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Plan

Self-force landscape as at 2010

The 2010 paper and the 6 self-force ‘handles’

Accomplished calculations and follow-ons

Reflection
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Self-force landscape as at 2010

1997 1st-order equation of motion (2nd order not until 2012)

Practical calculation methods for EMRI setups.
Mode-sum regularization.
Gauge problem.

Scalar-field implementations and other toy problems

2007 First calculations of gravitational self-force in EMRI orbits

First comparisons with PN results: 2008 (redshift) 2009 (ISCO shift)
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Damour’s 6 self-force ‘handles’

1 ISCO frequency

2 Perisatron advance of slightly eccentric orbits

3 ADM-like E and J using 2nd-order self-force (note: pre- 1st law of binaries)

4 Critical value of J for a Zero-binding-energy zoom-whirl orbit (ZEZO)

5 Frequency of the innermost bound (unstable) circular geodesic

6 Scatter angle in hyperbolic encounters
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1. ISCO frequency (Schwarzschild)

Effective radial force:

m1r̈ = −m1

2
V ′eff + Fself(∝ q2)

V ′eff = 0 = V ′′eff ⇒ risco = 6m2 +O(q).

⇒ mΩisco = 6−3/2 [1 + q CΩ +O(q2)
]
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ISCO frequency in EOB

(mass rescaled) EOB Hamiltonian near circularity:

H2
eff(u, pr; j; ν) = A(u; ν)

(
1 + j2u2)+O(p2

r)

A(u; ν) = 1− 2u+ νa(u) +O(ν2)

ISCO identified by looking for inflection point of H2
eff :

uISCO =
1

6

[
1 + ν

(
a(1/6) +

1

3
a′(1/6) +

1

18
a′′(1/6)

)
+O(ν2)

]
from which one can read

CEOB
Ω = 1−

√
8/9 +

3

2
a(1/6) +

1

4
a′(1/6) +

1

12
a′′(1/6).

⇒ Constraint on the PN expansion coefficients in a(u) = a3u
3 + a4u

4 + a5u
5 + · · · .
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2. Perisatron advance of slightly eccentric orbits

(ωr

Ω

)2

=

(
1 +

δ

2π

)2

= 1− 6x+ νρ(x) +O(ν2)

δ

r

r

p
2

1

x := (mΩ)2/3

ωr : radial frequency

δ : advance per radial period

(LB, Damour & Sago 2010)
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Periastron advance in EOB

From the EOB radial equation of motion obtain

ω2
r =

1

2
u2

0D̄(u0; ν)
[
A(u; ν)(1 + j2u2)

]′′
u0

Writing A(u; ν) = 1− 2u+ νa(u) +O(ν2)
and D̄(u; ν) = 1 + νd̄(u) +O(ν2), this gives(ωr

Ω

)2

= 1− 6u+ ν

[
(1− 6u)d̄(u) + a(u) + 2ua′(u) +

1

2
u(1− 2u)a′′(u)

]
+O(ν2).

from which one identifies

ρEOB(x) = 4x

(
1− 1− 2x√

1− 3x

)
+ (1− 6x)d̄(x) + a(x) + xa′(x) +

1

2
x(1− 2x)a′′(x).

ρEOB(x) = ρSF(x) constrains functional form of O(ν) EOB potentials — a
coupled ODE for a(x) and d̄(x) (with boundary conditions from PN)

Several new constraints on the PN expansion coefficients of a(x) and d̄(x).
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Analytical GSF-PN

GSF can be calculated analytically, in a PN framework

Bini, Damour, Geralico 2013–

Shah et al. 2014–

Kavanagh, Ottewill, Wardell, Hopper 2015–

(6.5PN) + · · · [BDG 2016]

Damour Fest 2021 ()self-force & EOB L. Barack



Analytical GSF-PN

(8PN) + · · · [BDG 2016]
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Analytical GSF-PN

(9.5PN!) [BDG 2016]
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Analytical GSF-PN

van de Meent 2016
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3. Binding energy from 2nd-order SF

(Pound, Wardell, Warburton, Miller 2020)
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Binding energy from Detweiler’s redshift (via the 1st law)

(Akcay, LB, Damour, Sago 2012)

(Le Tiec, Barausse, Buonanno 2012)

Ebind =
(

1−2x√
1−3x

− 1
)

+ νESF +O(ν2)

ESF = 1
2
zSF(x)− x

3
z′SF(x) + α(x)

z(x) = 1/ut =
√

1− 3x+ νzSF +O(ν2)

ISCO shift from minimization of Ebind:

CΩ = 1
2

+ 1
4
√

2

[
1
3
z′′SF

(
1
6

)
− z′SF

(
1
6

)]

Handle on EOB potentials down to the light ring

Extension of 1st-law to eccentric orbits [Le Tiec 2015] later allowed GSF calibration
of Q(u; ν) from 〈zSF〉orb [Akcay & van de Meent 2016 +]
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4+5. J and Ω of the Zero-binding-Energy Zoom-whirl Orbit
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(LB, Colleoni, Damour, Isoyama, Sago 2019)

δJ and δΩ obtained by integrating the self-force along the orbit

Direct handle on sub-ISCO EOB potential without 1st-law intermediation

Unambiguous identification of the 1st-law’s energy and angular momentum as
Bondi-type quantities.
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4+5. J and Ω of the Zero-binding-Energy Zoom-whirl Orbit

LB, Colleoni, Damour, Isoyama & Sago 2019

Frequency of the asymptotic circular orbit:

Ω/Ω0 = 1 + 0.5536(2)q direct self-force calculation

= 1 + 0.32q EOB (2010 estimation)

= 1 + 0.553603030(1)q EOB using 1st law

Angular momentum of the asymptotic circular orbit:

J/J0 = 1− 0.304(3)q direct self-force calculation

= 1− 0.288(80)q EOB (2010 estimation)

= 1− 0.30467428782(6)q EOB using 1st law

Damour Fest 2021 ()self-force & EOB L. Barack



6. Scatter angle in hyperbolic encounters

χ(ECOM, b) := ϕout − ϕin − π defined
unambiguously (even with radiation).

Can probe down to light ring (r = 3m2)

(Damour 2016) New way of calibrating
EOB, using post-Minkowskian χ info;
established a new dictionary.

Intense interest, new participants: QCD
Amplitudes, EFT

(Damour 2019) Knowledge of χ through
O(q) [1GSF] determines the full
conservative dynamics to 4PM order.
2GSF would extend that to 6PM!

1GSF results give the full O(q) piece of
χ (“all PM orders”)
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6. Scatter angle in hyperbolic encounters

Ongoing self-force calculations...

Long & LB (2021)
3 independent methods/codes:

- Long & LB (time domain, scalar field and gravity)

- Whittall & LB (frequency domain, scalar field)

- O’tool, Ottewill & Wardell (time domain, scalar field)
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Reflection

2010 paper started a new programme—one still going strong—that has led to significant
improvement in waveform models for GW detectors.

New ideas:

Conservative self-force as handle on strong-field potential

Completely new way of calibrating EOB potentials in the strong field; new
dictionary using gauge-invariant physical quantities.

Use symmetric mass ratio ν in lieu of q, foreseeing remarkable utility of self-force
expansion at all mass ratios.
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