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ABSTRACT. - Starting from a previously obtained « quasi-Newtonian »
solution of the equations of motion of a binary system at the first post-
Newtonian approximation of General Relativity, we derive a new « timing
formula » giving the arrival times at the barycenter of the solar system of
electromagnetic signals emitted by one member of a binary system. Our
timing formula is simpler and more complete than presently existing timing
formulas. We propose to use it as a timing model to be fitted to the arrival
times of pulses from binary pulsars. Specifically we show that the use
of this timing model in the analysis of the timing measurements of the Hulse-
Taylor pulsar could determine more parameters than is presently done.
This should lead to additional tests of the simplest model of this binary
system and to the first test of relativistic theories of gravity independent
of any hypothesis of « cleanness » of the system.

RESUME. - A partir d’une solution « quasi-newtonienne » des equations
du mouvement d’un systeme binaire a la premiere approximation post-
newtonienne de la Relativite Generale precedemment obtenue, nous deri-
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General relativistic celestial mechanics

of binary systems I. The post-Newtonian motion
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Ann. Henri Poincare.,

Vol. 43, n° 1, 1985, Physique theorique

ABSTRACT. 2014 We present a new method for solving explicitly the equa-
tions of motion of a binary system at the first post-Newtonian approxima-
tion of General Relativity. We show how to express the solution in a simple,
quasi-Newtonian form. The results are compared and constrasted with
other results existing in the literature.

RESUME. Nous presentons une nouvelle methode de resolution expli-
cite des equations du mouvement d’un systeme binaire a la premiere
approximation post-newtonienne de la Relativité Generale. Nous montrons
comment exprimer la solution sous une forme particulierement simple,
quasi-newtonienne. Les resultats sont confrontes a ceux precedemment
obtenus dans la littérature.

1. INTRODUCTION

The non-relativistic two-body problem consists in two sub-problems :
1) deriving the equations of orbital motion for two gravitationally inter-
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...We derive a new « timing formula »

...simpler and more complete ... than
presently existing timing formulas. ... This
should lead to additional tests ... (and) ...
to the first test of relativistic theories of
gravity independent of any hypothesis of «
cleanness » of the system.

We present a new method for solving
explicitly the equations of motion of a
binary system at the first post-Newtonian
approximation of General Relativity. We
show how to express the solution in a
simple, quasi-Newtonian form.

The “DD“ timing model 

All modern timing formulae 
derive from “DD“!
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Strong-field tests of relativistic gravity and binary pulsars

Thibault Damour
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J. H. Taylor
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(Received 10 September 1991)

Observations of pulsars in gravitationally bound binary systems provide a unique opportunity
for testing the strong-field regime of relativistic gravity. We present a detailed account of the
"parametrized post-Keplerian" (PPK) formalism, a general phenomenological framework designed
to extract the maximum possible information from pulsar timing and pulse-structure data. The
PPK approach allows dynamical information to be obtained from the data in a theory-independent
way, and encoded in a certain number of fitted post-Keplerian parameters. We show that as many as
19 such parameters can be measured, under favorable conditions, giving access to 15 possible tests
of relativistic gravity. We isolate and quantify the theoretical content of these tests by deriving,
within the framework of generic boost-invariant theories, expressions linking the phenomenological
parameters to the inertial masses of the pulsar and its companion, and to the polar angles of the
spin axis of the pulsar. The prospects for extracting some of these tests from observations of known
or yet-to-be-discovered binary pulsars is quantitatively assessed through numerical simulations. We
show that the recently discovered binary pulsar PSR 1534+12 should, with presently available data,
give access to two new strong-field tests of relativistic gravity, if the data are analyzed in the phe-
nomenological way emphasized in this paper. Moreover, in the long run, the first-discovered binary
pulsar, PSR 1913+16, could give access to three strong-field tests, beyond the presently obtained
~-p-Pp test. Finally, we show how, by combining the PPK approach with the predictions of a rather
generic class of tensor-biscalar theories, one can bring together tests based on observations of several
different pulsars. We illustrate how such a combination of independent tests can lead to very tight
quantitative constraints on possible strong-field deviations from the correct theory of gravity.
PACS number(s): 04.80.+z, 95.30.Sf. 97.60.Gb

I. INTRODUCTION

The discovery of binary pulsars in 1974 [1] opened up
an entirely new testing ground for relativistic gravity. Up
to their discovery, and apart from the qualitatively fasci-
nating but quantitatively poor confirmations of general
relativity coming from cosmological data, the only avail-
able testing ground for relativistic gravity was the solar
system. Starting in the late 1950s, a favorable situation
involving the availability of new technologies (including
the Mossbauer eA'ect, radar and laser ranging to solar-
system bodies, atomic clocks, . . . ), and the conception
of new tests of relativistic gravity [2—8], led to an inten-
sive period of research in experimental gravity. From a
theoretical point of view, the planning and interpretation
of experimental tests was greatly assisted by two differ-
ent but complementary approaches: on the one hand,
the existence of a specific, theoretically well-motivated,
one-parameter family of alternative theories of gravity,
originally due to Jordan [9] and Fierz [10], and further
developed by Brans and Dicke [11]; and on the other

hancl, the development of a general phenomenological
framework, tl:e pararnetrized post-Newtonian (PPN) for-
malism [12—15), able to describe with a minimum of the-
oretical assumptions the many directions in which very
generic alternative theories of gravity might diAer in their
predictions from general relativity. The main conclusion
one can draw from all the experimental results about
solar-system gravity is that, within the assumptions of
the PPN framework (notably the absence of any specific
length scale in the gravitational interaction), the limiting
regime of weak and quasistationary gravitational fields
has been fairly completely mapped out at the first post-
Newtonian level, i.e. , when taking into account fractional
corrections of order (v/c)2 GM/c2R to a Newtonian
description of gravity, and found to agree with general
relativity within a fractional accuracy of about 2 x 10
[16, 17].

In spite of the impressive quantitative value of solar-
system tests, their qualitative value seems relatively lim-
ited when one considers that studying the behavior of
the gravitational interaction in the combined weak-field-
quasistationary ("post-Newtonian" ) limit is somewhat
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The “DT92“ paper 

... a detailed account of the "parametrized post-Keplerian" (PPK)
formalism, a general phenomenological framework designed to
extract the maximum possible information from pulsar timing and
pulse-structure data. The PPK approach allows dynamical
information to be obtained from the data in a theory-independent
way, and encoded in a certain number of fitted post-Keplerian
parameters ... The prospects for extracting some of these tests
from observations of known or yet-to-be-discovered binary pulsars
is quantitatively assessed ... by combining the PPK approach with
the predictions of a rather generic class of tensor-biscalar theories,
one can bring together tests based on observations of several
different pulsars.

It has been the standard reference ever since...!



Alternative theories and “Spontaneous scalarization”:

And many more highly relevant papers by Thibault and Gilles...!
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Nonperturbative Strong-Field EKects in Tensor-Scalar Theories of Gravitation
Thibault Damour

Institut des Hautes Etudes Scientifiques, gl$$0 Bures sur Yvette, Prance
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Gilles Esposito-Farese
Centre de Physique Theorique, Centre National de la Recherche Scientifique, Luminy, Case 907,

1M88 Marseille CEDEX 9, Prance
(Received 15 January 1993)

It is shown that a wide class of tensor-scalar theories can pass the present weak-field gravitational
tests and exhibit nonperturbative strong-field deviations away from general relativity in systems
involving neutron stars. This is achieved without requiring either large dimensionless parameters,
fine tuning, or the presence of negative-energy modes. This gives greater significance to tests of the
strong gravitational field regime, notably binary pulsar experiments.

PACS numbers: 04.50.+h, 97.60.Jd

Tensor-scalar theories, in which gravity is mediated by
one or several long-range scalar fields in addition to the
usual tensor field present in Einstein's theory, are the
most natural alternatives to general relativity. Kaluza-
Klein, supergravity, and superstring theories naturally
give rise to massless scalar fields coupled to matter with
gravitational strength. Recently, "extended" inHationary
models [1] furnished a new motivation for considering
tensor-scalar theories.

Solar-system experiments set tight constraints on pos-
sible post-Newtonian deviations from general relativity,
namely (at the one sigma level) [2,3],

ip —li & 2 x 10, iP —li & 2 x 10

where P and p denote the usual post-Newtonian param-
eters (we add a tilde to the standard notation to distin-
guish them from the underlying theory parameters intro-
duced below). Within tensor-scalar theories, the combi-
nation

' = (1 —~)/(1 + ~) (2)
plays a basic role because it measures the ratio between
the couplings to matter of scalar and tensor Belds. The
Jordan-Fierz-Brans-Dicke theory, which is the simplest
tensor-scalar theory, has a;o ——(2io + 3) as a unique
free parameter, and all its predictions (in both weak-field
and strong-field conditions [4]) fractionally dier from the
general relativistic ones by quantities of order a&. More
generally, a recent study of generic tensor-scalar theo-
ries [5] has formally shown that all the deviations from
general relativity, observable at the present cosmological
epoch, can be expanded in series of powers of 0.20. These
results seem to suggest that the limit ao ( 10 deduced
from post-Newtonian experiments, Eq. (1), a priori con-
strains the possible level of deviation from general rel-
ativity in all other gravitational experiments, including
those involving strong gravitational fields [6].

+S W, &'(v)g„*.] . (3)

G, denotes a bare gravitational coupling constant, and
B, —:g„" B„* the curvature scalar of the "Einstein met-
ric" g* . The last term in Eq. (3) denotes the action of
the matter, which is a functional of some matter vari-
ables, collectively denoted by Q, and of the ("Jordan-
Fierz") metric g&„—A2(p)g„* . See Ref. [5] for the ex-
tension to the multiscalar case, and a comprehensive dis-
cussion of the observable consequences of tensor-scalar
theories.

The universal coupling of matter to g„means that
nongravitational clocks and laboratory rods measure this
metric. However, the Beld equations of the theory are
better formulated in terms of the variables (g„'„,p). The
field equations derived from Eq. (3) read

R', = 28„p Bp+ 8m O. (T,„', — T g—'

g P = —47l-G. o.(&P)T„,

with T," = 2(g, ) ~ 6S /69„* denoting the stress-
energy tensor in the g* units, and where all tensorial
operations are performed by using this metric. The quan-

The purpose of the present work is to prove that such
a conclusion would be illegitimate. By studying neutron-
star models within general tensor-scalar theories, we Bnd
that, when a certain inequality is satisfied [(P —1)/(p—
1) ) +1], these models develop some nonperturbative
strong gravitational Beld eKects which induce order-of-
unity deviations from general relativity, even when the
linear coupling constant a& is very small.

The most general metric tensor-monoscalar theory
(with one massless scalar field) contains one arbitrary
"coupling function" A(&p) [7]. Its action reads

S = (16~G.) ' ds2:g.'~ [R, —2g„" B„pB p]
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...non-perturbative strong-field effects in tensor-scalar
theories ... are interpreted as a scalar analogue of
ferromagnetism: ‘‘spontaneous scalarization.’’ (...leading
to...) very significant deviations from general relativity in
conditions involving strong gravitational fields, notably
binary-pulsar experiments...

Tensor-scalar gravity and binary-pulsar experiments

Thibault Damour*
Institut des Hautes Etudes Scientifiques, F 91440 Bures-sur-Yvette, France,

and School of Natural Sciences, Institute for Advanced Study, Olden Lane, Princeton, New Jersey 08540

Gilles Esposito-Farèse†

Department of Physics, Brandeis University, Waltham, Massachusetts 02254
~Received 28 February 1996!

Some recently discovered nonperturbative strong-field effects in tensor-scalar theories of gravitation are
interpreted as a scalar analogue of ferromagnetism: ‘‘spontaneous scalarization.’’ This phenomenon leads to
very significant deviations from general relativity in conditions involving strong gravitational fields, notably
binary-pulsar experiments. Contrary to solar-system experiments, these deviations do not necessarily vanish
when the weak-field scalar coupling tends to zero. We compute the scalar ‘‘form factors’’ measuring these
deviations, and notably a parameter entering the pulsar timing observable g through scalar-field-induced
variations of the inertia moment of the pulsar. An exploratory investigation of the confrontation between
tensor-scalar theories and binary-pulsar experiments shows that nonperturbative scalar field effects are already
very tightly constrained by published data on three binary-pulsar systems. We contrast the probing power of
pulsar experiments with that of solar-system ones by plotting the regions they exclude in a generic two-
dimensional plane of tensor-scalar theories. @S0556-2821~96!04314-7#

PACS number~s!: 04.50.1h, 04.80.Cc, 97.60.Gb

I. INTRODUCTION

Einstein’s general relativity theory postulates that gravity
is mediated only by a long-range tensor field. It has been
repeatedly pointed out over the years ~starting with Kaluza
@1#! that unified theories naturally give rise to long-range
scalar fields coupled to matter with gravitational strength.
This led many authors, notably Jordan @2#, Fierz @3#, and
Brans and Dicke @4#, to study, as most natural alternatives to
general relativity, tensor-scalar theories in which gravity is
mediated in part by a long-range scalar field. The motivation
for such theories has been recently revived by string theory
which contains massless scalars in its gravitational sector
~notably the model-independent dilaton!.

We shall consider tensor-scalar gravitation theories con-
taining only one scalar field, assumed to couple to the trace
of the energy-momentum tensor. The simplest example of
such a theory is a scalar field only coupled to the gravita-
tional sector through a nonminimal coupling jRF2 ~see Sec.
VI below!. For a study of the observable consequences of
general tensor-scalar theories ~containing one or several sca-
lar fields!, see Ref. @5#.

Actually, one generically expects scalar fields not to
couple exactly to the mass but to exhibit some ‘‘composition
dependence’’ in their couplings to matter. However, a recent
study of a large class of viable string-inspired tensor-scalar
models @6# has found that the composition-dependent effects
represent only a very small fraction (;1025) of the effective

coupling to matter. Such fractionally small composition-
dependent effects would be negligible in the gravitational
physics of neutron stars that we consider here.

The most general theory describing a mass-coupled long-
range scalar contains one arbitrary ‘‘coupling function’’
A(w) @3#. The action defining the theory reads

S5
c4

16pG*
E
d4x
c g*

1/2~R*22g*
mn]mw]nw!

1Sm@cm ;A2~w!gmn* # . ~1.1!

Here, G* denotes a bare gravitational coupling constant,
R*[g*

mnRmn* the curvature scalar of the ‘‘Einstein metric’’
gmn* describing the pure spin-2 excitations, and w our long-
range scalar field describing spin-0 excitations. @We use the
signature 2111 and the notation g*[2detgmn* .# The last
term in Eq. ~1.1! denotes the action of matter, which is a
functional of some matter variables ~collectively denoted by
cm) and of the ‘‘physical metric’’ g̃mn[A2(w)gmn* . Labora-
tory clocks and rods measure the metric g̃mn which, in the
model considered here, is universally coupled to matter. The
reader will find in Eqs. ~6.1!–~6.7! below an explicit ex-
ample ~nonminimally coupled scalar field! of how an action
of the type ~1.1!, involving two conformally related metrics
gmn* and g̃mn5A2(w)gmn* , can naturally arise.

The field equations of the theory are most simply formu-
lated in terms of the pure-spin variables (gmn* ,w). Varying
the action ~1.1! yields

Rmn* 52]mw]nw1
8pG*
c4 S Tmn* 2

1
2 T*gmn* D , ~1.2a!

* Also at the Département d’Astrophysique Relativiste et de Cos-
mologie, Observatoire de Paris, Centre National de la Recherche
Scientifique, F 92195 Meudon, France.

† Permanent address: Centre de Physique Théorique, CNRS Lu-
miny, Case 907, F 13288 Marseille Cedex 9, France.
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ear in w . @We shall sometimes refer to model ~2.1! as ‘‘the
quadratic model.’’# When b satisfies b&24, we are in a
regime where nonperturbative effects develop for massive
enough neutron stars. The results of @10# raise a paradox in
the limit where the asymptotic value of w0 tends toward
zero, i.e., a05bw0!0. Indeed, in the case a5bw the right-
hand side of Eq. ~1.2b! is proportional to w , and w(x)[0 is
an exact solution which satisfies the homogeneous boundary
conditions w!0 at spatial infinity. Equation ~1.2b! being
elliptic in the stationary case of an isolated star, it would
seem that the solution, with given boundary conditions, must
be unique, and therefore that in the homogeneous case
w050 the only solution must be the trivial one w(x)50.
This conclusion is correct in the case of weakly self-
gravitating systems ~such as ordinary stars, white dwarfs, or
even low-mass neutron stars!. Should not then physical con-
tinuity require to take always as ‘‘correct’’ solution of Eq.
~1.2b! the trivial one, even when considering strongly self-
gravitating systems such as neutron stars? What can cause a
discontinuity in the configuration of the scalar field ~with
homogeneous boundary condition! for massive neutron
stars? In the simple case of the coupling function ~2.1!, we
have the further paradox that the theory is symmetric under
the reflection w!2w , so that it seems at face value that the
solution of Eqs. ~1.2! corresponding to the self-symmetric
boundary conditions w050 must be self-symmetric and
therefore identically zero.

A solution of these paradoxes, and a clearer understand-
ing of the phenomena studied in @10#, is obtained by making
an analogy with the well-known phenomenon of spontaneous
magnetization of ferromagnets ~below the Curie tempera-
ture!. In the latter case, a convenient order parameter is the
total magnetization M ~which is thermodynamically conju-
gate to the external magnetic field B0: M52]E/]B0). In
our ‘‘scalarization’’ case, we can take as order parameter the
total scalar charge vA developed by the neutron star ~labeled
A) in presence of an external scalar field w0; it is defined as
the coefficient of G* /r in the far scalar field around A:
w(r)5w01G*vA /r1O(1/r2) as r!` . As shown in @5#,
vA is energetically conjugate to the external scalar field
w0 :

vA52]mA /]w0 , ~2.2!

where mA denotes the total mass-energy of the star ~in Ein-
stein units!. It is also the quantity which appears directly in
the Keplerian-order interaction energy between two stars:
V int52G*mAmB /rAB2G*vAvB /rAB , where the first term
comes from the exchange of a graviton and the second from
the exchange of a scalaron. In the presence of a nonzero
external w0 , weakly self-gravitating objects develop a scalar
charge which is proportional to w0 in the limit w0!0 ~‘‘sca-
lar susceptibility,’’ the analogue to the magnetic susceptibil-
ity M5xB0 for weak external magnetic fields in the absence
of spontaneous magnetization!.

Following Landau, we can understand what happens for
strongly self-gravitating objects by writing the total energy
to be minimized as a function of both the external field and
the order parameter, mA(vA ,w0)5m(vA)2vAw0 , and by
assuming that the ~Legendre transform! energy function
m(vA) develops, when some control parameter varies, a

minimum at a nonzero value of vA . In our case, if we fix the
shape of the coupling function A(w) @for instance Eq. ~2.1!
with b sufficiently negative#, the control parameter is the
total baryon mass m̄A of the star. A simple model exhibiting
the appearance of a ‘‘spontaneous scalarization’’ of a star in
absence of external field w0 is simply the usual Landau an-
satz near the critical transition point: m(vA)
5 1

2a(m̄cr2m̄A)vA
2 1 1

4bvA
4 . In absence of external field,

w050, the energy mA is minimum at the unique ~trivial!
solution vA50 when m̄A,m̄cr , while when m̄A.m̄cr , there
appear two energetically favored nontrivial solutions
vA56@b21a(m̄A2m̄cr)#1/2. At the critical transition
m̄A5m̄cr , the slope dvA /dm̄A is infinite. As in the ferro-
magnetic case, the presence of an external field w0fi0
smoothes the transition. For instance, the ‘‘scalar susceptibil-
ity’’ xA5]vA /]w0 which blows up near the critical point as
um̄A2m̄cru

21 when w050 becomes a rapidly varying but
smooth function of m̄A when w0fi0. The results of @10#
clearly exhibit the sharpening of the transition as w0!0.
This is illustrated in Fig. 1, which displays two curves cor-
responding to w052.431023 and w050 for the same theory
@b526 in Eq. ~2.1!# and the same equation of state ~EOS II
of Ref. @12#!. Note that, when w0fi0, it is the sign of the
external w0 which determines the direction of the symmetry
breaking.

It is convenient, notably for the applications to binary-
pulsar experiments, to replace the quantity vA by the related
quantity

aA[2
vA

mA
[

]lnmA

]w0
, ~2.3!

which measures the effective strength of the coupling be-
tween w and the star. It is the strong-field counterpart of the
weak-field coupling strength a05a(w0) and reduces to it in
the case of negligible self-gravity. Correlatively, it is conve-
nient to replace the scalar susceptibility xA5]vA /]w0 by
the quantity

bA[
]aA

]w0
, ~2.4!

FIG. 1. Effective scalar coupling strength 2aA[vA /mA versus
baryonic mass m̄A , for the model A(w)5exp(23w2). The solid line
corresponds to the maximum value of w0 allowed by solar-system
experiments, and the dashed lines to w050 ~‘‘zero mode’’!. The
dotted lines correspond to unstable configurations of the star.
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Gravitational-wave versus binary-pulsar tests of strong-field gravity

Thibault Damour
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Gilles Esposito-Farèse
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~Received 9 March 1998; published 16 July 1998!

Binary systems comprising at least one neutron star contain strong gravitational field regions and thereby
provide a testing ground for strong-field gravity. Two types of data can be used to test the law of gravity in
compact binaries: binary pulsar observations, or forthcoming gravitational-wave observations of inspiralling
binaries. We compare the probing power of these two types of observations within a generic two-parameter
family of tensor-scalar gravitational theories. Our analysis generalizes previous work ~by us! on binary-pulsar
tests by using a sample of realistic equations of state for nuclear matter ~instead of a polytrope!, and goes
beyond a previous study ~by C. M. Will! of gravitational-wave tests by considering more general tensor-scalar
theories than the one-parameter Jordan-Fierz-Brans-Dicke one. Finite-size effects in tensor-scalar gravity are
also discussed. @S0556-2821~98!08616-0#

PACS number~s!: 04.80.Cc, 04.30.2w, 97.60.Gb

I. INTRODUCTION

The detection of gravitational waves by kilometric-size
laser-interferometer systems such as the Laser Interferomet-
ric Gravitational Wave Observatory ~LIGO! in the US and
VIRGO in Europe will initiate a new era in astronomy. One
of the most promising sources of gravitational waves is the
inspiralling compact binary, a binary system made of neutron
stars or black holes whose orbit decays under gravitational
radiation reaction. The observation of these systems will pro-
vide important astrophysical information, e.g. masses of neu-
tron stars, and direct distance measurements up to hundreds
of Mpc @1#. It is also said that detecting gravitational waves
from inspiralling binaries should provide rich tests of the law
of relativistic gravity in situations comprising strong-field
regions ~like near a neutron star or a black hole!. However,
present binary-pulsar experiments already provide us with
deep and accurate tests of strong-field gravity @2–4#. It is
therefore interesting to compare and contrast the probing
power of present ~and foreseeable! pulsar tests with that of
future gravity-wave observations.

A convenient quantitative way of doing this comparison is
to work within a multi-parameter family of physically moti-
vated ~and physically consistent! theories of gravity which
differ from Einstein’s theory in their radiative and strong-
field predictions. The most natural framework of this type is
the general class of tensor-scalar theories in which gravity is
mediated both by a tensor field gmn* ~‘‘Einstein metric’’! and
by a scalar field w. These theories contain one arbitrary
‘‘coupling function’’ A(w) defining the conformal factor re-
lating the pure spin-2 Einstein metric gmn* to the ‘‘physical
metric’’ g̃mn5A2(w)gmn* measured by laboratory clocks and
rods. The usual Jordan-Fierz-Brans-Dicke theory @5–7# is the
one parameter class of theories defined by a coupling func-
tion A(w)5exp(a0w). @The coupling strength a0 is related to
the often used parameter v by a0

25(2v13)21.] Will @8#

has studied the quantitative constraints on the coupling pa-
rameter a0 of Jordan-Fierz-Brans-Dicke theories that could
be brought by gravitational-wave observations. His result is
that in most cases the bounds coming from gravity-wave
observations will be comparable to presently known bounds
coming from solar-system experiments ~namely, a0

2,1023).
This result of Ref. @8# seems to suggest that gravitational-
wave-based strong-field tests of gravity do not go really be-
yond the solar-system weak-field tests of gravity. We wish,
however, to emphasize that this seemingly pessimistic con-
clusion is mainly due to having restricted one’s attention to
the special, one-parameter Jordan-Fierz-Brans-Dicke theory.
Indeed, in this theory the strength of the coupling of the
scalar field w to matter is given by the constant quantity a0
independently of the state of condensation of the gravita-
tional source. As a consequence, the predictions of the theory
differ from those of Einstein’s theory by a fraction of order
a0

2 in all situations: weak-field ones or strong-field ones,
alike. By contrast, it has been emphasized in Refs. @9, 10#
that the more generic tensor-scalar theories in which the
strength of the coupling of w to matter, namely

a~w![
] ln A~w!

]w
, ~1.1!

depended on the value of w, allowed for the existence of
genuine strong-field effects, by which the presence of a
highly condensed source, such as a neutron star, could gen-
erate order-unity deviations from general relativity even if
the weak-field limit of a~w! is arbitrarily small. @More pre-
cisely, these non-perturbative strong-field effects take place
when b(w)[]a(w)/]w is negative.# This led us to consider,
instead of the Jordan-Fierz-Brans-Dicke model A(w)
5exp(a0w), the class of theories defined by

A~w!5expS
1
2 b0w2D . ~1.2!
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Alternative theories and comparison to gravitational wave detectors

Binary systems comprising at least one neutron
star contain strong gravitational field regions
and thereby provide a testing ground for
strong-field gravity. Two types of data can be
used to test the law of gravity in compact
binaries: binary pulsar observations, or
forthcoming gravitational-wave observations of
inspiralling binaries.

~4.4a–c! into constraints on alternative gravity theories by
using the predictions that, say, tensor-scalar gravity make for
v̇ ,g , Ṗb as functions of the two ~a priori unknown! masses
mA ,mB and of the parameters ~here a0 ,b0) defining each
tensor-scalar theory. As already mentioned above, the depen-
dence on the theory-parameters a0 ,b0 goes through the de-
pendence of the post-Keplerian parameters v̇ , g and Ṗb on
the effective coupling constants aA,aB,bA,bB,kA. The
explicit expressions of v̇ theory(mA,mB,aA,bA,kA, . . . ),
g theory(mA ,mB,aA,bA,kA, . . . ) and Ṗb

theory(mA,mB,aA,bA,
kA, . . . ) have been written down in Refs. @11# and @10#. We
shall not reproduce them here. Using these expressions, we
then define a goodness-of-fit statistics by minimizing over
the physically a priori undetermined masses:

x2~pi
obs ;a0 ,b0!

5minmA ,mBx
2~pi

obs ;mA ,mB ,aA ,bA ,kA , . . . !,

~4.6!

where, for the simultaneous measurement of any number of
post-Keplerian parameters pi , one would define

x2~pi
obs ;mA ,mB ,aA ,bA , . . . !

[(
i

~spi
obs!22

3„pitheory~mA ,mB ,aA ,bA , . . . !2pi
obs…2. ~4.7!

Here, we neglect the correlations between the measurements
of the various post-Keplerian parameters.

In principle, when considering one or more pulsar experi-
ments simultaneously, one can associate a confidence level
~in the bayesian sense! to any region R in the theory-plane
by integrating over R the normalized a posteriori probability
density

da0db0ppost~a0 ,b0!

5da0db0Npprior~a0 ,b0!W1~p1
obs

ua0 ,b0!

3W2~p2
obs

ua0 ,b0!. . . ~4.8!

where the probability ~density! W1 to observe, in the first
pulsar experiment, the multiplet p1

obs @e.g. (v̇obs,gobs,
Ṗb

obs)# of post-Keplerian parameters can be approximated by
the Gaussian

W1~p1
obs

ua0 ,b0!5expF2
1
2 x2~p1

obs ;a0 ,b0!G ~4.9!

with the definition ~4.6! above. In Eq. ~4.8!, N is a normal-
ization constant @such that **da0db0ppost(a0 ,b0)51] and
pprior(a0 ,b0) is some a priori probability density for the
values of the theory parameters. A common ~and convenient!
way of choosing some confidence regions R is to define
them from the various x2. One can consider either the over-
lap ~assumed to exist! of the various individual x2 contour
levels x2(p1

obs;a0,b0)5k1,x2(p2
obs;a0,b0)5k2, etc., or the

combined x2 contour levels: x tot
2 (a0, b0)5ktot, with x tot

2

[(ax
2(pa

obs;a0,b0). To each choice of R, we associate a
bayesian probability ~‘‘probability of causes;’’ the causes be-

FIG. 2. Same plot as Fig. 1 in the case of a soft equation of state
~Pandharipande!. The region possibly excluded by the LIGO-
VIRGO detection of a (1.4m() neutron star–(10m() black hole
system lies above the dotted line. The bubble-like region at the left
of Fig. 1 ~binary-neutron-star system detected by LIGO-VIRGO!
does not exist in the case of this soft equation of state.

FIG. 1. Region of the (a0 ,b0) theory plane allowed by solar-
system tests, binary-pulsar experiments, and future gravity-wave
detections, in the case where nuclear matter is described by the
polytrope ~2.4!,~2.5!. In view of the reflection symmetry a0!
2a0 , we plot only the upper half plane. The region allowed by
solar-system tests is below the thin line labeled ‘‘1PN.’’ The PSR
0655164 data constrain the values of a0 and b0 to be between the
two solid lines. The regions allowed by the PSR 1913116 and PSR
1534112 tests lie respectively to the right of the bold line and of
the the dashed line. The horn-shaped region at the top-left of the
dashed line is removed if the observable Ṗb

obs is taken into account
for PSR 1534112. Each of these curves determines the level x2

51 for the corresponding test. We have also plotted the level x2

52 for PSR 1913116 to underline that the precise value of x2 is
not very significant in the region where binary-pulsar experiments
are more constraining than solar-system tests (b0&23). The re-
gions excluded by the gravity-wave observation limit ~3.10!, with a
signal-to-noise ratio S/N510, lie on the hatched sides of the curves
labeled ‘‘LIGO-VIRGO.’’ The case of a 1.4m(-neutron-star and a
10m(-black-hole binary system is labeled ‘‘NS-BH,’’ whereas the
case of a 1913116-like binary-neutron-star system is labeled ‘‘NS-
NS.’’ The region simultaneously allowed by all the tests is shaded.
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Continued timing observations of the Double Pulsar, PSR J0737�3039A/B, which consists of two
active radio pulsars (A and B) that orbit each other with a period of 2.45 hr in a mildly eccentric
(e = 0.088) binary system, have led to large improvements in the measurement of relativistic e↵ects
in this system. With a 16-yr data span, the results enable precision tests of theories of gravity for
strongly self-gravitating bodies and also reveal new relativistic e↵ects that have been expected but
are now observed for the first time. These include e↵ects of light propagation in strong gravitational
fields which are currently not testable by any other method. In particular, we observe the e↵ects
of retardation and aberrational light-bending that allow determination of the spin direction of the
pulsar. In total, we have detected seven post-Keplerian parameters in this system, more than for
any other known binary pulsar. For some of these e↵ects, the measurement precision is now so
high that for the first time we have to take higher-order contributions into account. These include
the contribution of the A pulsar’s e↵ective mass loss (due to spin-down) to the observed orbital
period decay, a relativistic deformation of the orbit, and the e↵ects of the equation of state of
super-dense matter on the observed post-Keplerian parameters via relativistic spin-orbit coupling.
We discuss the implications of our findings, including those for the moment of inertia of neutron
stars, and present the currently most precise test of general relativity’s quadrupolar description of
gravitational waves, validating the prediction of general relativity at a level of 1.3⇥ 10�4 with 95%
confidence. We demonstrate the utility of the Double Pulsar for tests of alternative theories of
gravity by focusing on two specific examples and also discuss some implications of the observations
for studies of the interstellar medium and models for the formation of the Double Pulsar system.
Finally, we provide context to other types of related experiments and prospects for the future.
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And still going strong...

In the following:
Some of the milestones & current state of art...
and some more important work by Thibault!



Binary Pulsar experiments are rather simple... 
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We start with a precise clock attached to a compact massive object... 
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...which we put in a binary system and watch from “safe” distance:
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Gravity Tests, EoS

Binary Pulsar experiments are rather simple... 



How it all started… & first evidence for gravitational waves
Hulse & Taylor (1975)
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[ Weisberg & Huang 2016 ]

• Gravitational waves exist
• Their energy is as predicted by GR
• Gravity propagates with the speed of light
• GR holds for strongly self-gravitating bodies
• Existence of double neutron star mergers



Post Keplerian (PK) - Parameters
• Theory-independent strong-field analogue of PPN formalism: "parametrized post-Keplerian" approach 

(Damour & Deruelle ’86, Damour & Taylor ’92)

• Theory independent, but given theory makes specific prediction for values as functions of Keplerian parameters and 

(a priori) unknown masses of pulsar and companion 

• Simultaneous measurement of n PK parameters allows (n-2) independent tests of given theory
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Post Keplerian (PK) - Parameters
• Theory-independent strong-field analogue of PPN formalism: "parametrized post-Keplerian" approach 

(Damour & Deruelle ’86, Damour & Taylor ’92)

• Theory independent, but given theory makes specific prediction for values as functions of Keplerian parameters and 

(a priori) unknown masses of pulsar and companion 

• Simultaneous measurement of n PK parameters allows (n-2) independent tests of given theory
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ABSTRACT 
We reexamine the theoretical significance of the raw observational parameter called the “rate of orbital 

period change,” PJbs, of the binary pulsar PSR 1913 + 16. We show that the current precision (~0.8%) on the 
determination of PJbs makes it necessary to take explicitly into account the effects of the galactic accelerations 
of the pulsar and the Sun, and that of the proper motion of the pulsar. Several other possible contributions to 
P£bs are (re)examined and found negligible. As the value of the galactic contribution to Pb/Pb depends explic- 
itly on the distance to the pulsar, say d, we have been led to reexamine the determination of d from dispersion 
measurements. We find that recent progress in H i absorption measurements in the first galactic longitude 
quadrant allows one to constrain the mean electron density along the line of sight to PSR 1913 + 16 (/ = 50°) 
to the range fic(50°) = ([6.39 + 0.93][R0/l kpc])-1 cm-3, where R0 is the galactocentric distance of the Sun. 
This value for ñe is smaller than the “standard” one and leads to a galactic-reduced distance to PSR 
1913 + 16, d/R0 = 1.08 + 0.16. After subtraction of the galactic effects, the latest experimental results yield a 
0.8% confirmation of the general relativistic prediction: P£bs~ßal/P?R = 1.0081 + 0.0022(galactic) 
+ 0.0076(observational). Alternatively, this result yields an upper bound to the rate of change of Newton’s 
gravitational constant, G/G = (1.10 ± 1.07) x 10“11 yr_1, which, in the long term, may be limited to the 
+ 3 x 10“12 yr-1 level of precision because of the uncertainties in the values of the galactic constants, R0 
and v0. 
Subject headings: gravitation — pulsars — relativity — stars: binaries — stars: stellar dynamics 

I. INTRODUCTION 
The binary pulsar PSR 1913 + 16 has held up to, and even 

surpassed, the expectations raised by its discovery in 1974 
(Hulse, and Taylor 1975) in providing us with a new laboratory 
for relativistic gravity. The regular acquisition of timing data 
with steadily improving precision has motivated several stages 
of corresponding improvements in the theoretical description 
of this system (for a recent review see Taylor and Weisberg 
1989). A partial list of these successive theoretical improve- 
ments is: the inclusion of the relativistic time dilation of the 
pulsar clock (Blandford and Teukolsky 1976); the addition of 
timing corrections linked with gravitational retardation of the 
pulsar signals and with 0(v2/c2) relativistic orbital effects 
(Epstein 1977, 1979; Haugan 1985; Damour and Deruelle 
1985, 1986); the timing effects due to aberration (Smarr and 
Blandford 1976; Damour and Deruelle 1986); the calculation 
of higher order relativistic contributions to the periastron 
advance—both spin-orbit (Barker and O’Connell 1975) and 
0(v*/c4) orbital effects (Damour and Schäfer 1988). Each time, 
these refinements have been motivated by the necessity to 
match the theoretical accuracy of the description of the system 
with the current observational precision. The aim of the 
present work is to refine further the link between the raw 
observational parameter traditionally called the “rate of 
orbital period decay,” PJbs, and the corresponding theoretical 
quantity, Pj,heor, defined as the contribution to the intrinsic 
orbital period decay due to a particular relativistic theory of 
gravity (i.e., P^*��is the orbital decay that would be observed 
in the center-of-mass system of an isolated binary system 
whose internal dynamics are ruled entirely by some theory of 

gravity). This refinement is required by the present observa- 
tional precision of P£bs, which has now reached a level ~0.8% 
(Taylor and Weisberg 1990). 

The theoretical importance of the Pb measurement has long 
been recognized as a direct confirmation that the gravitational 
interaction propagates with velocity c (which is the immediate 
cause of the appearance of a damping force in the binary pulsar 
system) and thereby as a test of the existence of gravitational 
radiation and of its quadrupolar nature (Wagoner 1975a; 
Eardley 1975; Will and Eardley 1977; Weisberg and Taylor 
1981; Will 1981; Damour 1983a, b). More recently, it has also 
been recognized as a new way to constrain the time variability 
of the Newtonian gravitational constant (Damour, Gibbons 
and Taylor 1988). In view of this theoretical importance it is 
essential to have control of all the effects that could contribute 
an apparent orbital period change, i.e., that would contribute 
to Pf35, while not being part of Pf��(as defined above). A 
(probably partial) list of the effects which have been considered 
in the literature is: (1) acceleration of the center of mass of the 
binary system with respect to the solar system due to the gravi- 
tational field of the Galaxy (Brumberg et al 1975; Wagoner 
1975h; Shapiro and Terzian 1976; Will 1976, 1981); (2) mass 
loss from the pulsar or its companion (Smarr and Blandford 
1976; Will 1981); (3) tidal dissipation effects in the case the 
companion is a helium star or a rapidly rotating white dwarf 
(Smarr and Blandford 1976; Will 1981); (4) acceleration by a 
third body (Smarr and Blandford 1976; Will 1981); (5) dynami- 
cal friction caused by an enveloping gas cloud (Baroni et al. 
1979, 1980); (6) perturbation by external ultra-low-frequency 
gravitational waves (Bertotti, Carr, and Rees 1983). 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 
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The Double Pulsar (Burgay et al. 2003, Lyne et al. 2004)

• Mildly recycled 23-ms pulsar in  a 147-min orbit with young 2.8-s pulsar - orbital velocities of 300 km/s

• Eclipsing binary in compact (3-lts), slightly eccentric (e=0.088) and  edge-on orbit (tilt only 0.65 deg!)

• Ideal laboratory for gravitational physics

0.65 deg

Relativistic effects measured:

• Orbital precession  

• Time dilation

• Shapiro delay (incl. next-to-leading order)

• Aberrational light bending

• Spin precession

• Relativistic deformation of orbit

• GW emission

Plus theory-independent mass-ratio
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TABLE IV. Timing parameters for PSR J0737�3039A in
TDB units (see text). Except for astrometry and DM, the
parameters were derived using Tempo with the 30-s ToA data
set. Numbers in parentheses are 1� uncertainties referred to
the last quoted digit.

Parameter Value

Right ascension, ↵ (J2000) 07h37m51.s248115(10)†

Declination, � (J2000) �30�39040.0070485(17)†

Proper motion R.A., µ↵ (mas yr�1) �2.567(30)†

Proper motion Dec., µ� (mas yr�1) 2.082(38)†

Parallax, ⇡c (mas) 1.36(+0.12,�0.10)†

Position epoch (MJD) 55045.0000

Rotational frequency, ⌫ (Hz) 44.05406864196281(17)‡

First freq. derivative, ⌫̇ (Hz s�1) �3.4158071(11)⇥10�15‡

Second freq. derivative, ⌫̈ (Hz s�2) �2.286(29)⇥10�27 ‡

Third freq. derivative,
...
⌫ (Hz s�3) 1.28(26)⇥10�36 ‡

Fourth freq. derivative,
....
⌫ (Hz s�4) 4.580(86)⇥10�43 ‡

Timing epoch, t0 (MJD) 55700.0

Profile evolution, FD parameter c1 0.0000180(75)
Profile evolution, FD parameter c2 �0.0001034(10)
Profile evolution, FD parameter c3 0.0000474(26)

Dispersion measure, DM (pc cm�3) 48.917208

Orbital period, Pb (day) 0.1022515592973(10)
Projected semimajor axis, x (s) 1.415028603(92)
Eccentricity (Kepler equation), eT 0.087777023(61)
Epoch of periastron, T0 (MJD) 55700.233017540(13)
Longitude of periastron, !0 (deg) 204.753686(47)

Periastron advance, !̇ (deg yr�1) 16.899323(13)
Change of orbital period, Ṗb �1.247920(78)⇥10�12

Einstein delay amplitude, �E (ms) 0.384045(94)
Logarithmic Shapiro shape , zs 9.65(15)
Range of Shapiro delay, r (T�)

⇤ 1.2510(43)
NLO factor for signal prop., qNLO 1.15(13)
Relativistic deformation of orbit, �✓ 13(13)⇥10�6

Change of proj. semimajor axis, ẋ 8(7)⇥10�16

Change of eccentricity, ėT (s�1) 3(6)⇥10�16

Derived parameters

sin i = 1� exp(�zs) 0.999936(+9/�10)
Orbital inclination, i (deg) 89.35(5) or 90.65(5)
Total mass, M (M�)

⇤ 2.587052(+9/�7)
Mass of pulsar A, mA (M�)

⇤ 1.338185(+12/�14)
Mass of pulsar B, mB (M�)

⇤ 1.248868(+13/�11)
Galactic longitude, l (deg) 245.2357
Galactic latitude, b (deg) �4.5049
Proper motion in l, µl (mas yr�1) �3.066(35)
Proper motion in b, µb (mas yr�1) �1.233(31)
Distance from ⇡c, d (pc) 735(60)
Transverse velocity, vT (km s�1) 11.5(10)

† See Sec. IVB & IVC for the derivation of these values.
‡ See footnote 16.
⇤ See footnote 17.

In order to allow direct comparisons with previous pub-
lications (especially Ref. [5]), parameters in Table IV
were measured within the timescale known as “Barycen-
tric Dynamical Time” (TDB) as implemented in Tempo.
TDB runs at a slower rate than the “Barycentric Coordi-

nate Time” (TCB), which is recommended by IAU 2006
Resolution B3 [134]. This choice does not have any con-
sequences for the gravity tests or discussions presented
below, as all (dimensionful) parameters determined from
ToAs measured using TDB are multiplied by a constant
factor, which either drops out or is (still) irrelevant for
the discussion of masses or PK parameters in its size. In
order to transfer from TDB to TCB, the dimensionful
units of the parameters shown in Table IV need to be
divided by  = (1� 1.550519768⇥ 10�8) and the values
adjusted accordingly [41, 134]15. As for the astromet-
ric timing, the transfer of the ToAs from the topocentric
to the barycentric reference frame was made using the
DE436 solar-system ephemeris.
While the timing results are perfectly consistent with

the results presented by some of us earlier [5], the in-
creased length and density of our data set leads to un-
precedented precision in the measured parameters. For
instance, the orbital period is measured with a precision
of 86 nanoseconds. Most importantly, the Keplerian and
PK-parameters have reached a precision that leads to a
very significant improvement in our ability to conduct
precision tests of strong-field gravity, including radiative
and light-propagation aspects, as shown in the following
sections. The need to fit up to the fourth spin frequency
derivative (cf. Section V) reflects on one hand the ex-
ceptional duration and density of our data set but also
indicates a certain degree of timing noise, but at a level
that is consistent with other pulsars of this age [135]16.

The observed improvements in PK parameters are in
line with the expectation based on our earlier measure-
ments [7], although a detection of the relativistic defor-
mation of the orbit, described by PK parameter �✓, has
occurred somewhat earlier than predicted. This causes
simultaneously a slightly smaller improvement in the pre-
cision of PK parameter �E, due to a correlation between
the two parameters (see Section VIB 4). The preci-
sion in the measurement of the periastron advance, PK
parameter !̇, has improved beyond the level of 2PN-

15 Even though the factor (1 � ) is small, such correction is
required before using the listed timing results for predictions
of the folding parameters with Tempo2, which has imple-
mented TCB. According to IAU Resolution 2006 B3, the con-
version takes place as: TDB = TCB � (1 � ) ⇥ (JDTCB �

2443144.5003725) ⇥ 86400 � 6.55 ⇥ 10�5), where JDTCB is
the relevant Julian Date. See https://www.iau.org/static/

resolutions/IAU2006_Resol3.pdf. Note that this described
conversion needs to be applied as given to the quoted epoch of
periastron passage (T0) value before it is used with Tempo2.

16 The rotational spin frequency parameters were estimated with
a standard Tempo analysis. As discussed in Ref. [66], this pro-
cedure underestimates the true uncertainty in the presence of
un-modelled red timing noise. Comparison of the standard anal-
ysis with the results of a full generalised least-squares analysis
shows that the true uncertainty in the spin frequency parameters
is about an order of magnitude larger than the values quoted in
Table IV. We emphasize that the un-modelled red noise has no
e↵ect on the orbital parameters as expected due to their much
shorter timescale.

Precision astrometry 

including parallax

Distance = 735 ± 60 pc

Transverse velocity:  

11.5 ± 1.5 km/s 

Most recent results:

Kramer et al. (2021)

Relativistic effects measured:

• Orbital precession  

• Time dilation

• Shapiro delay (incl. next-to-leading order)

• Aberrational light bending

• Spin precession

• Relativistic deformation of orbit

• GW emission

Plus theory-independent mass-ratio

• Mildly recycled 23-ms pulsar in  a 147-min orbit with young 2.8-s pulsar - orbital velocities of 300 km/s

• Eclipsing binary in compact (3-lts), slightly eccentric (e=0.088) and  edge-on orbit (tilt only 0.65 deg!)

• Ideal laboratory for gravitational physics
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TABLE IV. Timing parameters for PSR J0737�3039A in
TDB units (see text). Except for astrometry and DM, the
parameters were derived using Tempo with the 30-s ToA data
set. Numbers in parentheses are 1� uncertainties referred to
the last quoted digit.

Parameter Value

Right ascension, ↵ (J2000) 07h37m51.s248115(10)†

Declination, � (J2000) �30�39040.0070485(17)†

Proper motion R.A., µ↵ (mas yr�1) �2.567(30)†

Proper motion Dec., µ� (mas yr�1) 2.082(38)†

Parallax, ⇡c (mas) 1.36(+0.12,�0.10)†

Position epoch (MJD) 55045.0000

Rotational frequency, ⌫ (Hz) 44.05406864196281(17)‡

First freq. derivative, ⌫̇ (Hz s�1) �3.4158071(11)⇥10�15‡

Second freq. derivative, ⌫̈ (Hz s�2) �2.286(29)⇥10�27 ‡

Third freq. derivative,
...
⌫ (Hz s�3) 1.28(26)⇥10�36 ‡

Fourth freq. derivative,
....
⌫ (Hz s�4) 4.580(86)⇥10�43 ‡

Timing epoch, t0 (MJD) 55700.0

Profile evolution, FD parameter c1 0.0000180(75)
Profile evolution, FD parameter c2 �0.0001034(10)
Profile evolution, FD parameter c3 0.0000474(26)

Dispersion measure, DM (pc cm�3) 48.917208

Orbital period, Pb (day) 0.1022515592973(10)
Projected semimajor axis, x (s) 1.415028603(92)
Eccentricity (Kepler equation), eT 0.087777023(61)
Epoch of periastron, T0 (MJD) 55700.233017540(13)
Longitude of periastron, !0 (deg) 204.753686(47)

Periastron advance, !̇ (deg yr�1) 16.899323(13)
Change of orbital period, Ṗb �1.247920(78)⇥10�12

Einstein delay amplitude, �E (ms) 0.384045(94)
Logarithmic Shapiro shape , zs 9.65(15)
Range of Shapiro delay, r (T�)

⇤ 1.2510(43)
NLO factor for signal prop., qNLO 1.15(13)
Relativistic deformation of orbit, �✓ 13(13)⇥10�6

Change of proj. semimajor axis, ẋ 8(7)⇥10�16

Change of eccentricity, ėT (s�1) 3(6)⇥10�16

Derived parameters

sin i = 1� exp(�zs) 0.999936(+9/�10)
Orbital inclination, i (deg) 89.35(5) or 90.65(5)
Total mass, M (M�)

⇤ 2.587052(+9/�7)
Mass of pulsar A, mA (M�)

⇤ 1.338185(+12/�14)
Mass of pulsar B, mB (M�)

⇤ 1.248868(+13/�11)
Galactic longitude, l (deg) 245.2357
Galactic latitude, b (deg) �4.5049
Proper motion in l, µl (mas yr�1) �3.066(35)
Proper motion in b, µb (mas yr�1) �1.233(31)
Distance from ⇡c, d (pc) 735(60)
Transverse velocity, vT (km s�1) 11.5(10)

† See Sec. IVB & IVC for the derivation of these values.
‡ See footnote 16.
⇤ See footnote 17.

In order to allow direct comparisons with previous pub-
lications (especially Ref. [5]), parameters in Table IV
were measured within the timescale known as “Barycen-
tric Dynamical Time” (TDB) as implemented in Tempo.
TDB runs at a slower rate than the “Barycentric Coordi-

nate Time” (TCB), which is recommended by IAU 2006
Resolution B3 [134]. This choice does not have any con-
sequences for the gravity tests or discussions presented
below, as all (dimensionful) parameters determined from
ToAs measured using TDB are multiplied by a constant
factor, which either drops out or is (still) irrelevant for
the discussion of masses or PK parameters in its size. In
order to transfer from TDB to TCB, the dimensionful
units of the parameters shown in Table IV need to be
divided by  = (1� 1.550519768⇥ 10�8) and the values
adjusted accordingly [41, 134]15. As for the astromet-
ric timing, the transfer of the ToAs from the topocentric
to the barycentric reference frame was made using the
DE436 solar-system ephemeris.
While the timing results are perfectly consistent with

the results presented by some of us earlier [5], the in-
creased length and density of our data set leads to un-
precedented precision in the measured parameters. For
instance, the orbital period is measured with a precision
of 86 nanoseconds. Most importantly, the Keplerian and
PK-parameters have reached a precision that leads to a
very significant improvement in our ability to conduct
precision tests of strong-field gravity, including radiative
and light-propagation aspects, as shown in the following
sections. The need to fit up to the fourth spin frequency
derivative (cf. Section V) reflects on one hand the ex-
ceptional duration and density of our data set but also
indicates a certain degree of timing noise, but at a level
that is consistent with other pulsars of this age [135]16.

The observed improvements in PK parameters are in
line with the expectation based on our earlier measure-
ments [7], although a detection of the relativistic defor-
mation of the orbit, described by PK parameter �✓, has
occurred somewhat earlier than predicted. This causes
simultaneously a slightly smaller improvement in the pre-
cision of PK parameter �E, due to a correlation between
the two parameters (see Section VIB 4). The preci-
sion in the measurement of the periastron advance, PK
parameter !̇, has improved beyond the level of 2PN-

15 Even though the factor (1 � ) is small, such correction is
required before using the listed timing results for predictions
of the folding parameters with Tempo2, which has imple-
mented TCB. According to IAU Resolution 2006 B3, the con-
version takes place as: TDB = TCB � (1 � ) ⇥ (JDTCB �

2443144.5003725) ⇥ 86400 � 6.55 ⇥ 10�5), where JDTCB is
the relevant Julian Date. See https://www.iau.org/static/

resolutions/IAU2006_Resol3.pdf. Note that this described
conversion needs to be applied as given to the quoted epoch of
periastron passage (T0) value before it is used with Tempo2.

16 The rotational spin frequency parameters were estimated with
a standard Tempo analysis. As discussed in Ref. [66], this pro-
cedure underestimates the true uncertainty in the presence of
un-modelled red timing noise. Comparison of the standard anal-
ysis with the results of a full generalised least-squares analysis
shows that the true uncertainty in the spin frequency parameters
is about an order of magnitude larger than the values quoted in
Table IV. We emphasize that the un-modelled red noise has no
e↵ect on the orbital parameters as expected due to their much
shorter timescale.

Most recent results:
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TABLE IV. Timing parameters for PSR J0737�3039A in
TDB units (see text). Except for astrometry and DM, the
parameters were derived using Tempo with the 30-s ToA data
set. Numbers in parentheses are 1� uncertainties referred to
the last quoted digit.

Parameter Value

Right ascension, ↵ (J2000) 07h37m51.s248115(10)†

Declination, � (J2000) �30�39040.0070485(17)†

Proper motion R.A., µ↵ (mas yr�1) �2.567(30)†

Proper motion Dec., µ� (mas yr�1) 2.082(38)†

Parallax, ⇡c (mas) 1.36(+0.12,�0.10)†

Position epoch (MJD) 55045.0000

Rotational frequency, ⌫ (Hz) 44.05406864196281(17)‡

First freq. derivative, ⌫̇ (Hz s�1) �3.4158071(11)⇥10�15‡

Second freq. derivative, ⌫̈ (Hz s�2) �2.286(29)⇥10�27 ‡

Third freq. derivative,
...
⌫ (Hz s�3) 1.28(26)⇥10�36 ‡

Fourth freq. derivative,
....
⌫ (Hz s�4) 4.580(86)⇥10�43 ‡

Timing epoch, t0 (MJD) 55700.0

Profile evolution, FD parameter c1 0.0000180(75)
Profile evolution, FD parameter c2 �0.0001034(10)
Profile evolution, FD parameter c3 0.0000474(26)

Dispersion measure, DM (pc cm�3) 48.917208

Orbital period, Pb (day) 0.1022515592973(10)
Projected semimajor axis, x (s) 1.415028603(92)
Eccentricity (Kepler equation), eT 0.087777023(61)
Epoch of periastron, T0 (MJD) 55700.233017540(13)
Longitude of periastron, !0 (deg) 204.753686(47)

Periastron advance, !̇ (deg yr�1) 16.899323(13)
Change of orbital period, Ṗb �1.247920(78)⇥10�12

Einstein delay amplitude, �E (ms) 0.384045(94)
Logarithmic Shapiro shape , zs 9.65(15)
Range of Shapiro delay, r (T�)

⇤ 1.2510(43)
NLO factor for signal prop., qNLO 1.15(13)
Relativistic deformation of orbit, �✓ 13(13)⇥10�6

Change of proj. semimajor axis, ẋ 8(7)⇥10�16

Change of eccentricity, ėT (s�1) 3(6)⇥10�16

Derived parameters

sin i = 1� exp(�zs) 0.999936(+9/�10)
Orbital inclination, i (deg) 89.35(5) or 90.65(5)
Total mass, M (M�)

⇤ 2.587052(+9/�7)
Mass of pulsar A, mA (M�)

⇤ 1.338185(+12/�14)
Mass of pulsar B, mB (M�)

⇤ 1.248868(+13/�11)
Galactic longitude, l (deg) 245.2357
Galactic latitude, b (deg) �4.5049
Proper motion in l, µl (mas yr�1) �3.066(35)
Proper motion in b, µb (mas yr�1) �1.233(31)
Distance from ⇡c, d (pc) 735(60)
Transverse velocity, vT (km s�1) 11.5(10)

† See Sec. IVB & IVC for the derivation of these values.
‡ See footnote 16.
⇤ See footnote 17.

In order to allow direct comparisons with previous pub-
lications (especially Ref. [5]), parameters in Table IV
were measured within the timescale known as “Barycen-
tric Dynamical Time” (TDB) as implemented in Tempo.
TDB runs at a slower rate than the “Barycentric Coordi-

nate Time” (TCB), which is recommended by IAU 2006
Resolution B3 [134]. This choice does not have any con-
sequences for the gravity tests or discussions presented
below, as all (dimensionful) parameters determined from
ToAs measured using TDB are multiplied by a constant
factor, which either drops out or is (still) irrelevant for
the discussion of masses or PK parameters in its size. In
order to transfer from TDB to TCB, the dimensionful
units of the parameters shown in Table IV need to be
divided by  = (1� 1.550519768⇥ 10�8) and the values
adjusted accordingly [41, 134]15. As for the astromet-
ric timing, the transfer of the ToAs from the topocentric
to the barycentric reference frame was made using the
DE436 solar-system ephemeris.
While the timing results are perfectly consistent with

the results presented by some of us earlier [5], the in-
creased length and density of our data set leads to un-
precedented precision in the measured parameters. For
instance, the orbital period is measured with a precision
of 86 nanoseconds. Most importantly, the Keplerian and
PK-parameters have reached a precision that leads to a
very significant improvement in our ability to conduct
precision tests of strong-field gravity, including radiative
and light-propagation aspects, as shown in the following
sections. The need to fit up to the fourth spin frequency
derivative (cf. Section V) reflects on one hand the ex-
ceptional duration and density of our data set but also
indicates a certain degree of timing noise, but at a level
that is consistent with other pulsars of this age [135]16.

The observed improvements in PK parameters are in
line with the expectation based on our earlier measure-
ments [7], although a detection of the relativistic defor-
mation of the orbit, described by PK parameter �✓, has
occurred somewhat earlier than predicted. This causes
simultaneously a slightly smaller improvement in the pre-
cision of PK parameter �E, due to a correlation between
the two parameters (see Section VIB 4). The preci-
sion in the measurement of the periastron advance, PK
parameter !̇, has improved beyond the level of 2PN-

15 Even though the factor (1 � ) is small, such correction is
required before using the listed timing results for predictions
of the folding parameters with Tempo2, which has imple-
mented TCB. According to IAU Resolution 2006 B3, the con-
version takes place as: TDB = TCB � (1 � ) ⇥ (JDTCB �

2443144.5003725) ⇥ 86400 � 6.55 ⇥ 10�5), where JDTCB is
the relevant Julian Date. See https://www.iau.org/static/

resolutions/IAU2006_Resol3.pdf. Note that this described
conversion needs to be applied as given to the quoted epoch of
periastron passage (T0) value before it is used with Tempo2.

16 The rotational spin frequency parameters were estimated with
a standard Tempo analysis. As discussed in Ref. [66], this pro-
cedure underestimates the true uncertainty in the presence of
un-modelled red timing noise. Comparison of the standard anal-
ysis with the results of a full generalised least-squares analysis
shows that the true uncertainty in the spin frequency parameters
is about an order of magnitude larger than the values quoted in
Table IV. We emphasize that the un-modelled red noise has no
e↵ect on the orbital parameters as expected due to their much
shorter timescale.
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“Average cadence” < 10 min

>300 deg of precession 

of the orbit:

2PN contribugon at 35!
(important for MoI)

Relativistic effects measured:
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• Time dilation

• Shapiro delay (incl. next-to-leading order)

• Aberrational light bending

• Spin precession

• Relativistic deformation of orbit
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Plus theory-independent mass-ratio
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• Mildly recycled 23-ms pulsar in  a 147-min orbit with young 2.8-s pulsar - orbital velocities of 300 km/s

• Eclipsing binary in compact (3-lts), slightly eccentric (e=0.088) and  edge-on orbit (tilt only 0.65 deg!)

• Ideal laboratory for gravitational physics
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Gravitational Radiation Reaction in the Binary Pulsar and the Quadrupole-Formula Controversy

Thibaut Damour
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The evolution of the orbit of a binary pulsar under the action of gravitational radiation
reaction is calculated. No approximation is made of weak gravity inside the individual
stars; the details of the orbital motion are given directly (to order c and G3). The cal-
culation reveals no acceleration of the center of mass of the system, and a secular de-
crease of the time of return to periastron. The quantitative results agree both with the
well-known "quadrupole formula" and with observations.

PACS numbers: 04.20.Me, 04.80.+z

In recent years, the discovery of binary pul-
sars' and the report' of the measurement of a
secular acceleration of the orbital motion of PSH,
1913+16has fueled a lively controversy' about
the applicability to such systems of several
"quadrupole formulas" which, on one hand, have
been derived' from general relativity with very
unequal levels of rigor and completeness, and
which, on the other hand, have both different
physical meanings ("gravitational energy flux"
at infinity, "radiation reaction, " . .. ) and differ-
ent domains of validity. Postponing the discus-
sion of the pure mathematical rigor of the exist-
ing derivations (none being absolutely satisfac-
tory from this point of view), I wish to emphasize
here that none of the existing derivations, except
the one outlined below, meet, at the same time,
the two following requirements which are, how-
ever, indispensable if one wishes to compare the
theoretical predictions with the observations":
(i) The derivation should apply to comPact bodies
(radius —Gm/c', which implies strong internal
gravity), and (ii) one should compute the direct
effect of the nonlinear retarded gravitational in-
teraction on the absolute orbital motion of a
member of a binary system. Few attempts have
been aimed at meeting the latter requirement. '

The derivation presented here relies on recent
results' ' based on a new method' especially
tailored for computing the third-post-Minkowsk-
ian gravitational field outside two compact bodies
and for deducing therefrom (by an improved Ein-
stein-Infeld-Hoffmann-Kerr-type approach) the
equations of motion of the two bodies. The latter,
manifestly Poincard-invariant, retarded func-
tional equations of motion have been computed
and then transformed into ordinary differential
equations while keeping all the post-Newtonian
corrections up to the fifth order in c ' where
time-irreversible effects show up. This was

achieved by carrying out the first (order G),
second" (order G'), and third" (order G') iter-
ations of Einstein's equations. The necessity of
considering the third iteration for dealing with
gravitationally boun~ systems had been known
for a long time. ' It has been shown recently '
that the same is true even when computing the
net mechanical energy loss during small-ang~e
scattering. For both cases the correct mechan-
ical energy loss was first derived in Ref. 8 and
shown to confirm the expected "quadrupole formu-
la. " However, as stressed in Ref. 9, even such
a mechanical energy-loss formula is still gross-
ly insufficient for controlling the full kinematical
behavior of the binary system as is done below.

A full knowledge of the orbital motion of a
binary system can be obtained in three steps:
(I) reducing this two-body problem to a one-body
problem; (2) solving the latter one-body probl'em
when the terms of order c ' are neglected (these
terms will be seen, a Posteriori, to play the role
of "radiation reaction terms"); and (3) solving
the full problem by means of the method of varia-
tion of arbitrary constants. Some technical de-
tails of this approach, which makes use of previ-
ous results (Damour and co-workers' '), follow;
the final result is discussed in the last two para-
graphs.

The first step towards solving the equations of
motion, complete up to order c ', of a binary
system" consists in proving a generalization
of the center of mass theor-em -valid up to order
c ' inclusive. Such a generalization has been
shown to hold, up to order c 4, in Ref. 7, where
six first integrals (up to c ~) of the binary sys-
tem, P«~ ' and K&4&', generalizing the total linear
momentum and the center-of-mass constant,
were constructed (i = I, 2, 3). If we introduce

P, '=~ G'mm'(m —m')[V'-2G(m+m')/A]ft '&'
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effects in the orbital motion. For instance from
Eq. (5) and the definition of the function S(l) one
sees that r will reach its (slowly cha, nging) min-
imum value x„ i.e., that the first object of the
binary system will pass through its periastron,
each time l(f) is equal to a multiple of 2w. It is
then easy to deduce from Eq. (7) that the date of
the Nth periastron passage is

tn = to+(Po '+ko/2&) 'N +2PoPQ

where P, =P-(c,', c,') and where

c, C2

The explicit computation of Po leads to evalua-
tion of several complete hyperelliptic integrals.
However, one can prove rigorously that the latter
integrals are well approximated (when ~ «c) by
simpler circular integrals. The final result is

192m 2v G mm'
Po= o ~, 1)us (I+ sc eo + Poc5c Po (rn +m

where e, denotes [I + 2(m+ m')c, '(c,')'/G'(mm')'J'~
It is to be stressed that in this approach' each
parameter m or m' is the "Schwarzschild mass"
of each compact object, when isolated, and not
the integral of some Newtonian density which
would be a poor numerical approximation to the
"Schwarzschild mass. " This is one of the rea-
sons why most of the post-Newtonian derivations
of the "quadrupole formula" are of doubtful appli-
cability to the case at hand.

Because it has been proved above that the cen-
ter of mass of the system is unacc lerated and
because in this post-Minkowskian approach' the
coordinate time I, is a proper time far away from
the system, we can conclude that the theoretical
quantity P„Eq. (9), which measures the secular
decrease of the time of return to the periastron,
must be identified (modulo a constant Doppler
factor close to unity) with the observational quan-
tity denoted by P, in Ref. 2. Similarly it can be
proved that the present e, is, within the accuracy
now available, to be identified with the observa-
tional parameter e. The same is true for the
two masses: m = m~, m ' = m, .

I have therefore proved by directly solving the
equations of motion of two compact bodies in gen-
eral relativity that the absolute orbital motion of
each of the bodies should exhibit, when seen
from far away, the secular acceleration P, given
by Eq. (9). This result agrees both with the
standard, heuristically predicted"" "quadrupole
formula" and with the observations of the .Hulse-
Taylor pulsar. ' Note, however, that this deri-
vation, the details of which will be published
elsewhere, never had to make use of such con-
cepts as quadrupole moment, energy flux at in-
finity, balance equations, energy, angular mo-
mentum, or radiation damping force.

I wish to thank K. S. Thorne for helpful sugges-
tions toward improving the wording of this paper.
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Light-propagation in strong gravitational fields
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10,600 km

Two tests of GR:

”Shape”   Obs./Exp.  = 1.00009(18) 

”Range”   Obs./Exp.  = 1.0016(34)  

Shapiro delay in edge-on orbit:  s = sin i =  0.99994 ± 0.00001  - Orbital inclination angle: I = 89.35(5) deg

0.65 deg
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Two addigonal effects:      Retardagon  &   Light-bending
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next-to-leading order (NLO) effects
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including the important PK parameters, requires a sec-
ond data set with ToAs based on 30-s sub-integrations
in order to optimally resolve the fast compact orbit of
PSR J0737�3039A. The analysis of this latter data set
required also the development of a new timing model
and an improved implementation in Tempo. This takes
into account higher-order e↵ects, including velocity de-
pendent terms in the Shapiro delay. With these e↵orts,
our results not only improve on precision of the previ-
ously measured parameters [29], but also reveal newly
measured e↵ects.

Using a Monte Carlo analysis, we obtained a probabil-
ity distribution for the weighted mean of the VLBI and
pulse timing annual parallaxes to obtain our best esti-
mate of 1.36+0.12

�0.10 mas for the parallax and 735±60 pc for
the distance of the Double Pulsar. We emphasize again
that, because of the fortunate arrangement of the secular
(Shklovskii) and the Galactic acceleration being of oppo-
site sign for the Double Pulsar, the impact of distance
uncertainties is minimal for our current GW emission test
[156]. This will eventually change, but continued VLBI
and timing observations should converge onto a higher
precision distance well before any limitations are reached
for the GW emission test.

We then discussed in detail the contributions to the
timing model that need to be considered given the much
improved precision of our measurements. Here, we con-
sidered in particular higher-order timing e↵ects, extrin-
sic modifications to our observed timing parameters and
also spin contributions. The latter requires us, for the
first time, to pay attention to the EoS of NSs when in-
terpreting pulsar timing data.

TABLE V. Summary of the relativistic e↵ects measured in our
analysis and list of the resulting independent strong-field tests
of GR. For each test, the remaining PK parameters and the
mass ratio have been used to determine the masses of pulsars
A and B as input for GR predictions. In addition, parameters
that test the significance of specific higher order contributions
in the advance of periastron and the signal propagation are
given.

Relativistic e↵ect Parameter Obs./GR pred.

Shapiro delay shape s 1.00009(18)
Shapiro delay range r 1.0016(34)
Time dilation �E 1.00012(25)
Periastron advance !̇ ⌘ nbk 1.000015(26)
GW emission Ṗb 0.999963(63)
Orbital deformation �✓ 1.3(13)
Spin precession ⌦spin

B
0.94(13)⇤

Tests of higher order contributions

Lense-Thirring contrib. to k �LT 0.7(9)
NLO signal propagation qNLO[total] 1.15(13)
. . . from signal deflection qNLO[deflect.] 1.26(24)
. . . from signal retardation qNLO[retard.] 1.32(24)

⇤ Determined in Ref. [52].

In this work we obtained more independent tests of GR

than are possible in any other system. We summarize the
six PK parameters measured in this work in Table V, ad-
ditionally including the test of relativistic spin precession.
The measurements allow us to test conservative aspects
of the orbital dynamics of two strongly self-gravitating
masses up to 2PN order, including a ⇠1� constraint on
the Lense-Thirring contribution, which in turn could be
used to constrain the MoI of pulsar A under the assump-
tion of GR. A signal propagation test resulted in a con-
firmation of GR at the 4⇥10�4 level for the propagation
of photons in the gravitational field of a strongly self-
gravitating (material) body (see Section VIB 5). More-
over, NLO contributions are clearly present in the timing
data, confirmed with a precision of about 10%. The most
precise GR test available with our data probes the radia-
tive aspects of GR, yielding a test at 2.5PN level in the
equations of motion with a precision of 1.3⇥ 10�4 (95%
C.L., see Section VIB 2). In terms of overall fractional
precision, this is the most precise test of GR’s predictions
for GW emission currently available.

The new e↵ects that we detected include a relativistic
deformation of the orbit, and higher-order contributions
to the Shapiro and aberration delay. The latter allow
us to infer the spin-direction of A as prograde, confirm-
ing earlier results that require a low-kick supernova as
the formation process for pulsar B. We can determine
the masses of pulsars A and B with a precision of 10�5

(modulo an unknown Doppler factor, which is expected
to deviate by less than 10�4 from unity), which we can
combine with the first constraints on the NS MoI ever
obtained from pulsar timing. With the Double Pulsar,
we are able to greatly improve the measurement of or-
bital period decay resulting from GW damping compared
to the current best measurement from the Hulse-Taylor
binary system. The second largest contribution to the
observed orbital period decay is related to the e↵ective
mass loss of pulsar A, which now also has to be taken into
account. Improving the precision of the Double Pulsar
tests even further will, from now on, be constrained by
our ability to correct for kinematic e↵ects.

We pointed out that a direct comparison of tests of PN
inspiral phase coe�cients with di↵erent compact objects
(BHs vs. NSs) as well as di↵erent gravity regimes (mildly
relativistic vs. highly relativistic strong field) comes with
certain caveats. Stating this, it is nevertheless obvious
that our high-precision timing tests superbly complement
the LIGO tests, which currently are less precise at low-
GW orders but allow us to probe higher-order contribu-
tions to the GW emission. This can be seen more clearly
in approaches based on di↵erent theories of gravitation.
For instance, in DEF gravity (Section VIIA), the con-
straints from the Double Pulsar are considerably tighter
than those from the double NS merger GW170817 (bi-
nary BH mergers do not provide any constraints for DEF
gravity). Section VII describes two alternatives to GR,
namely DEF gravity and Bekensein’s TeVeS, in some de-
tail. We show that the new Double Pulsar results con-
strain e↵ects that one would typically expect from cer-

Obs./Exp:
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Without taking this correlation into

account, gamma appears to be

deviating from GR. In fact, it is in

perfect agreement
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Lense-Thirring contribution from the observed periastron
advance !̇obs (cf. Eq. (12)). The resulting Lense-Thirring
part of !̇ then can be compared with the expected value
!̇LT,A calculated via Eq. (16) (see Hu et al. [84] for more
details). Our analysis gives

!̇obs
� !̇

�
m(s,Ṗb)

A ,m(s,Ṗb)
B , IA = 0

�

!̇LT,A
= 0.7(9) , (49)

which is consistent with GR, but admittedly not very
constraining. In addition, the limit above comes with a
caveat. While it is certainly a self-consistency test within
GR, the constraint given above cannot be considered as
a generic limit, like for instance the constraints on �PPN

from the LAGEOS/LARES experiment [108, 153]. In or-
der to extract the Lense-Thirring contribution to !̇ and
obtain (49), we have, for instance, assumed that the ad-
vance of periastron w/o Lense-Thirring contribution (up
to 2PN order) and the GW damping can be calculated
according to GR, which is generally not the case in al-
ternative gravity theories. As a result, one would have
to implement the equivalent analysis for any other grav-
ity theory, in order to obtain a fully consistent Lense-
Thirring test. Given the low precision of the LT test,
one might wonder if this then yields any additional con-
straints, in view of the other tests with the Double Pulsar,
mostly based on very precisely measured PK parameters.

In principle there is the possibility of short range mod-
ifications of gravity that do not a↵ect the Shapiro delay
and the GW emission, but still have a significant e↵ect
on the structure of the neutron star, and therefore its
MoI. As an example, a su�ciently massive scalar field
would accomplish this (cf. [151, 154]). A test for such a
scenario can be directly extracted from Fig. 6, in compar-
ison to the MoI based on realistic EoSs. Such a test cur-
rently gives IA/IGR

A . 2.5 (90% C.L.). Constraints with
GW170817 and NICER, however, seem to put clearly
more stringent limits on such a scenario.

4. Relativistic deformation of the orbit

The relativistic deformation of the orbit discussed in
context of the Rømer-delay (Section VA) has been de-
tected in our measurements. Similar to the report of a
1.5�-detection of �✓ for PSR B1913+16 [139], our value is
also formally detected only just above the 1� level. How-
ever, as we demonstrate in Fig. 7, the parameter is in fact
well constrained and in full agreement with the expecta-
tion from GR. The figure also demonstrates a correlation
between �✓ and �E. Indeed, due to this correlation, the
value derived for �E in a timing model ignoring the rel-
ativistic deformation, i.e. assuming �✓ = 0, would lead
to a value for �E that would be inconsistent with GR
at the 2�-level while both �E and �✓ are in fact in per-
fect agreement when including �✓ in our timing model
(see white cross in Fig. 7). In order to illustrate the ef-
fect of a non-zero �✓ value, we compare a deformed orbit

(�✓ > 0) with an elliptical orbit (�✓ = 0) in Fig. 8 for a
hugely exaggerated e↵ect.

FIG. 7. Map of �2-contours demonstrating a correlation be-
tween the PK parameters �E and �✓. In order to produce this
map, the two parameters were held fixed at their grid posi-
tion, while fitting for all remaining parameters in the timing
model as described earlier. The contours are drawn at 1�, 2�
and 3�-levels, respectively. The expected GR value is indi-
cated by the cross with uncertainties too small to be visible
on this scale.

5. Signal propagation

Already in the discovery paper of pulsar A [17] it was
suspected that the Double Pulsar system is seen nearly
edge-on. This was confirmed by the discovery of a promi-
nent Shapiro delay in the ToAs of A [18]. The mea-
surement of the Shapiro delay gave access to two addi-
tional PK parameters, i.e. the “Shapiro range” r and the
“Shapiro shape” s [70] (see Eq. (24)). By 2006 these two
parameters were measured with high precision, and in
particular s, as part of an !̇-R-s test, provided a 10�3

(95% C.L.) GR test [5]. Unfortunately, the measurement
of the mass ratio R has not improved since then, mostly
due to the fact that pulsar B disappeared early 2008, as
a result of geodetic precession [27]. In the meantime, the
measurement of the Shapiro delay, and therefore s, has
improved significantly (see Fig. 9), making it the second
most constraining parameter in the mass-mass plane (see
Fig. 11 below), which is also obvious from the mass de-
terminations in Sec. VIB 1. Since �E by now is more
constraining than R, one can test s as part of a !̇-�E-s
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ABSTRACT. 2014 We present a new method for solving explicitly the equa-
tions of motion of a binary system at the first post-Newtonian approxima-
tion of General Relativity. We show how to express the solution in a simple,
quasi-Newtonian form. The results are compared and constrasted with
other results existing in the literature.

RESUME. Nous presentons une nouvelle methode de resolution expli-
cite des equations du mouvement d’un systeme binaire a la premiere
approximation post-newtonienne de la Relativité Generale. Nous montrons
comment exprimer la solution sous une forme particulierement simple,
quasi-newtonienne. Les resultats sont confrontes a ceux precedemment
obtenus dans la littérature.

1. INTRODUCTION

The non-relativistic two-body problem consists in two sub-problems :
1) deriving the equations of orbital motion for two gravitationally inter-

Annales de Henri Poincaré - Physique theorique - Vol. 43, 0246-0211
85/01/107/26/$ 4,60/CQ Gauthier-Villars



Lense-Thirring Effect:  rel. spin-orbit coupling of spin of A

Whereas:

12

double NS systems [77]. Furthermore, since the spin of
pulsar A is practically parallel to the orbital angular mo-
mentum (see Sec. II) there is only a contribution to the
precession of the periastron. We refer the reader to [84]
for more details.
In order to incorporate spin-orbit coupling in our anal-

ysis, Eq. (9) needs to be extended by the Lense-Thirring
(LT) term, i.e.

!̇ = !̇1PN + !̇2PN + !̇LT,A , (12)

where within GR the LT contribution is given by [16, 81]

!̇LT,A = �
3nb

1� e2T
�3
O �SAg

k
SA

, (13)

with

�SA = 2⇡⌫
cIA
Gm2

A

, (14)

gkSA
=

(3 +XA)XA

3(1� e2T )
1/2

. (15)

Apart from the MoI IA, all quantities in the above equa-
tions are known with high precision. IA depends on the
EoS for NS matter, which is still a✏icted by considerable
uncertainty. Consequently, there is a range in the pre-
diction for !̇LT,A. From Eq. (13) one finds the numerical
expression

!̇LT,A
' �3.77⇥ 10�4

⇥ I(45)A deg yr�1 , (16)

where I(45)A ⌘ IA/(1045 g cm2). Using the multi-
messenger constraints on the radius that can be inferred
from [85] (probability distribution function F)7, in com-
bination with the radius-MoI relation for pulsar A given

in [86], we find a range of I(45)A ⇡ 1.15–1.48 (95% con-
fidence).8 Alternatively, Eq. (16) can be used to infer
limits for the MoI of pulsar A purely from the timing
observations of the Double Pulsar, if combined with two
other suitable PK parameters [7, 84, 90]. A correspond-
ing analysis will be given in Section VIB 3.

3. Proper motion contributions

The proper motion of a binary pulsar leads to a change
in its orientation with respect to the observer on Earth.
Such a change leads to an apparent change in the longi-
tude of periastron ! and the orbital inclination i [91, 92].
The change in ! leads to a proper motion related o↵set

7 Although the mass of pulsar A (1.34M�) is slightly below
1.4M�, within the accuracy needed here, the radius constraints
in [85] for a 1.4M� NS can also be applied to pulsar A.

8 There are other distributions that have been derived for the MoI
of pulsar A, see e.g. [87–89]. However, for the results of this
paper this does not make any di↵erence.

!̇pm between the intrinsic and the observed advance of
periastron, i.e.

!̇obs = !̇intr + !̇pm . (17)

Using the proper motion and orbital inclination from
Tab. IV, in combination with the longitude of the as-
cending node obtained from scintillation measurements
[65], one finds !̇pm

⇡ �4⇥ 10�7 deg yr�1 (see also [84]).
This is about a factor of 30 smaller than the current mea-
surement error for !̇ (see Tab. IV) and can therefore be
ignored. As a consequence, there is no need to distinguish
between the observed and the intrinsic !̇.
The change in the orbital inclination enters the timing

model through a temporal change in the projected semi-
major axis of the pulsar orbit, showing up as a ẋ in the
timing solution, if significant. However, this contribution
is even smaller than the contribution to the advance of
periastron, since it is greatly suppressed by the fact that
i is close to 90� (ẋpm

/ cot i ⇡ 0.01; see Tab. IV).

4. Next-to-leading-order contributions in the mass function

The inclination of the binary orbit is linked to the pro-
jected semimajor axis x in Eq. (4) via the binary mass
function. In Newtonian gravity one finds (see e.g. [4, 36])

sin i =
nbx

�OXB
, (18)

where nb and x are both (observable) Keplerian parame-
ters, generally known to very high precision for a binary
pulsar. As we will discuss later (Section VC), the mea-
surement of the Shapiro delay in the Double Pulsar gives
access to sin i, and therefore Eq. (18) leads to an addi-
tional constraint for the two masses mA and mB.
In the 1PN approximation Kepler’s third law, which

enters the derivation of Eq. (18), gets modified by an
additional term (see Eq. (3.7) in [71] and Eq. (3.7) in
[36]). Consequently, Eq. (18) gets modified as well at the
1PN level. Using the 1PN expression for Kepler’s third
law one finds

sin i =
nbx

�OXB

⇥
1 +

�
3� 1

3XAXB

�
�2
O

⇤
. (19)

We have used the fact that for the Damour & Deru-
elle solution the Newtonian relation between the semi-
major axis of the pulsar orbit and the semimajor axis
of the relative orbit also holds at the 1PN level, i.e.
aA = (mB/M)aR+O(v4/c4) (see [70, 71] and the discus-
sion in [37]). With Pb, x and the masses from Tab. IV one
finds for the 1PN correction in Eq. (19) approximately
1.3 ⇥ 10�5, which is only about a factor of 1.3 larger
than the error for sin i in Tab. IV. For that reason, we
will use the full 1PN mass function (19). This is the first
time, that 1PN corrections to the mass function become
relevant for any binary pulsar.

= 16.899323(13) deg/yr
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pulsar A is practically parallel to the orbital angular mo-
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Apart from the MoI IA, all quantities in the above equa-
tions are known with high precision. IA depends on the
EoS for NS matter, which is still a✏icted by considerable
uncertainty. Consequently, there is a range in the pre-
diction for !̇LT,A. From Eq. (13) one finds the numerical
expression
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messenger constraints on the radius that can be inferred
from [85] (probability distribution function F)7, in com-
bination with the radius-MoI relation for pulsar A given

in [86], we find a range of I(45)A ⇡ 1.15–1.48 (95% con-
fidence).8 Alternatively, Eq. (16) can be used to infer
limits for the MoI of pulsar A purely from the timing
observations of the Double Pulsar, if combined with two
other suitable PK parameters [7, 84, 90]. A correspond-
ing analysis will be given in Section VIB 3.

3. Proper motion contributions

The proper motion of a binary pulsar leads to a change
in its orientation with respect to the observer on Earth.
Such a change leads to an apparent change in the longi-
tude of periastron ! and the orbital inclination i [91, 92].
The change in ! leads to a proper motion related o↵set

7 Although the mass of pulsar A (1.34M�) is slightly below
1.4M�, within the accuracy needed here, the radius constraints
in [85] for a 1.4M� NS can also be applied to pulsar A.

8 There are other distributions that have been derived for the MoI
of pulsar A, see e.g. [87–89]. However, for the results of this
paper this does not make any di↵erence.

!̇pm between the intrinsic and the observed advance of
periastron, i.e.

!̇obs = !̇intr + !̇pm . (17)

Using the proper motion and orbital inclination from
Tab. IV, in combination with the longitude of the as-
cending node obtained from scintillation measurements
[65], one finds !̇pm

⇡ �4⇥ 10�7 deg yr�1 (see also [84]).
This is about a factor of 30 smaller than the current mea-
surement error for !̇ (see Tab. IV) and can therefore be
ignored. As a consequence, there is no need to distinguish
between the observed and the intrinsic !̇.

The change in the orbital inclination enters the timing
model through a temporal change in the projected semi-
major axis of the pulsar orbit, showing up as a ẋ in the
timing solution, if significant. However, this contribution
is even smaller than the contribution to the advance of
periastron, since it is greatly suppressed by the fact that
i is close to 90� (ẋpm

/ cot i ⇡ 0.01; see Tab. IV).

4. Next-to-leading-order contributions in the mass function

The inclination of the binary orbit is linked to the pro-
jected semimajor axis x in Eq. (4) via the binary mass
function. In Newtonian gravity one finds (see e.g. [4, 36])

sin i =
nbx

�OXB
, (18)

where nb and x are both (observable) Keplerian parame-
ters, generally known to very high precision for a binary
pulsar. As we will discuss later (Section VC), the mea-
surement of the Shapiro delay in the Double Pulsar gives
access to sin i, and therefore Eq. (18) leads to an addi-
tional constraint for the two masses mA and mB.
In the 1PN approximation Kepler’s third law, which

enters the derivation of Eq. (18), gets modified by an
additional term (see Eq. (3.7) in [71] and Eq. (3.7) in
[36]). Consequently, Eq. (18) gets modified as well at the
1PN level. Using the 1PN expression for Kepler’s third
law one finds
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⇤
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We have used the fact that for the Damour & Deru-
elle solution the Newtonian relation between the semi-
major axis of the pulsar orbit and the semimajor axis
of the relative orbit also holds at the 1PN level, i.e.
aA = (mB/M)aR+O(v4/c4) (see [70, 71] and the discus-
sion in [37]). With Pb, x and the masses from Tab. IV one
finds for the 1PN correction in Eq. (19) approximately
1.3 ⇥ 10�5, which is only about a factor of 1.3 larger
than the error for sin i in Tab. IV. For that reason, we
will use the full 1PN mass function (19). This is the first
time, that 1PN corrections to the mass function become
relevant for any binary pulsar.
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Le problème des deux corps en relativité générale
Thibault DAMOUR et Gerhard SCHAFER

Résumé — On étudie la dynamique d'un système de deux masses comparables, à l'approximation
post-post-newtonienne de la relativité générale, c'est-à-dire , au dernier niveau où le système est
encoreconservatif.On obtient les expressions explicites de la période radiale, et de l'avance séculaire
du périastre , en fonction de l'énergie et du moment cinétique. On en déduit l'expressionde l'avance
du périastre en fonction des masses et de quantités directement observables. Le résultat ainsi obtenu
est observationnellement significatif au vu de la grande précision atteinte aujourd'hui dans les
mesures du pulsar binaire PSR 1913+ 16.

The two-bodyproblem in general relativity
Abstract — We study the dynamics of a system of two comparable masses , at the second post-

Newtonian approximation, of general relativity ( i. e. at the last level where the system is still
conservative). We obtain explicit expressions of the radial period and secular periastron advance in
terms of energy and angular momentum. We then deduce the expression ofthe periastron advance in
terms of the masses and directly observablequantities. The latter resuit is of observational significance
in view of the high precision now obtained in measuring the binarypulsar PSR 1913+ 16.

Le problème des deux corps ( de masses comparables) en relativité générale ne peut
pas être résolu exactement, et nécessite l'emploi de méthodes d'approximation. Il y a
quelque temps, nous avons ainsi obtenu les équations du mouvement, en coordonnées
harmoniques, de deux objets condensés en mouvement lent, à un ordre d'approximation
suffisant pour tenir compte des premiers effets irréversibles liés à la vitesse finie de
propagation de l'interaction gravitationnelle( [1] , [2]). Si l'on tronque, dans ces équations
du mouvement,les effets irréversibles (e t le couplagespin-orbite) on définitune dynamique
conservative, dite à l'ordre c - 4, ou ordre post-post-newtonien ( 2PN), pour un système
de deux corps. Il a été démontré que cette dynamique à l'ordre 2PN pouvait être déduite
d'un lagrangien généralisé

,
fonction non seulement des positions,Z 1 Z

2, et des vitesses,

v 1
,

v 2, mais aussi des accélérations, a 1, a 2, des deux masses : L (z 1, z 2, v 1, v 2, a 1, a 2) ( [3] ,

[4]). Un réexamen récent de ce type de dynamique lagrangienne à l'ordre 2PN a montré
que la présence des accélérationsdans le lagrangien dépendait du système de coordonnées
utilisé ( [5] , [6]). Dans la plupart des systèmes de coordonnées le lagrangien dépend des
accélérations, cependant il existe une classe particulière, très restreinte, de coordonnées
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système de coordonnéesutilisé. Cependant, pour faciliter la comparaison avec l'expérience,
il est utile d'éliminer les quantités théoriques E et h au profit de quantités directement
observées. En particulier, dans le cas d'un pulsar binaire on peut mesurer non seulement
P (ou de façon équivalente n:=27i/P), mais aussi l'« excentricité chronométrique
relativiste », eT, définie dans [18] et [19]. On en déduit alors une relation liant les
observables k, n et eT aux masses :

où l'on a posé x :=m1/M, x' :=m2/M= l— x, m1 désignant la masse de l'objet directe-
ment chronométré (le « pulsar »). Dans le cas du pulsar binaire PSR 1913 + 16 ([12]-[14]),
la correction 2PN à k dans l'équation (9) est numériquement 2,31.10~ 5 plus petite que
le terme d'ordre 1PN. Une telle valeur est comparable à la précision actuellement
obtenue par J. H. Taylor dans la mesure de k (d'après [14] on peut estimer 8/c/fc = 2/3
8M/M= 2,83.10~ 5, n et eT étant mesurés avec plus de précision). Nous concluons donc
que notre résultat (9) est d'ores et déjà physiquementsignificatif, et doit être utilisé dans
l'interprétation théorique des mesures faites sur le pulsar binaire PSR 1913 + 16.

Les détails des méthodes, et calculs, conduisant aux résultats annoncés dans cette Note
seront publiés ultérieurement.

G. S. remercie la Deutsche Forschungsgemeinschaft (DFG) pour son soutien financier pendant cette
recherche.
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Whereas:
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double NS systems [77]. Furthermore, since the spin of
pulsar A is practically parallel to the orbital angular mo-
mentum (see Sec. II) there is only a contribution to the
precession of the periastron. We refer the reader to [84]
for more details.
In order to incorporate spin-orbit coupling in our anal-

ysis, Eq. (9) needs to be extended by the Lense-Thirring
(LT) term, i.e.

!̇ = !̇1PN + !̇2PN + !̇LT,A , (12)

where within GR the LT contribution is given by [16, 81]

!̇LT,A = �
3nb

1� e2T
�3
O �SAg

k
SA

, (13)

with

�SA = 2⇡⌫
cIA
Gm2

A

, (14)

gkSA
=

(3 +XA)XA

3(1� e2T )
1/2

. (15)

Apart from the MoI IA, all quantities in the above equa-
tions are known with high precision. IA depends on the
EoS for NS matter, which is still a✏icted by considerable
uncertainty. Consequently, there is a range in the pre-
diction for !̇LT,A. From Eq. (13) one finds the numerical
expression

!̇LT,A
' �3.77⇥ 10�4

⇥ I(45)A deg yr�1 , (16)

where I(45)A ⌘ IA/(1045 g cm2). Using the multi-
messenger constraints on the radius that can be inferred
from [85] (probability distribution function F)7, in com-
bination with the radius-MoI relation for pulsar A given

in [86], we find a range of I(45)A ⇡ 1.15–1.48 (95% con-
fidence).8 Alternatively, Eq. (16) can be used to infer
limits for the MoI of pulsar A purely from the timing
observations of the Double Pulsar, if combined with two
other suitable PK parameters [7, 84, 90]. A correspond-
ing analysis will be given in Section VIB 3.

3. Proper motion contributions

The proper motion of a binary pulsar leads to a change
in its orientation with respect to the observer on Earth.
Such a change leads to an apparent change in the longi-
tude of periastron ! and the orbital inclination i [91, 92].
The change in ! leads to a proper motion related o↵set

7 Although the mass of pulsar A (1.34M�) is slightly below
1.4M�, within the accuracy needed here, the radius constraints
in [85] for a 1.4M� NS can also be applied to pulsar A.

8 There are other distributions that have been derived for the MoI
of pulsar A, see e.g. [87–89]. However, for the results of this
paper this does not make any di↵erence.

!̇pm between the intrinsic and the observed advance of
periastron, i.e.

!̇obs = !̇intr + !̇pm . (17)

Using the proper motion and orbital inclination from
Tab. IV, in combination with the longitude of the as-
cending node obtained from scintillation measurements
[65], one finds !̇pm

⇡ �4⇥ 10�7 deg yr�1 (see also [84]).
This is about a factor of 30 smaller than the current mea-
surement error for !̇ (see Tab. IV) and can therefore be
ignored. As a consequence, there is no need to distinguish
between the observed and the intrinsic !̇.
The change in the orbital inclination enters the timing

model through a temporal change in the projected semi-
major axis of the pulsar orbit, showing up as a ẋ in the
timing solution, if significant. However, this contribution
is even smaller than the contribution to the advance of
periastron, since it is greatly suppressed by the fact that
i is close to 90� (ẋpm

/ cot i ⇡ 0.01; see Tab. IV).

4. Next-to-leading-order contributions in the mass function

The inclination of the binary orbit is linked to the pro-
jected semimajor axis x in Eq. (4) via the binary mass
function. In Newtonian gravity one finds (see e.g. [4, 36])

sin i =
nbx

�OXB
, (18)

where nb and x are both (observable) Keplerian parame-
ters, generally known to very high precision for a binary
pulsar. As we will discuss later (Section VC), the mea-
surement of the Shapiro delay in the Double Pulsar gives
access to sin i, and therefore Eq. (18) leads to an addi-
tional constraint for the two masses mA and mB.
In the 1PN approximation Kepler’s third law, which

enters the derivation of Eq. (18), gets modified by an
additional term (see Eq. (3.7) in [71] and Eq. (3.7) in
[36]). Consequently, Eq. (18) gets modified as well at the
1PN level. Using the 1PN expression for Kepler’s third
law one finds

sin i =
nbx

�OXB

⇥
1 +

�
3� 1

3XAXB

�
�2
O

⇤
. (19)

We have used the fact that for the Damour & Deru-
elle solution the Newtonian relation between the semi-
major axis of the pulsar orbit and the semimajor axis
of the relative orbit also holds at the 1PN level, i.e.
aA = (mB/M)aR+O(v4/c4) (see [70, 71] and the discus-
sion in [37]). With Pb, x and the masses from Tab. IV one
finds for the 1PN correction in Eq. (19) approximately
1.3 ⇥ 10�5, which is only about a factor of 1.3 larger
than the error for sin i in Tab. IV. For that reason, we
will use the full 1PN mass function (19). This is the first
time, that 1PN corrections to the mass function become
relevant for any binary pulsar.
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We have used the fact that for the Damour & Deru-
elle solution the Newtonian relation between the semi-
major axis of the pulsar orbit and the semimajor axis
of the relative orbit also holds at the 1PN level, i.e.
aA = (mB/M)aR+O(v4/c4) (see [70, 71] and the discus-
sion in [37]). With Pb, x and the masses from Tab. IV one
finds for the 1PN correction in Eq. (19) approximately
1.3 ⇥ 10�5, which is only about a factor of 1.3 larger
than the error for sin i in Tab. IV. For that reason, we
will use the full 1PN mass function (19). This is the first
time, that 1PN corrections to the mass function become
relevant for any binary pulsar.
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timing solution, if significant. However, this contribution
is even smaller than the contribution to the advance of
periastron, since it is greatly suppressed by the fact that
i is close to 90� (ẋpm
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major axis of the pulsar orbit and the semimajor axis
of the relative orbit also holds at the 1PN level, i.e.
aA = (mB/M)aR+O(v4/c4) (see [70, 71] and the discus-
sion in [37]). With Pb, x and the masses from Tab. IV one
finds for the 1PN correction in Eq. (19) approximately
1.3 ⇥ 10�5, which is only about a factor of 1.3 larger
than the error for sin i in Tab. IV. For that reason, we
will use the full 1PN mass function (19). This is the first
time, that 1PN corrections to the mass function become
relevant for any binary pulsar.

= 16.899323(13) deg/yr
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double NS systems [77]. Furthermore, since the spin of
pulsar A is practically parallel to the orbital angular mo-
mentum (see Sec. II) there is only a contribution to the
precession of the periastron. We refer the reader to [84]
for more details.
In order to incorporate spin-orbit coupling in our anal-

ysis, Eq. (9) needs to be extended by the Lense-Thirring
(LT) term, i.e.

!̇ = !̇1PN + !̇2PN + !̇LT,A , (12)

where within GR the LT contribution is given by [16, 81]

!̇LT,A = �
3nb

1� e2T
�3
O �SAg

k
SA

, (13)

with

�SA = 2⇡⌫
cIA
Gm2

A

, (14)

gkSA
=

(3 +XA)XA

3(1� e2T )
1/2

. (15)

Apart from the MoI IA, all quantities in the above equa-
tions are known with high precision. IA depends on the
EoS for NS matter, which is still a✏icted by considerable
uncertainty. Consequently, there is a range in the pre-
diction for !̇LT,A. From Eq. (13) one finds the numerical
expression

!̇LT,A
' �3.77⇥ 10�4

⇥ I(45)A deg yr�1 , (16)

where I(45)A ⌘ IA/(1045 g cm2). Using the multi-
messenger constraints on the radius that can be inferred
from [85] (probability distribution function F)7, in com-
bination with the radius-MoI relation for pulsar A given

in [86], we find a range of I(45)A ⇡ 1.15–1.48 (95% con-
fidence).8 Alternatively, Eq. (16) can be used to infer
limits for the MoI of pulsar A purely from the timing
observations of the Double Pulsar, if combined with two
other suitable PK parameters [7, 84, 90]. A correspond-
ing analysis will be given in Section VIB 3.

3. Proper motion contributions

The proper motion of a binary pulsar leads to a change
in its orientation with respect to the observer on Earth.
Such a change leads to an apparent change in the longi-
tude of periastron ! and the orbital inclination i [91, 92].
The change in ! leads to a proper motion related o↵set

7 Although the mass of pulsar A (1.34M�) is slightly below
1.4M�, within the accuracy needed here, the radius constraints
in [85] for a 1.4M� NS can also be applied to pulsar A.

8 There are other distributions that have been derived for the MoI
of pulsar A, see e.g. [87–89]. However, for the results of this
paper this does not make any di↵erence.

!̇pm between the intrinsic and the observed advance of
periastron, i.e.

!̇obs = !̇intr + !̇pm . (17)

Using the proper motion and orbital inclination from
Tab. IV, in combination with the longitude of the as-
cending node obtained from scintillation measurements
[65], one finds !̇pm

⇡ �4⇥ 10�7 deg yr�1 (see also [84]).
This is about a factor of 30 smaller than the current mea-
surement error for !̇ (see Tab. IV) and can therefore be
ignored. As a consequence, there is no need to distinguish
between the observed and the intrinsic !̇.

The change in the orbital inclination enters the timing
model through a temporal change in the projected semi-
major axis of the pulsar orbit, showing up as a ẋ in the
timing solution, if significant. However, this contribution
is even smaller than the contribution to the advance of
periastron, since it is greatly suppressed by the fact that
i is close to 90� (ẋpm

/ cot i ⇡ 0.01; see Tab. IV).

4. Next-to-leading-order contributions in the mass function

The inclination of the binary orbit is linked to the pro-
jected semimajor axis x in Eq. (4) via the binary mass
function. In Newtonian gravity one finds (see e.g. [4, 36])

sin i =
nbx

�OXB
, (18)

where nb and x are both (observable) Keplerian parame-
ters, generally known to very high precision for a binary
pulsar. As we will discuss later (Section VC), the mea-
surement of the Shapiro delay in the Double Pulsar gives
access to sin i, and therefore Eq. (18) leads to an addi-
tional constraint for the two masses mA and mB.
In the 1PN approximation Kepler’s third law, which

enters the derivation of Eq. (18), gets modified by an
additional term (see Eq. (3.7) in [71] and Eq. (3.7) in
[36]). Consequently, Eq. (18) gets modified as well at the
1PN level. Using the 1PN expression for Kepler’s third
law one finds

sin i =
nbx

�OXB

⇥
1 +

�
3� 1

3XAXB

�
�2
O

⇤
. (19)

We have used the fact that for the Damour & Deru-
elle solution the Newtonian relation between the semi-
major axis of the pulsar orbit and the semimajor axis
of the relative orbit also holds at the 1PN level, i.e.
aA = (mB/M)aR+O(v4/c4) (see [70, 71] and the discus-
sion in [37]). With Pb, x and the masses from Tab. IV one
finds for the 1PN correction in Eq. (19) approximately
1.3 ⇥ 10�5, which is only about a factor of 1.3 larger
than the error for sin i in Tab. IV. For that reason, we
will use the full 1PN mass function (19). This is the first
time, that 1PN corrections to the mass function become
relevant for any binary pulsar.

Moment of inertia

NICER

LIGO/Virgo
Bayesian Modelling

Contributing to the observed orbital precession:

Kramer et al. (2021)

NICER

LIGO/Virgo
Bayesian Modelling

Taking EOS uncertainties 

into account:

mA = 1.338185 (14) Msun

mB = 1.248868 (13) Msun

Grey regions: estimates from Dietrich et 

al. (2020) using Lattimer (2019):

limit on RA is < 22 km at 90% confidence. 

See also Hu et al. (2020)



PuCng it all together: 
After 18 years since its discovery:

• 7 Post-Keplerian parameters
• Next-to-leading order in signal propagation
• Most precise strong-field test of GR
• Start to probe MoI and Equation-of-State
• Need to take mass loss into account
• MeerKAT improves timing by factor 2-3!

Kramer et al. (2021)
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including the important PK parameters, requires a sec-
ond data set with ToAs based on 30-s sub-integrations
in order to optimally resolve the fast compact orbit of
PSR J0737�3039A. The analysis of this latter data set
required also the development of a new timing model
and an improved implementation in Tempo. This takes
into account higher-order e↵ects, including velocity de-
pendent terms in the Shapiro delay. With these e↵orts,
our results not only improve on precision of the previ-
ously measured parameters [29], but also reveal newly
measured e↵ects.

Using a Monte Carlo analysis, we obtained a probabil-
ity distribution for the weighted mean of the VLBI and
pulse timing annual parallaxes to obtain our best esti-
mate of 1.36+0.12

�0.10 mas for the parallax and 735±60 pc for
the distance of the Double Pulsar. We emphasize again
that, because of the fortunate arrangement of the secular
(Shklovskii) and the Galactic acceleration being of oppo-
site sign for the Double Pulsar, the impact of distance
uncertainties is minimal for our current GW emission test
[156]. This will eventually change, but continued VLBI
and timing observations should converge onto a higher
precision distance well before any limitations are reached
for the GW emission test.

We then discussed in detail the contributions to the
timing model that need to be considered given the much
improved precision of our measurements. Here, we con-
sidered in particular higher-order timing e↵ects, extrin-
sic modifications to our observed timing parameters and
also spin contributions. The latter requires us, for the
first time, to pay attention to the EoS of NSs when in-
terpreting pulsar timing data.

TABLE V. Summary of the relativistic e↵ects measured in our
analysis and list of the resulting independent strong-field tests
of GR. For each test, the remaining PK parameters and the
mass ratio have been used to determine the masses of pulsars
A and B as input for GR predictions. In addition, parameters
that test the significance of specific higher order contributions
in the advance of periastron and the signal propagation are
given.

Relativistic e↵ect Parameter Obs./GR pred.

Shapiro delay shape s 1.00009(18)
Shapiro delay range r 1.0016(34)
Time dilation �E 1.00012(25)
Periastron advance !̇ ⌘ nbk 1.000015(26)
GW emission Ṗb 0.999963(63)
Orbital deformation �✓ 1.3(13)
Spin precession ⌦spin

B
0.94(13)⇤

Tests of higher order contributions

Lense-Thirring contrib. to k �LT 0.7(9)
NLO signal propagation qNLO[total] 1.15(13)
. . . from signal deflection qNLO[deflect.] 1.26(24)
. . . from signal retardation qNLO[retard.] 1.32(24)

⇤ Determined in Ref. [52].

In this work we obtained more independent tests of GR

than are possible in any other system. We summarize the
six PK parameters measured in this work in Table V, ad-
ditionally including the test of relativistic spin precession.
The measurements allow us to test conservative aspects
of the orbital dynamics of two strongly self-gravitating
masses up to 2PN order, including a ⇠1� constraint on
the Lense-Thirring contribution, which in turn could be
used to constrain the MoI of pulsar A under the assump-
tion of GR. A signal propagation test resulted in a con-
firmation of GR at the 4⇥10�4 level for the propagation
of photons in the gravitational field of a strongly self-
gravitating (material) body (see Section VIB 5). More-
over, NLO contributions are clearly present in the timing
data, confirmed with a precision of about 10%. The most
precise GR test available with our data probes the radia-
tive aspects of GR, yielding a test at 2.5PN level in the
equations of motion with a precision of 1.3⇥ 10�4 (95%
C.L., see Section VIB 2). In terms of overall fractional
precision, this is the most precise test of GR’s predictions
for GW emission currently available.

The new e↵ects that we detected include a relativistic
deformation of the orbit, and higher-order contributions
to the Shapiro and aberration delay. The latter allow
us to infer the spin-direction of A as prograde, confirm-
ing earlier results that require a low-kick supernova as
the formation process for pulsar B. We can determine
the masses of pulsars A and B with a precision of 10�5

(modulo an unknown Doppler factor, which is expected
to deviate by less than 10�4 from unity), which we can
combine with the first constraints on the NS MoI ever
obtained from pulsar timing. With the Double Pulsar,
we are able to greatly improve the measurement of or-
bital period decay resulting from GW damping compared
to the current best measurement from the Hulse-Taylor
binary system. The second largest contribution to the
observed orbital period decay is related to the e↵ective
mass loss of pulsar A, which now also has to be taken into
account. Improving the precision of the Double Pulsar
tests even further will, from now on, be constrained by
our ability to correct for kinematic e↵ects.

We pointed out that a direct comparison of tests of PN
inspiral phase coe�cients with di↵erent compact objects
(BHs vs. NSs) as well as di↵erent gravity regimes (mildly
relativistic vs. highly relativistic strong field) comes with
certain caveats. Stating this, it is nevertheless obvious
that our high-precision timing tests superbly complement
the LIGO tests, which currently are less precise at low-
GW orders but allow us to probe higher-order contribu-
tions to the GW emission. This can be seen more clearly
in approaches based on di↵erent theories of gravitation.
For instance, in DEF gravity (Section VIIA), the con-
straints from the Double Pulsar are considerably tighter
than those from the double NS merger GW170817 (bi-
nary BH mergers do not provide any constraints for DEF
gravity). Section VII describes two alternatives to GR,
namely DEF gravity and Bekensein’s TeVeS, in some de-
tail. We show that the new Double Pulsar results con-
strain e↵ects that one would typically expect from cer-



Relativistic spin precession
Experiments made in Solar System provide precise weak-field tests 

and confirm it,  e.g. LLR or GRAVITY Probe-B

Predicted for pulsars by Damour & Ruffini (1974) and first seen for  such

strongly self-gravitagng bodies in HT-Pulsar (Kramer’98) but no significant

measurement of precession rate ungl Double Pulsar...  

Kramer (1998, 2012)

Hulse-Taylor Pulsar

Breton et al. (2008): 13% validation

Double Pulsar:

Damour & Ruffini (1974)



Relativistic spin precession in Double Pulsar
Measurement going to be much improved with MeerKAT

MeerTime’s (Bailes et al. 2020) “RelBin” programme (Kramer et al. 2021b) studies

Double Pulsar’s timing (Hu et al.) and eclipses (Lower et al.)

Breton et al. (2008): 13% validaHon

Double Pulsar:
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Eclipses will also allow us to track “B”’s rotation 

without its radio emission: improvement also 

on the mass ratio – (see Lower et al., in prep.)
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Figure 6. Averaged polarization profiles and PA measurements of PSR J1906+0746 for a set of 13 averaged profiles. To improve readabiliy, only the phase
around the MP and IP is displayed. The weigthed MJD of the averaged profiles are written in the upper-right cornel of the upper panels. For each epoch, the
total intensity profile I, the linear intensity L, and the circular polarization V are shown in the upper panel in black, red and blue colours, respectively. In the
lower panel, the data points represent the PA of the linear polarization and the red curve shows the best RVM fit with the results reported in Table 2. The arrows
indicate the fiducial points of the RVM, i.e. !0.
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PSR J1906+0746: Deciphering pulsars with GR

Unique results on relativistic binary (Desvignes et al. 2019):

Our line-of-sight has crossed the pole of interpulse! First glance ever.

Using ideas of DR74 & Dass & Radhakrishnan (1975) to look at Rotating Vector Model (1969):
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Figure 2: Beam maps of the radio emission. Two-dimensional contours of the reconstructed
Stokes I emission maps (in log-scale of mJy), as projected on the sky, for the MP (bottom-left
plot) and the IP (bottom-right plot). The red crosses at (0,0) and (180,0) indicate the pulsar’s
magnetic pole on the MP and IP maps, respectively, and the dashed circles show the increments
by two degrees in the beam map. The dotted lines represent the LOSs at a given time with the
year being written on the left side. The hatched areas correspond to the parts of the maps that
can’t be probed due to lack of observations. The upper panels from (a) to (e) show the PA mea-
surements (in black) and the prediction by the precessional RVM (the red curve) corresponding
to the LOSs represented on the IP map, also noted from (a) to (e).
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plot) and the IP (bottom-right plot). The red crosses at (0,0) and (180,0) indicate the pulsar’s
magnetic pole on the MP and IP maps, respectively, and the dashed circles show the increments
by two degrees in the beam map. The dotted lines represent the LOSs at a given time with the
year being written on the left side. The hatched areas correspond to the parts of the maps that
can’t be probed due to lack of observations. The upper panels from (a) to (e) show the PA mea-
surements (in black) and the prediction by the precessional RVM (the red curve) corresponding
to the LOSs represented on the IP map, also noted from (a) to (e).
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Stokes I emission maps (in log-scale of mJy), as projected on the sky, for the MP (bottom-left
plot) and the IP (bottom-right plot). The red crosses at (0,0) and (180,0) indicate the pulsar’s
magnetic pole on the MP and IP maps, respectively, and the dashed circles show the increments
by two degrees in the beam map. The dotted lines represent the LOSs at a given time with the
year being written on the left side. The hatched areas correspond to the parts of the maps that
can’t be probed due to lack of observations. The upper panels from (a) to (e) show the PA mea-
surements (in black) and the prediction by the precessional RVM (the red curve) corresponding
to the LOSs represented on the IP map, also noted from (a) to (e).
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⌦p = 2.17± 0.11 deg/yr

P = 144ms
Pb = 0.166 d
e = 0.0853

⌦GR
p = 2.234± 0.014 deg/yr

Figure 1: Mass-mass diagram. The black lines delimit the 1!! contours from the measure-
ments of the orbital period decay, Ṗb, the periastron advance, "̇, and the time dilation and
gravitational redshift parameter, #, as presented in (18). The red dotted and dashed lines delimit
the two new additional constraints, the measurements of spin-precession rate !p and inclina-
tion angle i, respectively. The grey parameter space is excluded by the mass function due to
sin i " 1.

14

[ Desvignes et al. 2016, in prep. ]Compare to GR expectagon:

2.234 ± 0.014 deg/yr
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Figure 2: Beam maps of the radio emission. Two-dimensional contours of the reconstructed
Stokes I emission maps (in log-scale of mJy), as projected on the sky, for the MP (bottom-left
plot) and the IP (bottom-right plot). The red crosses at (0,0) and (180,0) in the MP and IP maps,
respectively, indicates the pulsar’s magnetic pole and the dashed circles the increments by two
degrees in the beam map. The dotted lines represent the lines of sight at a given time with the
year being written on their left part. The hatched area corresponds to the part of the maps that
haven’t been probed. The upper panels from (a) to (e) show the PA measurements (in black)
and the prediction by the RVM (the red curve) corresponding to the lines of sight represented
on the IP map, also noted from (a) to (e).
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Figure 2: Beam maps of the radio emission. Two-dimensional contours of the reconstructed
Stokes I emission maps (in log-scale of mJy), as projected on the sky, for the MP (bottom-left
plot) and the IP (bottom-right plot). The red crosses at (0,0) and (180,0) in the MP and IP maps,
respectively, indicates the pulsar’s magnetic pole and the dashed circles the increments by two
degrees in the beam map. The dotted lines represent the lines of sight at a given time with the
year being written on their left part. The hatched area corresponds to the part of the maps that
haven’t been probed. The upper panels from (a) to (e) show the PA measurements (in black)
and the prediction by the RVM (the red curve) corresponding to the lines of sight represented
on the IP map, also noted from (a) to (e).
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respectively, indicates the pulsar’s magnetic pole and the dashed circles the increments by two
degrees in the beam map. The dotted lines represent the lines of sight at a given time with the
year being written on their left part. The hatched area corresponds to the part of the maps that
haven’t been probed. The upper panels from (a) to (e) show the PA measurements (in black)
and the prediction by the RVM (the red curve) corresponding to the lines of sight represented
on the IP map, also noted from (a) to (e).
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and the prediction by the RVM (the red curve) corresponding to the lines of sight represented
on the IP map, also noted from (a) to (e).
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Unique results on relativistic binary (Desvignes et al. Science 2019):

Our line-of-sight has crossed the pole of interpulse! First glance ever.

Best test of GR for spin-precession of strongly - self-gravitating gyroscope

From accurate tracking of 

geometry vs time:

REPORT
!

RADIO ASTRONOMY

Radio emission from a pulsar’s
magnetic pole revealed by
general relativity
Gregory Desvignes1,2*, Michael Kramer1,3, Kejia Lee4, Joeri van Leeuwen5,6,
Ingrid Stairs7, Axel Jessner1, Ismaël Cognard8,9, Laura Kasian7,
Andrew Lyne3, Ben W. Stappers3

Binary pulsars are affected by general relativity (GR), causing the spin axis of each pulsar
to precess.We present polarimetric radio observations of the pulsar PSR J1906+0746 that
demonstrate the validity of the geometrical model of pulsar polarization. We reconstruct
the (sky-projected) polarization emission map over the pulsar’s magnetic pole and predict
the disappearance of the detectable emission by 2028. Two tests of GR are performed
using this system, including the spin precession for strongly self-gravitating bodies. We
constrain the relativistic treatment of the pulsar polarization model and measure the
pulsar beaming fraction, with implications for the population of neutron stars and the
expected rate of neutron star mergers.

P
ulsars are fast-spinning neutron starsmea-
suring ~1.2 to 2.2 solar masses (M!) with
strong magnetic fields that emit a beam
of radio waves along their magnetic axes
above each of their oppositemagnetic poles.

According to Einstein’s theory of general relativi-
ty (GR), space-time is curved by massive bodies.
Predicted effects of this theory include relativistic
spin precession in binary pulsars (1). This preces-
sion arises from any misalignment, by an angle
d, of the spin vector of each pulsar with respect
to the total angular momentum vector of the
binary, most likely caused by an asymmetric
supernova (SN) explosion imparting a kick onto
the neutron star(s) (2, 3). This precession causes
the viewing geometry to vary, which can be tested
observationally.

As a pulsar rotates, its radio beams sweep the
sky. If one of the beams crosses our line of sight
(LOS), its emission is perceived as being pulsed.
When averaged over several hundreds of pulsar
rotations, the pulses typically form a stable pulse
profile. Evidence for a variable pulse profile attrib-
uted to changes in the viewing geometry caused
by spinprecessionhavebeenobserved andmodeled
for the binary pulsar PSR B1913+16 (4, 5). Polar-
ization information can provide an additional,
independent tool to study relativistic spin preces-
sion (6, 7). We expect that the position angle (PA)

sweep of a pulsar’s linearly polarized emission
resulting from geometrical effects can be de-
scribed by the rotating vector model (RVM) (8).
This simple model, which assumes a magnetic
dipole centered on the pulsar, relates the PA to
the projection of the magnetic field line direc-
tion as the pulsar beam rotates and crosses our
LOS. The resulting gradient of the PA sweep as a
function of the pulsar rotational phase (9) depends
only on the magnetic inclination angle a and the
impact parameter b (i.e., the angle of closest ap-
proach between the observer direction and the
magnetic axis). For LOSs crossing opposite sides
of the same magnetic pole, the RVM predicts
opposite slopes of the PA swing, which becomes
steeper for smaller b (10). RVMhas been extended
to include rotational and relativistic effects be-
tween the pulsar and observer frame (11, 12), in
principle allowing emission heights for the ob-
served radio emission to be estimated. Although
the RVM matches observations of young pulsars
that present a smooth PA swing (13), deviations
are also observed, so for large emission heights,
the pure dipole approximation may not be valid
for a rotating plasma-loaded magnetosphere (14).
Evidence for the central assumption of all these
models, i.e., the geometrical meaning of the PA
sweep, has so far been missing.
PSR J1906+0746 (right ascension 19h06m48.86s,

declination +07°46!25.9!!, J2000 equinox) is a
young pulsar with spin period Ps ~ 144 ms in a
4-hour orbit around another neutron star. When
it was discovered in 2004 (15), PSR J1906+0746
showed two polarized emission components sep-
arated by nearly half a period (or ~180° of pulse
longitude). The main pulse (MP) and interpulse
(IP) indicated anearly orthogonal geometrywhere
emission from both magnetic poles is visible from
Earth. Comparison with archival data from the
Parkes Multibeam Pulsar Survey (PMPS) (16)
revealed that only the stronger MP had been
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Fig. 1. Geometry of
PSR J1906+0746.The
pulsar rotates with a
spin period Ps = 144 ms
around its spin vector S
shown with the vertical
red arrow. S precesses
with a period of Pp =
360°/Wp ~160 yr
around the total angu-
lar momentum vector
(misaligned by the
angle d from S) that
can be approximated
by the orbital momen-
tum vector X, perpen-
dicular to the Y–Z
orbital plane. The
orbital inclination angle
is i. As the pulsar spins, its magnetic pole corresponding to the MPemission, BMP, and inclined with an
angle aMP sweeps the sky along the dashed blue trajectory.The MP beam, with the extent pictured by
the dotted blue circle, crosses our LOS represented by theKvector if jbMPj < 22°.This allows us to observe
a cut, shown with the red curve, through the MP beam. After half a rotation of the pulsar, our LOS can
also potentially cut through the IP beam if jbIPj < 22°. For clarity, only the MP beam is shown.
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• Confirming also magnetospheric theories (emission above pole &  heights)

• Update on GW-detector NS/NS-merger rates (Grunthal et al. 2021)
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New Tests of the Strong Equivalence Principle Using Binary-Pulsar Data

Thibault Damour
Institut des Hautes Etudes Scienttftques, 9I440 Bures sur YvetteF, rance

and Departement drAstrophysique Relativiste et de Cosmologic,
Observatoire de Paris Cen-tre National de la Recherche Scientiftque, 92I95 Meudon CEDEX, France

Gerhard Schafer
Institut fu'r Astrophysik, Max Plane-k Instit-ut fu'r Physik und Astrophysik,
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(Received 20 February 1991)

One of the few experimental handles on the nonlinear properties of the gravitational interaction is to
test the "strong equivalence principle, " i.e., to test whether the ratio mgravitalional/mjngrtjg[ is 1 for self-
gravitating bodies. We point out that existing observational data on the class of small-eccentricity long-
orbital-period binary pulsars already provide a limit (namely ~ms/m; —1~ & 1.1 & 10;90% C.L.) which
goes beyond corresponding solar-system limits in probing strong-gravitational-field eAects. Possible ob-
servational ways of improving this limit are suggested.

PACS numbers: 04.80.+z, 95.30.Sf, 97.60.6b, 97.80.Fk

The equivalence principle, i.e., the property that all
neutral test masses fall with the same acceleration in an
external gravitational field, is a profoundly characteristic
feature of the gravitational interaction. It has been
verified, with a fractional precision 8a/a —10 ", by the
experiments of Roll, Krotkov, and Dicke, ' and of Bra-
ginsky and Panov, as well as, very recently, by new
Earth-based experiments motivated by the possible ex-
istence of a supplementary finite-range vector or scalar
macroscopic interaction. Moreover, a planned satellite
experiment aims at improving the precision of the test
down to a level Sa/a —10 ' . However, it was pointed
out by Nordtvedt that the laboratory-size bodies used in
such experiments possess a negligible fraction of gravita-
tional self-energy, and therefore that such experiments
indicate nothing about the equality of "gravitational, "
m~, and "inertial, " m;, masses when including terms of
fractional order Eg/mc (where Es denotes the gravita-
tional self-energy). Nordtvedt further pointed out the
possibility to test such a stronger version of the equiva-
lence principle through the analysis of lunar-laser-rang-
ing data. This test has been performed ' and reaches
now a precision )

8'a/a )
=B(ms/m; )

~

—2 x 10 ', sufli-
cient to put severe limits (currently ~ri~ & 0.01 at th'e 2tr
level' ) on the parameter quantifying a violation of the
strong equivalence principle of the type envisaged by
Nordtvedt: ms/m; =1+riEg/mc .

The purpose of this Letter is to point out that, in view
of the smallness of the self-gravity of planetary bodies
(e.g. , Eg/mc = —4.6x10 ' for the Earth), such solar-
system tests of the strong equivalence principle indicate
nothing about higher-order gravitational-energy contri-
butions to the ratio ms/m; for some body a:

(ms/m;), =1+8„=1+ri(Es/mc ),
+ ri'[(Es/mc'), ] '+ . (1)

To test such higher-order eff'ects one needs to consider
strongly self-gravitating bodies, such as neutron stars
[for which Es/mc ——0.15, so that the higher-order
contributions to A„ in Eq. (1), can reach a few percent].
We shall show in this Letter that presently existing
binary-pulsar data already contain important informa-
tion that puts limits on such higher-order violations of
the strong equivalence principle. The possibility that
such higher-order contributions in Eq. (1) are present (ri'
of order unity, etc. ) independently of the magnitude of
the lowest-order term (~ ri~ & 0.01) has been recently
proven by the investigation of a general class of alterna-
tive relativistic field theories of gravity, " which can
coincide with general relativity in the post-Newtonian
limit, and difI'er arbitrarily from it in the strong-field re-
gime.

In the presence of a violation of the strong equivalence
principle, Eq. (1), the equations of motion for the rela-
tive position' r=x& —x2 between, say, the pulsar (iner-
tial mass m t) and its companion (inertial mass mq) have
the form

d r/dt + QMr/r =R+F,
where M—=m]+my, 9 denotes the eff'ective gravitational
constant for the interaction between m] and m2, R de-
notes the orbital relativistic contributions [~ (v'" ""/
c) ], and F—=Ag, with d, =—ht —A2 denoting the supple-
mentary "force" (per unit mass) due to the differential
acceleration of free fall in the gravitational field I of the
galaxy. Equation (2) has the same form as the usual
"lunar" Nordtvedt eA'ect, with the physical diff'erences
that, in our "pulsar" case, the eccentricity of the unper-
turbed Keplerian orbit is, in general, not small, the force
F is not nearly parallel to the orbital plane and is essen-
tially constant in magnitude and direction (so that we
are considering the gravitational analog of the Stark

1991 The American Physical Society 2549

Here: small eccentricity systems – which we have indeed used until recently
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strong field
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Illustration: NRAO/AUI/NSF/S. Dagnello

PSR J0337+1715: P = 2.7 ms, MPSR = 1.436 M⊙
Inner orbit: 1.63 d,  MWD = 0.197 M⊙
Outer orbit: 327 d,   MWD = 0.410 M⊙

Triple System (aka PSR J0337+1715)  discovered by Ransom et al. (2014)
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Strong-field Nordtvedt parameter (cf. Damour & Schäfer 1991):

Recent important update by Voisin et al. (2020):
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ABSTRACT

Context. The gravitational strong equivalence principle (SEP) is a cornerstone of the general theory of relativity (GR). Hence, testing
the validity of SEP is of great importance when confronting GR, or its alternatives, with experimental data. Pulsars that are orbited by
white dwarf companions provide an excellent laboratory, where the extreme di↵erence in binding energy between neutron stars and
white dwarfs allows for precision tests of the SEP via the technique of radio pulsar timing.
Aims. To date, the best limit on the validity of SEP under strong-field conditions was obtained with a unique pulsar in a triple stellar
system, PSR J0337+1715. We report here on an improvement of this test using an independent data set acquired over a period of
6 years with the Nançay radio telescope. The improvements arise from a uniformly sampled data set, a theoretical analysis, and a
treatment that fixes some short-comings in the previously published results, leading to better precision and reliability of the test.
Methods. In contrast to the previously published test, we use a di↵erent long-term timing data set, developed a new timing model and
an independent numerical integration of the motion of the system, and determined the masses and orbital parameters with a di↵erent
methodology that treats the parameter �, describing a possible strong-field SEP violation, identically to all other parameters.
Results. We obtain a violation parameter � = (+0.5 ± 1.8) ⇥ 10�6 at 95% confidence level, which is compatible with and improves
upon the previous study by 30%. This result is statistics-limited and avoids limitation by systematics as previously encountered.
We find evidence for red noise in the pulsar spin frequency, which is responsible for up to 10% of the reported uncertainty. We
use the improved limit on SEP violation to place constraints on a class of well-studied scalar-tensor theories, in particular we find
!BD > 140 000 for the Brans-Dicke parameter. The conservative limits presented here fully take into account current uncertainties in
the equation for state of neutron-star matter.

Key words. gravitation – pulsars: individual: PSR J0337+1715 – stars: neutron – radio continuum: stars

1. Introduction

Among the fundamental interactions of nature, gravity is unique
in attracting all material objects with the same acceleration,
at least within current observational precision. This feature of
gravity (the universality of free fall, UFF below) was thought
by Newton to be a cornerstone of Newtonian mechanics
(Newton 1687). Indeed, in the Newtonian theory of gravity, this
universal acceleration implies that the inertial mass of a body is
always in a fixed proportion to its passive gravitational mass, and
is independent of the mass, chemical composition, or the detailed
internal structure of the gravitating object. This was presented
as an observed physical principle, without a deeper explanation.
Newton and many later experimentalists have conducted di↵erent
experiments to verify UFF, no deviations have been found that are
larger than 1.3 ⇥ 10�14 (Touboul et al. 2019). This equivalence
between the inertial and passive gravitational masses for test par-
ticles (defined here as objects with negligible gravitational self-
energy) is the so-called weak equivalence principle (WEP).
? Supplementary figures are available at https://www.aanda.org

When thinking about a new theory of gravity that incorpo-
rates the laws of special relativity (SR), Einstein had the insight
that the gravitational field appears to be absent for a freely falling
observer. This was later described by Einstein as the ‘most for-
tunate thought in my life’ (Renn 2007). This idea, that gravity is
equivalent to acceleration, naturally explains the WEP. If the rel-
ativity principle applies to this situation, then any observers in
a su�ciently small room in a free-falling reference frame are
not only unable to determine whether the room is in motion
or at rest relative to distant bodies, but they are neither able to
determine its rate of acceleration in the gravitational field. This
implies that, in the vicinity of the observer the laws of physics
are (in very good approximation) given by SR, which means that
the Lorentz invariance of SR is obeyed locally (this is the local
Lorentz invariance, LLI) and furthermore, that it does not matter
where or when an experiment is made (this is known as local
position invariance, LPI). The combination of the WEP with
LLI and LPI is now known as the Einstein equivalence princi-
ple (EEP, Will 2018a). Schi↵’s conjecture states that the WEP
implies the full EEP for any consistent theory of gravity, for
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Context. The gravitational strong equivalence principle (SEP) is a cornerstone of the general theory of relativity (GR). Hence, testing
the validity of SEP is of great importance when confronting GR, or its alternatives, with experimental data. Pulsars that are orbited by
white dwarf companions provide an excellent laboratory, where the extreme di↵erence in binding energy between neutron stars and
white dwarfs allows for precision tests of the SEP via the technique of radio pulsar timing.
Aims. To date, the best limit on the validity of SEP under strong-field conditions was obtained with a unique pulsar in a triple stellar
system, PSR J0337+1715. We report here on an improvement of this test using an independent data set acquired over a period of
6 years with the Nançay radio telescope. The improvements arise from a uniformly sampled data set, a theoretical analysis, and a
treatment that fixes some short-comings in the previously published results, leading to better precision and reliability of the test.
Methods. In contrast to the previously published test, we use a di↵erent long-term timing data set, developed a new timing model and
an independent numerical integration of the motion of the system, and determined the masses and orbital parameters with a di↵erent
methodology that treats the parameter �, describing a possible strong-field SEP violation, identically to all other parameters.
Results. We obtain a violation parameter � = (+0.5 ± 1.8) ⇥ 10�6 at 95% confidence level, which is compatible with and improves
upon the previous study by 30%. This result is statistics-limited and avoids limitation by systematics as previously encountered.
We find evidence for red noise in the pulsar spin frequency, which is responsible for up to 10% of the reported uncertainty. We
use the improved limit on SEP violation to place constraints on a class of well-studied scalar-tensor theories, in particular we find
!BD > 140 000 for the Brans-Dicke parameter. The conservative limits presented here fully take into account current uncertainties in
the equation for state of neutron-star matter.
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1. Introduction

Among the fundamental interactions of nature, gravity is unique
in attracting all material objects with the same acceleration,
at least within current observational precision. This feature of
gravity (the universality of free fall, UFF below) was thought
by Newton to be a cornerstone of Newtonian mechanics
(Newton 1687). Indeed, in the Newtonian theory of gravity, this
universal acceleration implies that the inertial mass of a body is
always in a fixed proportion to its passive gravitational mass, and
is independent of the mass, chemical composition, or the detailed
internal structure of the gravitating object. This was presented
as an observed physical principle, without a deeper explanation.
Newton and many later experimentalists have conducted di↵erent
experiments to verify UFF, no deviations have been found that are
larger than 1.3 ⇥ 10�14 (Touboul et al. 2019). This equivalence
between the inertial and passive gravitational masses for test par-
ticles (defined here as objects with negligible gravitational self-
energy) is the so-called weak equivalence principle (WEP).
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When thinking about a new theory of gravity that incorpo-
rates the laws of special relativity (SR), Einstein had the insight
that the gravitational field appears to be absent for a freely falling
observer. This was later described by Einstein as the ‘most for-
tunate thought in my life’ (Renn 2007). This idea, that gravity is
equivalent to acceleration, naturally explains the WEP. If the rel-
ativity principle applies to this situation, then any observers in
a su�ciently small room in a free-falling reference frame are
not only unable to determine whether the room is in motion
or at rest relative to distant bodies, but they are neither able to
determine its rate of acceleration in the gravitational field. This
implies that, in the vicinity of the observer the laws of physics
are (in very good approximation) given by SR, which means that
the Lorentz invariance of SR is obeyed locally (this is the local
Lorentz invariance, LLI) and furthermore, that it does not matter
where or when an experiment is made (this is known as local
position invariance, LPI). The combination of the WEP with
LLI and LPI is now known as the Einstein equivalence princi-
ple (EEP, Will 2018a). Schi↵’s conjecture states that the WEP
implies the full EEP for any consistent theory of gravity, for
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Testing Damour-Esposito-Farèse Gravity

A two parameter mono-scalar-tensor gravity T1(α0, β0) 

Kramer et al. (2021) Kramer et al. (2021)

Double Pulsar



A lot more can be tested with binary pulsars – recent examples:

Universality of Free Fall (UFF):

- Triple System (aka PSR J0337+1715): Archibald et al. (2018) & Voisin et al. (2020)

- Towards Dark Matter: Shao et al. (2018)

Local Lorenz Invariance  

Existence of gravitational dipole radiation

Variation of gravitational constant

Graviton mass bound from binary pulsars

…and more:      see reviews by Shao & Wex (2016) or Wex & Kramer (2020)

Freire et al. (2012)

Shao et al. (2020)

Damour & Esposito-Farese (1992), Shao & Wex (2016)

Zhu et al. (2019)
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Testing local Lorentz invariance of gravity with binary-pulsar data

Thibault Damour
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and Departement d'Astroyhysique Relativiste et de Cosmologic, Observatoire de Paris—
Centre National de la Recherche Scientifique, 9&95 Meudon CEDEX, Prance

Gilles Esposito-Farese
Institut des Kautes Etudes Scientifiques, M)$0 Bures sur Yvette, Prance

and Centre de Physique Thdorique, Centre National de la Recherche Scientifique, Lurniny,
1M88 Marseille CEDEX 9, Prance.
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As gravity is a long-range force, one might a priori expect the Universe's global matter distribution
to select a preferred rest frame for local gravitational physics. Two parameters ap and n2 suffice
to describe the phenomenology of preferred-frame effects in post-Newtonian gravity. One of them
has already been very tightly constrained (~n2~ ( 2.4 x 10 ). We show here that binary-pulsar data
provide a bound on the other one (~n& ~

( 5.0 x 10, 90'%%uo C.L.) which is quantitatively comparable
to previous solar-system limits, but qualitatively more powerful because it is derived for systems
comprising strong-gravitational-field regions. Our results correct a previous claim that aq could be
very tightly constrained via a purported semisecular effect in the orbital period of binary pulsars.
PACS number(s): 04.80.+z, 03.30.+p, 97.60.Gb

Local Lorentz invariance, i.e., the absence of preferred
frames in local experiments, is an essential ingredient of
our present understanding of the constitution and inter-
actions of matter and is verified every day in high-energy
experiments. If gravity is mediated only by a second-
rank symmetric tensor field (as assumed in general rela-
tivity), or, more generally, by one symmetric tensor field
and an arbitrary number of scalar fields, the gravitational
physics of localized systems will also be boost-invariant
(at least within a good approximation). On the other
hand, it has been pointed out some time ago by Will
and Nordtvedt [1) that if gravity is mediated in part by
a long-range vector field (or by a second tensor field)
one expects the Universe's global matter distribution to

I

select a preferred rest frame for the gravitational inter-
action. In the post-Newtonian limit all the gravitational
effects associated with the possible existence of such a
preferred cosmic frame are phenomenologically describ-
able by two parameters crq and era [1]. These parame-
ters contribute additional, non-boost-invariant, velocity-
dependent terms in the gravitational many-body post-
Newtonian Lagrangian, beyond the usual boost-invariant
terms obtained in general relativity and its minimal ex-
tensions described by the Eddington parameters p and P
(which correspond to adding one or several scalar fields
[2]). More precisely, the N-body post-Newtonian La-
grangian reads

Lp, ~ = ) —rnAc [1 —(vA) /c ] + —) 1+ ~ [(vA) +(vB) ]—
2

A TAB 2CAgB
2 ~ (vA'vB)0 0

2 g (nAB ' vA)(nAB vB) + g (vA vB)0 0 + 0 0 2

t2mmm™m~
BgAgC

4 C rAB

(2)

(3)
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Damour and Esposito-Farese (1992)



Summary & Conclusions
• Unfortunately, Einstein did not live to see discovery of pulsars and their usage to test relativistic gravity

• Binary pulsars provide most precise – and often unique - tests for strongly self-gravitating bodies

• Measurements are usually clean and precise – confirming GR so far

• Tight constraints on alternative theories which need to pass binary pulsar tests

• Recent very significant progress, e.g. Double Pulsar or Triple System

• We have transcended to the next level of precision (&effects) 

• Even more systems are being discovered

• With MeerKAT, FAST and later SKA a new era has begun

• Thibault has helped enormously to exploit them

Many more years more to come.   



“Wie kommt uns da die pedan0sche Genauigkeit der Astronomie zu
Hilfe,  über die ich mich im S0llen früher o? lus0g machte!” 

“There comes the pedan0c precision of astronomy to the rescue, 
which I have ridiculed silently so o?en in the past!”

(Albert Einstein in leper to Arnold Sommerfeld , 9.12.1915)

“Famous” Words...

from Mysteries of the Quantum World (Damour & Burniat)

Thank you, Thibault.


