

with D(f)=0 < f=M
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Introduction

Context

1D kinetic PDE
Oif + vO,f = Q(f)
satisfying certain properties
o Well-posed with (together with IC and BC)
@ Hyperbolic (at fixed v)
@ Entropy decay
OH(F) + 0xG(f) =D(f) <0,

e = [an. an = [we)r o= [woe

with D(f) =0 < =M
Objective: Discretize w.r.t. v such that
@ These properties are preserved
o Capture exactly physical regimes (equilibrium, purely anisotropic)
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Introduction

Context

Other (toy) models :
o Radiative transfer p € [—1,1]

1
Tﬂ&f+p@f:LU)
@ Spray modelling S € R™

Oif + vOxf + 0s(Kf) =0,

< see A. Loison et al

Objective: Discretize w.r.t. v such that
@ These properties are preserved

e Capture exactly physical regimes (equilibrium, purely anisotropic)
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Introduction

State of the art and new alternatives

Alternatives (non-exhaustive):
@ Brute force: numerical cost, no equilibrium
o Monte-Carlo
o Discrete velocities
@ Moments methods:

o Euler equations —  restricted to low order
o Grad's methods —  non-hyperbolic, non-positive approximation
< regularizations (non-conservative)
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Introduction

State of the art and new alternatives

Alternatives (non-exhaustive):
@ Brute force: numerical cost, no equilibrium

o Monte-Carlo
o Discrete velocities

@ Moments methods:

o Euler equations —  restricted to low order
o Grad's methods —  non-hyperbolic, non-positive approximation
< regularizations (non-conservative)

Novelties around
@ Quadrature methods: HyQMOM
o Entropy method: @-divergence
@ Realizability method: Projection technique
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The method of moments

Principle

Principle: Of + vOif = Q(f)
© Choose basis of weight functions
w(v) = wy(v) = (1,v,v?, ...,v")7T

@ Integrate the equation against w(v) over v
3tf+6XF — o,
f:/w(v)f(v)dv, F:/vw(v)f(v)dv, Q:/w(v)Q(f)(v)dv

< Work with f instead of f
@ Express F(f) and Q(f) (closure) based on f
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The method of moments

Principle

Principle: Of + vOif = Q(f)
© Choose basis of weight functions

w(v) =wpy(v)=(1,v, \/27 s V’V)T

@ Integrate the equation against w(v) over v
3tf+6XF — o,
f:/w(v)f(v)dv, F:/vw(v)f(v)dv, Q:/w(v)Q(f)(v)dv

< Work with f instead of f
@ Express F(f) and Q(f) (closure) based on f
Difficulty: Choose a closure that
@ Preserves property
o Captures regimes
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The method of moments

Construction and properties of the closure

Seek
F = [vw(v)f(v)dv . f = [w(v)f(v)dv
k
=(Froofufua) TR = (o, )
Common idea:
@ Solve the " problem of moments”
from fec RV find fz st f:/wfR (1)

@ Closure: replace f by fg in F
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The method of moments

Construction and properties of the closure

Seek
F:/vw(v)f(v)dv knowing f:/w(v)f(v)dv

Common idea:
@ Solve the " problem of moments”

from fc RV find fz st f:/wfR (1)

@ Closure: replace f by fg in F
Problems:

e Existence of a solution to (1)?
— Under condition = When? = Realizability

o Uniqueness?
< Very rarely = How to choose fg? = Closure
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Geometry of the realizability domain

Definition and properties

Realizability domain

Ry = {f eRV! st 3Rkel,, (R)T f= / waR}
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Geometry of the realizability domain

Definition and properties

Realizability domain

Ry = {f eRV! st 3Rkel,, (R)T f= / waR}

— {/ wyf, fe L;NH(RV}
Remark:

@ Ry, is a convex cone,
i.e. stable by positive combinations

If f e Rw,y and a; > 0, then
Z Oz,'fi € RWN

@ Ry, isopen and Ry, Z Ruw,
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Geometry of the realizability domain

Hamburger moment problem

Definition: Riesz functional

R (Z oz;Xi> = Za;f,'

Proposition (1)

Even case : feR
Odd case : feR

wan & Hn(f) = (fiyj)o<ij<n  is SPD
wi  ©  Hn(Ff) = (firj)o<ijen  is SPD

Example:
fo fi ... fy
- fi f ... Ffyn
HN(f) = Rf(WNWN) = . . .
fv fyyp oo foy

— Fopaq is free
"Hamburger (1920), Akhiezer, Krein
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Geometry of the realizability domain

Hamburger moment problem

Proposition (?)
Suppose that J := rank(Hy) < N and H,(f) is SPD
Then 3! representing measure

J
v = Z@iésn a; >0,
i=1

@ Available only on part of 9R,, (call it IR} )
Example: f = (0,0,1)" € R, since

ORw R

H2(f) = < 8 (1) > is SPSD, R

but J = Rank(H(f)) =1
and Hi(f) = (0) is not SPD

2Curto & Fialkow (1991-)
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Geometry of the realizability domain

Hamburger moment problem

Proposition (?)
Suppose that J := rank(Hy) < N and H,(f) is SPD

Then 3! representing measure

J
Y= Zaiésf’ a; >0,
i=1

@ Notion of "recursiveness”
2y in Hy(f) and f,, 1 are independent,
n are functions of fo . 211

.....

2Curto & Fialkow (1991-)
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Geometry of the realizability domain

Corollary
f € Ru,y,, iff 38on10 st. (F, 8ongn) € ORY)

) WonN+2
or equivalently

fo ... frn | Y

G symmetric positive singular
fy ... fan Fonia
fnvee oo fonvi 8onge

— extends to multi-variate problems !

N
7—\)‘W2N+1 = ZQ;W(V,'), aj € ]R+7 vi e R
i=1

3Curto-Fialkow (1998-)
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Geometry of the realizability domain

Other sets of integration

Proposition (Stieltjes)

f:/ wpf iff
R+
@ Even case N =2M:  Huy(f) and (fij+1)ij=o,...m—1 are SPD

@ Odd case N =2M + 1: HM_l(f) and (fi+j+1)i,j:0,...,M are SPD

Proposition (Hausdorff)

+1
f:/ wyf iff
—il

@ Even case N = 2M: HM(f) and (fi+j+2 — f,‘+j)i7j=07___7[\/]_1 are
SPD

o Odd case N =2M + 1: (f;+j Ei= f;+j+1),’7j:07___,/\// are SPD

M—1
— Property: OR,, = OR]) = { > a,-w(v,-)}
i=1
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@ Quadrature approach: HyQMOM
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Quadrature approach: HyQMOM

QMOM?*: Principle

Considering f = (fo,...,fan_1) € Ruyy_, C R?V, then

N

N
fr = Za,,-év, & = ZQ;W(V/)
i=1

i=1

How to compute «; and v;?

N
f= Z a;w(v;)
i=1

4McGraw (1997), R. Fox, F. Laurent, D. Marchisio, M. Massot, C. Chalon
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Quadrature approach: HyQMOM

QMOM?*: Principle

Considering f = (fo,...,fan—1) € Ru,y_, C R2N | then

N
fr = ZO/,‘(SV, & fF= ZQIW(VI)
i i=1

How to compute «; and v;?
1 Construct orthogonal polynomials w.r.t. f (any representing
measure), i.e.
Re(PiP;) =0 Vi
Recursively: P_; =0, Py =1 and
Piir1 = (X — ak(F)) Pk + bi(F)Pr—1,
Re(XPF) Re(PF)
alf)=— v, blf)=5 5~
Re(PZ) Re(PF_1)

for k <N-—-1
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Quadrature approach: HyQMOM

QMOM?*: Principle

Considering f = (fo,...,fan_1) € Ruyy_, C R?N, then

N N
fr = Za;év, & F= Za;W(v/)
i=1 i=1

How to compute «; and v;?

1 Construct orthogonal (w.r.t. f) polynomials P_; =0, Py =1 and
Pii1 = (X — ak(f)) P + bi(f)Pi—1,

2 Seek fop s.t. (F,fay) € OR™D

wan

At R(fvsz)(Pl%l) =0

(v, i=1,...,N}=Z(Py)

4McGraw (1997), R. Fox, F. Laurent, D. Marchisio, M. Massot, C. Chalon
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Quadrature approach: HyQMOM

QMOM?*: Principle

Considering f = (fo,...,fan_1) € Ruyy_, C R?N, then

N N
fr EZOA,‘&W = f:ZQ‘iW(Vi)
i=1 i=1

How to compute «; and v;?

1 Construct orthogonal (w.r.t. f) polynomials P_; =0, Py =1 and
Pii1 = (X — ak(f)) P + bi(f)Pi—1,

2 Seek fop s.t. (f, fz/\/) € IRm

wan

& Rien(Py) =0
(i, i=1,...,N}=Z(Py)

3 Masses «; solve a Van der Monde system

4McGraw (1997), R. Fox, F. Laurent, D. Marchisio, M. Massot, C. Chalon
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Quadrature approach: HyQMOM

Properties

QMOM closure

N N N
fREZa;(SW, f:E:a,-w(v,-)7 F:Za;v,-w(v,-)
i=1 i=1 i=1

Properties:
o Positivity: if f € R,, then a; >0
@ Capture Diracs, no equilibrium
o Weak hyperbolicity:

JbF = Jian)F(Jia)f) ™' = PDiag(Jy, ..., In)P™H,  Ji= ( \(/)I ?/l )

o Entropy? Not related to kinetic
Appearance of §-shocks

Ost + Oxu =0, Orv +0xv+0u=0
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Quadrature approach: HyQMOM

Properties

QMOM closure
N N
fREZai6V;7 f:ZOé,'W(V,'), FZZQ;V;W(V;)
i=1 i=1

Properties:
o Positivity: if f € R,, then a; >0
@ Capture Diracs, no equilibrium
@ Weak hyperbolicity:
JtF = Jan)F(Jia)F)* = PDiag(Jh, ..., In)P7Y,  Ji= ( vi Qi )

o Entropy? Not related to kinetic

Extensions
e Algorithm: DQMOM
e Multi-variate v € R3: CQMOM
@ Multi-Gaussian a.k.a. EQMOM
e Strongly hyperbolic: HyQMOM (and multi-variate CHyQMOM)
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Quadrature approach: HyQMOM

HyQMOM?

Considering f = (fo,...,fan—1) € Ru,y_, C R2N | then

N
fr = Z a;dy, (1)
i=1
How to compute «; and v;?
e Construct orthogonal (w.r.t. f) polynomials P_; =0, Py =1 and

Rr(XPE) Re(PF)
Pii1 = (X — a)Px + bePe_1,  ax = b=
k+1 ( k) k kI k—1 k Rf(P,%) k Rf(P;%_l)

@ Bijection (80, bo,...,an_1, bN—l) —~FeR
QMOM : x,,r = Py,
5R. Fox and F. Laurent (2021)
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Quadrature approach: HyQMOM

HyQMOM?®

Considering f = (fo, ..., fon) € Ru,, C R2V'L then

N+1
fr = Z a;idy, (1)
i=1

How to compute «; and v;?
e Construct orthogonal (w.r.t. f) polynomials P_; =0, Py =1 and

Re(XP?) Rr(P2)
Pes1 = (X — ak)Pu + biPi_1,  a = . b=
b1 = ( «) P wPr—1 K Re(P2) K Re(PZ_)
e Bijection (ag, bo, ..., an—1,bn-1) & F € Ru,y_,

2
QMOM - XJF = ’DN>
5R. Fox and F. Laurent (2021)
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Quadrature approach: HyQMOM

HyQMOM?®

Considering f = (fo, ..., fon) € Ru,, C R2V'L then

N+1
fR = Za,-éw (1)
i=1

How to compute «; and v;?
e Construct orthogonal (w.r.t. f) polynomials P_; =0, Py =1 and

Re(XP}) Re(PF)
Pii1i= (X —a)Pc + bk Pi1,  ak = —5, b= =5~
Re(P7) Re(P7_;)
@ Construct a last one
N—1
~ 5 ~ . 1 ~ 2N +1
Pni1 = (X=3n)Pk+byPn—1, an= m a, by = N bn
k=0

~

e Bijection (ag, by, - .., an—1, bn—1, dn, by) & f € Ry

QMOM : y ,r = Py, HyQMOM : x . r = PnPni1
5R. Fox and F. Laurent (2021)
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Entropy approach: ¢-divergence

Minimum entropy

Consider 9;f 4+ vOxf = Q(f) such that
OH(F)+ 0xG(f) =D(f) <0,

H(F) = / 0(f), G(F) = / vi(f), D(F) = / 7 (NQ(F)

Proposition (°)

Choice: fg = argmin H(f),
[ wf=f

Boltzmann/Shanon entropy: n(f) = flog f, then (n*)’ = exp

6 evermore (1996), Junk, Schneider, Borwein & Lewis, Mead & Papanicolaou
“Lax & Friedrichs (1971), S. Kawashima, Y. Shizuta, W.-A. Yong
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Entropy approach: ¢-divergence

Minimum entropy

Consider 9;f 4+ vOxf = Q(f) such that
OH(F)+ 0xG(f) =D(f) <0,

H(F) = / W), G(F) = / vi(f), D(F) = / 7 (NQ(F)

Proposition (°)

Choice: fr = argmin H(f), then
[ wf=f

o fa= (1) (A w(v))

Boltzmann/Shanon entropy: n(f) = flog f, then (n*)’ = exp

6 evermore (1996), Junk, Schneider, Borwein & Lewis, Mead & Papanicolaou
“Lax & Friedrichs (1971), S. Kawashima, Y. Shizuta, W.-A. Yong
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Entropy approach: ¢-divergence

Minimum entropy

Consider 0;f + vO,f = Q(f) such that
OH(f) + 0.G(f) = D(f) <0,

H(F) = / 0(f), G(F) = / vi(f), D(F) = / 7 (NQ(F)

Proposition (°)

Choice: fr = argmin H(f), then
[ wf=f

o fr= (") (A w(v))
o 0, ([ wfg) + 0 ([ vwig) is symmetric hyperbolic’
A0\ + BOA

Boltzmann/Shanon entropy: n(f) = flog f, then (n*)’ = exp

6| evermore (1996), Junk, Schneider, Borwein & Lewis, Mead & Papanicolaou
“Lax & Friedrichs (1971), S. Kawashima, Y. Shizuta, W.-A. Yong
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Entropy approach: ¢-divergence

Minimum entropy

Consider 0:f + vOyxf = Q(f) such that
H(F)+ 0:G(f) =D(f) <0,

e = [an. o= [ver o= [wnem

\4

Proposition (°)

Choice: fr = argmin H(f), then
[wf=f

o fr = (") (ATw(v))
o 0; ([ wfr) + O ([ vwir) is symmetric hyperbolic’

o [ATwQ(fr) = [7/(fr)Q(fr) = D(fr) <0

Boltzmann/Shanon entropy: n(f) = flog f, then (n*) = exp

| evermore (1996), Junk, Schneider, Borwein & Lewis, Mead & Papanicolaou
“Lax & Friedrichs (1971), S. Kawashima, Y. Shizuta, W.-A. Yong
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Entropy approach: ¢-divergence

SIS

Two difficulties:
e Computational costs
@ Undefined for some f € Ry:

Proposition (®)

If € Rw st 7 satisfying / w(v)(*) (AT w(v))dv = f.
R

s lack of integrability .

3
exp (Z v+ )\4v4>

i=0
when Ay — 0~ Ia

8 Junk (1998), Schneider, McDonald, Groth
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Entropy approach: ¢-divergence

9

Alternative: ¢-divergence

Idea (via minimization techniques): Case n(f) = f log f
@ Use relative entropy!®

D(f, /\/I):/l\/ln (;ﬂ) :/flog (/;)

N N
— _' /N Y < flosf
i (f) f(/v+1f N) Nyl 8

@ Replace 1 by

s.t. Dn(f, M) = [ Min(£) and obtain

Aw ! T
fa! = argmin Dy(f,M) =M [ 1+ N ~ exp(A’ w)

9M. Abdelmalik (2016-), H. Van Brummelen
0Kullback & Leibler (1951)
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Entropy approach: ¢-divergence

9

Alternative: ¢-divergence

Entropy inequality

o. [u(r)y+o. [wute)= [wierawn <

AT N+1
w

f =M|[1

) ( " N >+
Properties:

e O (f wfR) + O, (f vwfR) is symmetric hyperbolic

@ Construction of Qp s.t.

Reconstruction

/ AT wQu(Y) = / () Qu(RY) < 0

o Still need to
9M. Abdelmalik (2016-), H. Van Brummelen
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Realizability approach: Projection methods

© Realizability approach: Projection methods
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Realizability approach: Projection methods

General ideal!

Receipe:
© Choose an equilibrium 9 € L}, (R)*

WnN+1

@ Project f € Ry, toward IR, along —F*?
f:aofeq-l-fs, fSGBT\’,.,.,N

@ Reconstruct fgr from £ and f°

f
< also for high order schemes (see K. Ait-Ameur et al)
1T.P. (2020-)
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Realizability approach: Projection methods

General ideal!

Receipe:
Q@ Choose an equilibrium f*9 € L, (R)*

@ Project f € Ry, toward R, along —F*?
f=caof9+F, fcoRu,

© Reconstruct fg from 9 and f°
Problem: Choose °/(f) such that
o Maxwellians 9 = M(p,u, T) = (") (AT w)
o f° € IRy C IRw, to reconstruct f* =3 a;w(v;)

1T.P. (2020-)
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Realizability approach: Projection methods

General ideal!

Receipe:
@ Choose an equilibrium 9 € Ll (R)*

Wn+1

@ Project f € Ry, toward R, along —F*?
f=caof9+F, fcoRu,

© Reconstruct fg from 9 and f°
Problem: Choose °/(f) such that
o Maxwellians 9 = M(p,u, T) = (") (AT w)
o f° € IRy C IRw, to reconstruct f* =3 a;w(v;)

Remark: In radiative transfer, Precomputed £9(¢, x)
e ¢ =1 (independent of f) o 7 independent of f
e and ORy, = IRw, @ but f* Z ORy) a priori

1T.P. (2020-)
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Realizability approach: Projection methods

A parametrization of R,

Suppose that f*9(A) = (%) (AT wy(v)) and 2M = N — (J + 1), seek
M
f= feq(A) + ZO[,‘W(V,‘)
i=1

+ M
Is { v A x (R* x R) = Ru a bijection 7

= (ANag,vi,...,ak,vk) —F
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Realizability approach: Projection methods

A parametrization of R,

Suppose that f*9(A) = (%) (AT wy(v)) and 2M = N — (J + 1), seek
M
f= feq(A) + ZO[,‘W(V,‘)
i=1

+ M
Is { A x (R* x R) = Ru a bijection 7
v =

(A ar,va, .., ak,vk) — F
No: det J,f =0 when ax =0 (and f(axk =0) € Rw)
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Realizability approach: Projection methods

A parametrization of R,

Suppose that f*9(A) = (%) (AT wy(v)) and 2M = N — (J + 1), seek

M
f= feq(A) + ZO[,‘W(V,‘)

Is { A x (R x R)M = Ru a bijection 7
v= (Aa,wv,...,ak,vk) —F
No: det J,f =0 when ax =0 (and f(axk =0) € Rw)
— Open questions:
o Work in f (/\ x (R* x R)M) C Ru
— ax < 0 attained?

o Complete with ax <0
— Existence VF € R,,, but lose uniqueness
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Realizability approach: Projection methods

Hyperbolicity

Suppose that fe9(X) = (%) (AT wy(v)) and 2M = N — (J + 1), seek

Weak hyperbolicity with wave speeds v; (multiplicity 2) and Sp(J) with
J= (/ vH(v — ) wyw ] ()" (ATWJ)>
i _q
(110 ey o7e)

T. Pichard Moment models
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Realizability approach: Projection methods

Properties and on-going work

Properties:
o Positivity

f:/w(v) ((xofeq(v)dv—l—Zoz;éV,)

o Captures 79 and 4,
o Weak hyperbolicity
@ Entropy decay: on-going work

On-going work:

@ Choice of closure Q(f) — Entropy decay
e Computation (numerical) of A, (aj, vi)i=1,...J
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In a nutshell

o Quadrature:
° hyperbolic — strongly
o Positive reconstruction
o Capture Diracs, not equilibria
° — not kinetic
o Algorithm !

o Entropy:

o Symmetric hyperbolic and dissipative
o Choice for a positive reconstruction
o Capture equilibria and Diracs (on the boundary)

o Projection:

° hyperbolic
o Positive reconstruction
o Capture equilibria and Diracs
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