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@ Introduction

@ Time scale calculus

e PMP for optimal (permanent) control problems on time scales

o PMP for optimal nonpermanent control problems on time scales

e Some general comments

e Specific comments to optimal sampled-data control problems

0 PMP for state-constrained optimal nonpermanent control problems on time scales

e A work in progress and challenges
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0 Introduction

Introduction
Main result

A more difficult framework
An existence result
Extension/nonextension of some classical properties

With sampled-data controls, results are averaged !
Optimal sampled-data controls and optimal sampling times
Extension to dynamics/costs depending on the sampling times ?

Main result
Bouncing trajectory phenomenon with sampled-data controls
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Aim of the optimal control theory

To steer a controlled dynamical system
@ from a given configuration to a desired target;
@ by minimizing a given criterion;
@ and by satisfying some constraints.

Applications in various domains : mechanics, economy, biology, etc.

_ Final Peint

Start point

Numerous mathematical models : ordinary differential equations, evolution partial dif-
ferential equations, discrete equations, integral equations, stochastic equations, etc.
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A typical continuous-time optimal control problem
T
minimize M (a(T)) + / L(z(r), u(r), 7) dr,
0

state « € AC([0,T],R™), control v € L>°([0,T],R™),

] z(t) = f(z(t),u(t),t), a.e.te[0,7],
subject to
z(0) = Tinit,
u(t) € U, a.e.te[0,7],

where U C R™ nonempty.
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A typical continuous-time optimal control problem
T
minimize M (a(T)) + / L(z(r), u(r), 7) dr,
0

state z € AC([0,T],R™), controlu € L*=([0, T],R™),

] z(t) = f(z(t),u(t),t), a.e.te[0,7],
subject to
z(0) = Tinit,
u(t) € U, a.e.te[0,7],

where U C R™ nonempty.

Hamiltonian : H(z,u,p,t) := (p, f(z,u,t)) — L(z,u,t).
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A typical continuous-time optimal control problem

minimize M (z(T)) —l—/OT L(x(7),u(r), ) dr,

state z € AC([0,T],R™), controlu € L*=([0, T],R™),

] z(t) = f(z(t),u(t),t), a.e.t 0,7,
subject to
z(0) = Tinit,
u(t) € U, a.e.te[0,7],

where U C R™ nonempty.

Hamiltonian : H(z, u,p,t) := (p, f(z,u,t)) — L(z,u,t).

Pontryagin Maximum Principle (PMP)
If (z*,u") optimal, there exists an adjoint vector p € AC([0,T],R") such that

‘T*(t) = VpH(a:*(t),u*(tLp(t),t), p(t) = _VEH(x*(t)vU*(t)vp(t)7t)7

p(T) = =VM(x(T)),

u*(t) € argmax H(z"(t), v, p(t), ).
velU

v

~ 1950’s

v
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Theoretical applications of the PMP
~ In some cases : solving explicitly the optimal control problem.
~- More generally : getting (partial) informations on the optimal solution.
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Theoretical applications of the PMP
~ In some cases : solving explicitly the optimal control problem.
~- More generally : getting (partial) informations on the optimal solution.

Numerical methods in optimal control theory

@ Direct methods : a full discretization of the optimal control problem solved
numerically with optimization algorithms.

V.
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Theoretical applications of the PMP
~ In some cases : solving explicitly the optimal control problem.
~» More generally : getting (partial) informations on the optimal solution.

Numerical methods in optimal control theory

@ Direct methods : a full discretization of the optimal control problem solved
numerically with optimization algorithms.

@ Indirect methods (based on PMP) : if the maximization condition writes
u*(t) = F(z"(t),p(t),t),

then we provide a guess pint € R™ and compute numerically

i(t) = ( (t), F(x(t), p(t), ), p(t),t), ae.telo,T),
B(t) = =Vo H (w(t), F(2(t), p(1), £), (1), t), ae.t€[0,7],
z(0) = init,
P(0) = pinit,

and we solve numerically p(T)) = —V M (z(T')) with solver algorithms.

v
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A typical discrete-time optimal control problem

N-1
minimize M (zn) + Y L(zk, u, k),
k=0
state z € (R™)V !, control u € (R™)™,
Tht1 — Tk = f(Tr, uk, k), k=0,...,N—1,
subject to
Lo = Zinit,
ur € U, k=0,...,N—1,

where U C R™ nonempty convex.
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A typical discrete-time optimal control problem

N-1
minimize M (zn) + Y L(zk, u, k),
k=0
state z € (R™)V !, control u € (R™)™,
Tht1 — Tk = f(Tr, uk, k), k=0,...,N—1,
subject to
Lo = Zinit,
ur € U, k=0,...,N—1,

where U C R™ nonempty convex.

v

PMP ~ 1970’s
If (=*, ") optimal, there exists an adjoint vector p € (R™)N** such that
Thy1 — T = VpH(Tk, Uk, Prt1, k), Prt1 — Pk = =V H(Tk, g, Prt1, k),
pN = —VM(zn),
VuH (2k, uk, Pr+1, k) € Nulug]. )
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A typical discrete-time optimal control problem

N-1
minimize M (zn) + Y L(zk, u, k),
k=0
state z € (R™)V !, control u € (R™)™,
Tht1 — Tk = f(Tr, uk, k), k=0,...,N—1,
subject to
Lo = Zinit,
ur € U, k=0,...,N—1,

where U C R™ nonempty convex.

v

PMP ~ 1970’s
If (z*,u*) optimal, there exists an adjoint vector p € (R™) ! such that

$Z+1 - 33;; = VPH(':I:27 u;;7pk+17 k)7 Pk+1 — Pk = _V:EH(:BZ7 u27pk+17 k)a
pNy = —VM(zn),

VuH (g, uk, prt1, k) € Nulug].

/\ Discrete setting : no Hamiltonian maximization. /\
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A typical discrete-time optimal control problem

N-1
minimize M (zn) + Y L(zk, u, k),
k=0
state z € (R™)V !, control u € (R™)™,
Tht1 — Tk = f(Tr, uk, k), k=0,...,N—1,
subject to
Lo = Zinit,
ur € U, k=0,...,N—1,

where U C R™ nonempty convex.

v

PMP ~ 1970’s
If (z*,u*) optimal, there exists an adjoint vector p € (R™) ! such that

$Z+1 - 33;; = VPH(x27uZ7pkf+17k)7 Pk+1 — Pk = _VIH(xZ7u27[)A‘+17k)7
pNy = —VM(zn),

VuH (zk, uk, pri1, k) € Nulug].

/\ Discrete setting : no Hamiltonian maximization. /\

slidene7 Loic Bourdin (Limoges) Optimal nonpermanent controls on time scales Brest, 8-10 septembre 2021



First questions
@ Why is the Hamiltonian maximization weakened in the discrete setting ?
@ Why is the convexity of U required in the discrete setting ?
@ Why is there a shift on the adjoint vector in the discrete setting ?
@ What happens for hybrid time structures ?
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First questions
@ Why is the Hamiltonian maximization weakened in the discrete setting ?
@ Why is the convexity of U required in the discrete setting ?
@ Why is there a shift on the adjoint vector in the discrete setting ?
@ What happens for hybrid time structures ?

A mathematical tool to answer these questions
Time scale calculus introduced by Hilger ~ 1990.

Two main objectives :
@ unification of continuous and discrete analyses;;
@ extension to more general time structures.
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o Time scale calculus

Introduction
Main result

A more difficult framework
An existence result
Extension/nonextension of some classical properties

With sampled-data controls, results are averaged !
Optimal sampled-data controls and optimal sampling times
Extension to dynamics/costs depending on the sampling times ?

Main result
Bouncing trajectory phenomenon with sampled-data controls

sliden°9 ic Bourdin (Limoges) Optimal nonpermanent controls on time scales



Definition
A time scale T is a nonempty closed subset of R. J
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Definition
A time scale T is a nonempty closed subset of R.

Classical examples of time scales

e intervals [a, b] continuous analysis
o finite sets {to,...,tn} discrete analysis
e mixes [a,b] U {c} U [d, €] hybrid analysis
e {0}Uwitho<g<1 g-differences equations
o Cantor sets fractal analysis
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Definition
A time scale T is a nonempty closed subset of R.

Classical examples of time scales

e intervals [a, b] continuous analysis
o finite sets {to,...,tn} discrete analysis
e mixes [a,b] U {c} U |[d,e] hybrid analysis
e {0}Uwitho<g<1 g-differences equations
o Cantor sets fractal analysis

Right-scattered and right-dense points

A point r € T is said to be right-scattered if it is right-isolated.
A point s € T is said to be right-dense if it is not.
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Definition
A time scale T is a nonempty closed subset of R.

Classical examples of time scales

e intervals [a, b] continuous analysis
o finite sets {to,...,tn} discrete analysis
e mixes [a,b] U {c} U |[d,e] hybrid analysis
e {0}Uwitho<g<1 g-differences equations
o Cantor sets fractal analysis

Right-scattered and right-dense points

A point r € T is said to be right-scattered if it is right-isolated.
A point s € T is said to be right-dense if it is not.

T
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Definition
A time scale T is a nonempty closed subset of R.

Classical examples of time scales

e intervals [a, b] continuous analysis
o finite sets {to,...,tn} discrete analysis
e mixes [a,b] U {c} U |[d,e] hybrid analysis
e {0}Uwitho<g<1 g-differences equations
o Cantor sets fractal analysis

Right-scattered and right-dense points

A point r € T is said to be right-scattered if it is right-isolated.
A point s € T is said to be right-dense if it is not.

roo(r) s =o(s)
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Definition
A time scale T is a nonempty closed subset of R.

Classical examples of time scales

e intervals [a, b] continuous analysis
o finite sets {to,...,tn} discrete analysis
e mixes [a,b] U {c} U |[d,e] hybrid analysis
e {0}Uwitho<g<1 g-differences equations
o Cantor sets fractal analysis

Right-scattered and right-dense points

A point r € T is said to be right-scattered if it is right-isolated.
A point s € T is said to be right-dense if it is not.

roo(r) s =o(s)

A notation
For any function =z : T — R", we denote by z° := z o 0. J
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A-derivative and Lebesgue A-integration
A function z : T — R™ is said to be A-differentiable at ¢ € T if

22 (t) := lim 27(t) —2(r)

= EORE

eR".
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A-derivative and Lebesgue A-integration
A function z : T — R™ is said to be A-differentiable at ¢ € T if

2 (t) == 71;1%?% % eR™

~ Leibniz formula : (z, )2 (t) = (z*(t),y° (t)) + (@(t), y> (t)).
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A-derivative and Lebesgue A-integration
A function z : T — R™ is said to be A-differentiable at ¢ € T if

Ay e i T ) —2(T) o
o (t)._gg%WER.

~ Leibniz formula : (z,4)2 (t) = (z®(t), y° (t)) + (x(t), y> (t)).

~» Lebesgue A-integration : measure A (atomic), Lebesgue and Sobolev spaces,

characterization of absolutely continuous and BV functions, etc.

/T 2(r) Ar.
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A-derivative and Lebesgue A-integration
A function z : T — R" is said to be A-differentiable at ¢ € T if

a:A(t) = 717_—151% % e R"™.

~ Leibniz formula : (z, )2 (t) = (z*(t),y° (t)) + (@(t), y> (t)).

~» Lebesgue A-integration : measure A (atomic), Lebesgue and Sobolev spaces,
characterization of absolutely continuous and BV functions, etc.

/T o(r) A,

e In the continuous case T = [0, 7] :

AW =) and /T 2(r) Ar = /0 " a(r) dr.

eInthediscretecase T={0=1to < ... <tn =T}

2 () = W and /T o(7) Ar = z_:(tH] ~ to)z(t)-
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o PMP for optimal (permanent) control problems on time scales
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An optimal control problem on a general time scale T
minimize M (x(T)) + / o)) B
[0, 7]NT
state © € AC(T,R"), control uw € L*°(T,R™),
o2 (t) = flz(t),u(t), 1), A-ae.te€[0,7]NT,
z(0) = Zini,
u(t) € U, A-ae.te€[0,TINT,

subject to

where U C R™ nonempty convex.
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An optimal control problem on a general time scale T
minimize M (z(T)) +/ L(z(7),u(T),T) AT,
[0, 7]NT
state z € AC(T,R"), control u € L*(T,R™),
2 (t) = f(z(t), u(t),t), A-ae.te€[0,7]NT,
z(0) = Zini,
u(t) € U, A-ae.te€[0,TINT,

subject to

where U C R™ nonempty convex.

v

PMP 2013

If (z*,u") optimal, there exists an adjoint vector p € AC(T,R") such that
22 (t) = Vo H(a"(8),u" (), p" (t), 1), p° () = =VaH(a" (1), u"(t),p" (), 1),
p(T) = =V M(x(T)),
ifs€eRD:  u"(s) € argmax H(z"(s),v,p(s), s),

veU

if r € RS : VuH(z*(r),u"(r),p’ (r),r) € Nu[u"(r)].

v
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Needle perturbation of u* at s € RD

v on s, s +a)NT,
V(s,v) ERDx U, Va>0, ua():= { u*(-) elsewhere. | :

L!-type perturbation
]Rm

v

Variation vector w
It holds that z, = = + aw + rest where

wh(t) = Va f (2" (), u* (1), hw(t),

w(s) = f(@(s),v,8) — £(@" (), u" (), 5).
V.
B Lo Bourdin (Lmoges) || S




Needle perturbation of u* at s € RD

] on [s,s+a)NT,
¥(s,v) €ERD x U, Va >0, wua():= { u*(-) elsewhere.
L!-type perturbation
R™ Ua
Wr=================3 o
U \ //:
: S S+« T
Variation vector w
It holds that x, = ™ 4+ aw + rest where
w?(t) = Vo f (2" (), u* (), hw(t),
w(s) = f(z*(s),v,8) — f(z*(s),u"(s), ).
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Convex perturbation of u* at r» € RS

N ) et () +alv —ut(r) at T,
V(r,v) € RS x U, Va >0, us(:):= { () elsewhere.
Le°-type perturbation
Rm
.
.*/—.
u \A
) T

Variation vector w
It holds that z, = ™ + aw + rest where

wA (1) = Ve f (27 (), w* (1), w(2),
w(o(r) = Vuf (@ (r), u* (r),r)(v — u’ (r)).
R e o Lmeger T T T ——.




Convex perturbation of u* at r» € RS

N ) et () +alv —ut(r) at T,
V(r,v) € RS x U, Va >0, us(:):= { () elsewhere.
Le°-type perturbation
Rm
T .3
.*/—. :
u : \A
) T

Variation vector w

It holds that ., = =™ + aw + rest where
w?(t) = Vo f (" (t), u* (1), )w(t),

w(o(r)) = Vuf(a™(r), u”(r),r)(v — u’(r)).
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° PMP for optimal nonpermanent control problems on time scales
@ Introduction
@ Main result
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o PMP for optimal nonpermanent control problems on time scales
@ Introduction
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/\ Classical theories deal with permanent controls /\

\l/ é,,,’,,,,,,J(ﬁ

Permanent Control
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/\ Classical theories deal with permanent controls /\

v

Permanent Control
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/\ However some constraints may make this “permanence” fail A\

Obstacle

Nonpermanent Control

slide n°22 Loic Bourdin (Limoges) Optimal nonpermanent controls on time scales Brest, 8-10 septembre 2021



/\ However some constraints may make this “permanence” fail A\

//,’
N w2
47% A=

Obstacle

Nonpermanent Control
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/\ Optimal (permanent) controls may require /\
a permanent modification
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/\ While a permanent modification may be not feasible /\
for practical reasons
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/\ While a permanent modification may be not feasible /\
for practical reasons
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Permanent controls
Continuous case :

. o o
- o .
Discrete case :
T [ ] [ ] [ ] [ ] [ ) [ ) [ )
u () [ ) [ ] [ ] [ ] (] (]
Time scale case :
T *r—e [ ] [ e
u *r— [ ] [ e
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Nonpermanent controls
Continuous case (with a non-control interval) :

x ° °

U ° ° P °

Continuous case (with a sampled-data control) :

@ - .
u (] () [ ) [ ] [ ] [ ] [ ]
Discrete case :
T [ ) [ ) [ ) [ ] [ ] [ ] [ ]
u ] [ ) [ ] [ ]
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o PMP for optimal nonpermanent control problems on time scales

@ Main result
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Nonpermanent controls and frozen values
Consider two time scales :

@ the state x evolves on T;

@ the control u evolves on T; C T.
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Nonpermanent controls and frozen values
Consider two time scales :
@ the state x evolves on T;
@ the control u evolves on T; C T.
For each control  : T, — R™, we denote by ui=woO: T —s R™ where

o: T — T,
t — 0O@):=sup{r €T |71 <t}
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Nonpermanent controls and frozen values
Consider two time scales :
@ the state x evolves on T;
@ the control u evolves on T; C T.
For each control  : T, — R™, we denote by ui=woO: T —s R™ where

o: T — T,
t — 0O@):=sup{r €T |71 <t}

lllustration in the continuous case T, C T = [0, T

u

-
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Nonpermanent controls and frozen values
Consider two time scales :
o the state = evolves on T.
@ the control u evolves on T, C T.
For each control u : T — R™, we denote by uPi=woO: T —s R™ where

O: T — T,
t — O(t):=sup{r €Ty |7 <t}

lllustration in the continuous case T, C T = [0, T
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An optimal nhonpermanent control problem on general time scales T, ¢ T

minimize M (z(T)) +/ L(z(r),u”(1),7) AT,

[0,7]NT
state « € AC(T,R"), control u € L*°(T;,R™),
. z2(t) = fz(t),u"(1),1), A-ae. t€[0,T]NT,
subject to
z(0) = Tinit,
u(t) € U, Aj-a.e.t € [0, 7)N Ty,

where U C R™ nonempty convex.
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An optimal nhonpermanent control problem on general time scales T, ¢ T

minimize M (z(T)) +/ L(z(r),u”(1),7) AT,

[0,7]NT
state « € AC(T,R"), control u € L*°(T;,R™),
. z2(t) = fz(t),u"(1),1), A-ae. t€[0,T]NT,
subject to
x(0) = Tinit,
u(t) € U, Aj-a.e. t €[0,7] N Ty,
where U C R™ nonempty convex. |
PMP

2016
If (z*,u") optimal, there exists an adjoint vector p € AC(T,R") such that

22 (t) = Vo H(z* (t),w 2 (), p7 (), 1), p™(t) = —VLH(z*(t),u* (), p° (1), 1),
p(T) = =VM(z(T)),
If s € RD; :

u*(s) € arg max H(z*(s), v, p(s), 5),
veU

If r € RSy : / VoH(z*(7),u" (r),p’ (1), 7) AT € Ny[u”(r)].
[r,o1(r))NT

v
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Needle perturbation of u* at s € RD;

v on s, 8+ a)NT,
V(s,v) € RD1 x U, Va >0, wua():= { u*(-) elsewhere. | e

L!-type perturbation
]Rm

v

S

T,

Variation vector w
It holds that z, = = + aw + rest where

wh(t) = Ve f (2 (8), u™(t), hw(?),

w(s) = f(@(s),v,8) — £(@" (), u" (), 5).
V.
B Lo Bourdin (Lmoges) | S




Needle perturbation of u* at s € RD;

] on [s,s+a)N Ty,
V(s,v) €RD1 x U, Va >0, wua()i= { u*(-) elsewhere.
L!-type perturbation
R™ Ua
Vg ———————— = — = — = — — — — — —
u* \ //\
: s s+« T,
Variation vector w
It holds that x, = ™ 4+ aw + rest where
w?(t) = Va f (2" (1), w2 (1), hw(t),
w(s) = f(z*(s),v,8) — f(z*(s),u"(s), ).
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Convex perturbation of u* at r € RS;

W(rv) €RSy X U, Va >0, ua() = { w(r) + a(v — u*(r))

u*(+) elsewhere.

at T,

Le°-type perturbation
Rm

Variation vector w
It holds that z, = ™ + aw + rest where

w(t) =

w(r) = Ogn.

{ Vaof(.Jw(t) + Vuf(...)(v —u*(r)), [r,o1(r))NT,
Vaf (.. )w(t), [o1(r),T]NT,

v
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Convex perturbation of u* at r € RS;

W(rv) €RSy X U, Va >0, ua() = { w(r) + a(v — u*(r))

at T,
elsewhere.

Le°-type perturbation
Rm

)

=N e

oi(r)

Variation vector w
It holds that z, = ™ + aw + rest where

WA (t) = {sz(. w(t) + Vaf( )@ —ut (), [mor(r)NT,

Vaf (.. )w(t), [o1(r),T]NT,
w(r) = Orn.
v
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e Some general comments
@ A more difficult framework
@ An existence result
@ Extension/nonextension of some classical properties
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° Some general comments
@ A more difficult framework
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A more difficult framework

minimize M (x(0), z(T)) + / L(z(r),u"(r),7) Ar,

[0,7]NT
state « € AC(T,R"), control u € L*°(T;,R™),
, 2 (t) = fz(t),u" (), 1), A-ae.t€[0,T]NT,
subject to .
9(z(0),z(T)) €5,
u(t) € U, Aj-a.e.t €[0,7] N Ty,

where U ¢ R™ and S ¢ R* are nonempty closed convex and g submersive.

slide n°39 Loic Bourdin (Limoges) Optimal nonpermanent controls on time scales Brest, 8-10 septembre 2021



A more difficult framework

minimize M(a:(O),a:(T))+/ L(z(r),u"(r),7) AT,

[0,7]NT
state « € AC(T,R"), control u € L*°(T;,R™),
. 2 (t) = fz(t),u" (), 1), A-ae. t€[0,T]NT,
subject to ,
g9(z(0),z(T)) € S,
u(t) € U, Aj-a.e.t €[0,7] N Ty,

where U ¢ R™ and S ¢ R* are nonempty closed convex and g submersive.

v

Same PMP but ... 2013 & 2016

@ The Hamiltonian has one variable X € {0, 1} more :
H(LL', U, p, )‘? t) = <p3 f(xv u, t)) - AL(Q“? u, t)

@ The transversality condition writes :

p(O) _ * * * * T

for some ¢ € Ng[g(z*(0),2™(T))].

v
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An obstruction for multiple needle perturbations on time scale

- 00 ® © =000 & © >~ Tl
s1 S1taa S2 82+ Q2
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An obstruction for multiple needle perturbations on time scale

P DO000 © © *>—0O® © © O Tl
s1 S1taa S2 82+ Q2

Ekeland variational principle

Jo: L®(Ty,U)xR" — R
(w, zint) > /(C(w, zint) — C™ + &)*2 + d2(g(@init, T(u,ai) (1))
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An obstruction for multiple needle perturbations on time scale

P DO000 © © *>—0O® © © O Tl
s1 S1taa S2 82+ Q2

Ekeland variational principle

Jo: L®(Ty,U)xR" — R
(w, zint) > /(C(w, zint) — C™ + &)*2 + d2(g(@init, T(u,ai) (1))

~ Requires single needle perturbations (only).
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An obstruction for multiple needle perturbations on time scale

P DO000 © © *>—0O® © © O Tl
s1 S1taa S2 82+ Q2

Ekeland variational principle

Jo: L®(T1,U)xR* —s R
(w, zint) > /(C(w, zint) — C™ + &)*2 + d2(g(@init, T(u,ai) (1))

~ Requires single needle perturbations (only).
~ But requires L*° (T4, U) to be complete, and thus U to be closed.
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An obstruction for multiple needle perturbations on time scale

P DO000 © © *>—0O® © © O Tl
s1 S1taa S2 82+ Q2

Ekeland variational principle

Jo: L®(T1,U)xR* —s R
(w, zint) > /(C(w, zint) — C™ + &)*2 + d2(g(@init, T(u,ai) (1))

~ Requires single needle perturbations (only).
~ But requires L*° (T4, U) to be complete, and thus U to be closed.

Challenge n°1 : derive a PMP in the “difficult" framework ...
... With no assumption on T, and without assuming that U is closed.

slide n° 40 Loic Bourdin (Limoges) Optimal nonpermanent controls on time scales Brest, 8-10 septembre 2021



@ some general comments

@ An existence result
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Filippov-type existence theorem 2016
If the following properties are satisfied :

@ The problem is feasible;

@ The admissible states are uniformly bounded;

@ U is compact;

@ Forall (z,t) € R™ x T, the set of extended velocities

{(F@ 1), L@ u,0) +7) | (u,7) € U xRy }

is convex ;

then there exists an optimal pair (z*, u").
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Filippov-type existence theorem 2016
If the following properties are satisfied :

@ The problem is feasible ;

@ The admissible states are uniformly bounded;

@ U is compact;

@ Forall (z,t) € R™ x T, the set of extended velocities

{(f(ac,u,t),L(m,u,t) +’Y) | (u,’y) e U x R+}

is convex ;

then there exists an optimal pair (z*, u").

Some key points :
@ To guarantee that the limit control can be associated to a nonpermanent control.
@ To guarantee that it is A;-measurable (measurable selection theorem).
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@ some general comments

@ Extension/nonextension of some classical properties
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Extension/nonextension of some classical properties

Cont-Permanent

Disc-Permanent

Cont-Nonpermanent

Hamiltonian maximization v

H is continuous v

H is affine in v = saturation of U v

(x)
not applicable
v

(x)
(x)

X

Notation : maximized Hamiltonian H(t) := H (z*(t),uw*2(t), p° (t), A, t).
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Extension/nonextension of some classical properties

Cont-Permanent Disc-Permanent | Cont-Nonpermanent
Hamiltonian maximization v (x) (x)
‘H is continuous v/ not applicable (%)
H is affine in u = saturation of U v/ v X

Notation : maximized Hamiltonian H(t) := H (z*(t),uw*2(t), p° (t), A, t).

Challenge n°2 : recovering a maximization condition
Under a convexity assumption (see Holtzmann & Halkin), one should find :

Ifs€RDy:  u'(s) € argmax H(z"(s),v,p(s), s),
veU

If r € RS1: u*(r) € arg max/ H(z"(1),v,p° (1), A\, 7) AT.
veU  Jror ()T
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Linear example : optimal consumption
Consider the optimal (permanent) control problem given by

minimize /012(u(7) — D)z(r) dr,

state z € AC([0, 12],R), control u € L*°([0,12], R),

_ z(t) = u(t)z(t), a.e.on [0,12],
subject to 2(0) = 1,
u(t) € [0,1], a.e.on [0, 12].

The PMP gives the optimal (permanent) control :

u

1

0+ -—

| |
T T
11 12 ¢

v

slide n°45 Loic Bourdin (Limoges) Brest, 8-10 septembre 2021




Linear example : optimal consumption

Consider the optimal sampled-data control problem given by
12
minimize / (v (7) — 1)z(7) dr,
0

state z € AC([0, 12],R), control u € L*°(Ty,R),

_ &(t) = uB () (), a.e.on [0,12],
subject to
z(0) =1,
u(t) € [0,1], vVt € Ty,
with Ty = {0, 4,8}. The PMP gives the optimal sampled-data control :
u
1 °
[ ]
0
I j ;
4 8 12 ¢t
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Linear example : optimal consumption
Consider the optimal sampled-data control problem given by

minimize /12(1,[(,—) —1)z(r) dr,
0

state z € AC([0, 12],R), control u € L*°(Ty,R),

_ &(t) = uB () (), a.e.on [0,12],
subject to
z(0) =1,
u(t) € [0,1], vt e Ty,

with Ty = {0, 4,8}. The PMP gives the optimal sampled-data control :

v

Brest, 8-10 septembre 2021
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e Specific comments to optimal sampled-data control problems
@ With sampled-data controls, results are averaged!
@ Optimal sampled-data controls and optimal sampling times
@ Extension to dynamics/costs depending on the sampling times ?
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G Specific comments to optimal sampled-data control problems
@ With sampled-data controls, results are averaged!
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Sampled-data controls is the particular case of nonpermanent controls where

T=[0,7] and Ti={0=t<...<ty=T}

slide n°50 Loic Bourdin (Limoges) Optimal nonpermanent controls on time scales Brest, 8-10 septembre 2021



Sampled-data controls is the particular case of nonpermanent controls where
T =1[0,T] and T,={0=to<...<tn=T}.

~~ With the frozen procedure, we simply get piecewise constant controls !
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Sampled-data controls is the particular case of nonpermanent controls where
T =1[0,T] and T,={0=to<...<tn=T}.

~ With the frozen procedure, we simply get piecewise constant controls !
~ The times t;, are called the sampling times.
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Sampled-data controls is the particular case of nonpermanent controls where
TZ[O,T] and T1:{0=t0<...<tN:T}.

~ With the frozen procedure, we simply get piecewise constant controls !
~ The times t;, are called the sampling times.

Averaging due to the PMP conditions
~ Take T = [0, 7.
~» With T; = [0, 77, the optimal permanent control satisfies

Vo H(z" (), u" (t), p(t), A, t) € Nu[u™(t)].

~ WithT; = {0 =ty < ... < ty =T}, the optimal sampled-data control satisfies

/. o VuH(z" (1), u" (t), p(T), A\, ) dT € Nu[u"(t&)].

tk
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Example : the linear-quadratic (LQ) case

1 [T O O
minimize 5/ (1) Q(T)z(7) + u”(7) T R(r)u"(7) dr,

state z € AC([0,T],R"™), control u € L*°(Ty,R™),
subjectto < @(t) = A(t)x(t) + B(t)u (1), ae. tel0,7],
z(0) = Zinit.

With T, = [0, 77, the optimal permanent control satisfies

With T, = {0 =to < ... < txy = T}, the optimal sampled-data control satisfies

W (te) = (tkﬂ%tk /ttk+ R(r) dT)l (mﬂ%tk /:H B(r)p(r) dr)-
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Two applications for LQ optimal sampled-data control problems 2017

e Convergence result : when the maximal distance § between consecutive sam-

pling times tends to 0, the (unique) optimal sampled-data control converges a.e. to the
(unique) optimal permanent control.
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Two applications for LQ optimal sampled-data control problems 2017

e Convergence result : when the maximal distance § between consecutive sam-
pling times tends to 0, the (unique) optimal sampled-data control converges a.e. to the
(unique) optimal permanent control.

o The Riccati theory can be fully extended :

LQ optimal sampled-data control problem

Y

Dynamical programming principle

—

The optimal sampled-data control «* can be expressed as a feedback control
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Two applications for LQ optimal sampled-data control problems 2017

e Convergence result : when the maximal distance § between consecutive sam-
pling times tends to 0, the (unique) optimal sampled-data control converges a.e. to the
(unique) optimal permanent control.

o The Riccati theory can be fully extended :

LQ optimal sampled-data control problem

— S

Nonpermanent PMP Dynamical programming principle

o —

The optimal sampled-data control «* can be expressed as a feedback control

slide n° 52 Loic Bourdin (Limoges) Brest, 8-10 septembre 2021



Two applications for LQ optimal sampled-data control problems 2017

e Convergence result : when the maximal distance § between consecutive sam-
pling times tends to 0, the (unique) optimal sampled-data control converges a.e. to the
(unique) optimal permanent control.

o The Riccati theory can be fully extended :

LQ optimal sampled-data control problem

— S

Nonpermanent PMP Dynamical programming principle

o —

The optimal sampled-data control «* can be expressed as a feedback control
(thanks to a Riccati matrix denoted by Ef, )

slide n° 52 Loic Bourdin (Limoges) Brest, 8-10 septembre 2021



Two applications for LQ optimal sampled-data control problems 2017

e Convergence result : when the maximal distance § between consecutive sam-
pling times tends to 0, the (unique) optimal sampled-data control converges a.e. to the
(unique) optimal permanent control.

o The Riccati theory can be fully extended :

LQ optimal sampled-data control problem

— S

Nonpermanent PMP Dynamical programming principle

o —

The optimal sampled-data control «* can be expressed as a feedback control
(thanks to a Riccati matrix denoted by Ef, )

v

Infinite horizon and convergence of Riccati matrices 2021
T — oo
ET, >y B
0—0 l l 6—0
ET > E™
T — oo

v
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Convergence in nonlinear problems with fixed endpoint ? 2021 & 2022
@ Consider a nonlinear optimal (permanent) control problem with fixed endpoint z .

@ Assume that it admits a solution (z*, »™). In particular the target z; is accessible
with permanent controls.

v
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Convergence in nonlinear problems with fixed endpoint ? 2021 & 2022
@ Consider a nonlinear optimal (permanent) control problem with fixed endpoint x ;.

@ Assume that it admits a solution (z*, »™). In particular the target z; is accessible
with permanent controls.

e Convergence result (2022) :
Under some Filippov convexity-compactness assumptions, if the target x ¢ is accessible

with sampled-data controls, then we have uniform convergence of the state-costate
vector when § tends to 0.

v
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Convergence in nonlinear problems with fixed endpoint ? 2021 & 2022
@ Consider a nonlinear optimal (permanent) control problem with fixed endpoint x ;.

@ Assume that it admits a solution (z*, »™). In particular the target z; is accessible
with permanent controls.

e Convergence result (2022) :
Under some Filippov convexity-compactness assumptions, if the target x ¢ is accessible

with sampled-data controls, then we have uniform convergence of the state-costate
vector when § tends to 0.

o Robustness of accessibility under sampling (2021) :

If (z*,u™) has no abnormal strong extremal lift (p, \), then there exists 6o > 0 such that
the target x5 is accessible with sampled-data controls for any 0 < ¢ < do.

v
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Convergence in nonlinear problems with fixed endpoint ? 2021 & 2022
@ Consider a nonlinear optimal (permanent) control problem with fixed endpoint x ;.

@ Assume that it admits a solution (z*, »™). In particular the target z; is accessible
with permanent controls.

e Convergence result (2022) :

Under some Filippov convexity-compactness assumptions, if the target x ¢ is accessible
with sampled-data controls, then we have uniform convergence of the state-costate
vector when § tends to 0.

o Robustness of accessibility under sampling (2021) :

If (z*,u™) has no abnormal strong extremal lift (p, \), then there exists 6o > 0 such that
the target x5 is accessible with sampled-data controls for any 0 < ¢ < do.

See Emmanuel’s presentation.

v
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G Specific comments to optimal sampled-data control problems

@ Optimal sampled-data controls and optimal sampling times
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When considering an optimal sampled-data control problem, then the maximized Hamil-
tonian H has a discontinuity at each (fixed) sampling time ¢x.
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When considering an optimal sampled-data control problem, then the maximized Hamil-
tonian H has a discontinuity at each (fixed) sampling time ¢x.

An optimal sampled-data control problem with free sampling times

minimize M (x(0), z(T)) + /0 ’ L(z(r),u"(r),T) dr,

state z € AC([0, T],R"™), control w € L*°(Ty,R™),
Ti={0=t <...<ty =T} free,

subjectto { #(t) = f(x(t),u"(t),1), ae.telo,T]
9(2(0),z(T)) €5,
u(t) € U, vt € Ty,

where N is fixed, U ¢ R™ and S c R are nonempty closed convex and g submersive.
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When considering an optimal sampled-data control problem, then the maximized Hamil-
tonian H has a discontinuity at each (fixed) sampling time ¢x.

An optimal sampled-data control problem with free sampling times

minimize M (z(0), z(T)) +/0T L(z(r),u"(r),T) dr,

state z € AC([0, T],R"™), control w € L*°(Ty,R™),
Ti:={0=to<...<tn =T} free,

subjectto { &(t) = f(x(t),u”(¢),1), ae.te0,T],
9(2(0),=(T)) €5,
u(t) € U, vt € Ty,

where N is fixed, U ¢ R™ and S c R are nonempty closed convex and g submersive.

Same PMP but ... 2019
... with an additional necessary condition : # is continuous !
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When considering an optimal sampled-data control problem, then the maximized Hamil-
tonian H has a discontinuity at each (fixed) sampling time ¢x.

An optimal sampled-data control problem with free sampling times

minimize M (2(0), z(T)) + /OT L(z(r),u"(r),T) dr,

state z € AC([0, T],R"™), control w € L*°(Ty,R™),
Ti:={0=to<...<tn =T} free,

subjectto { &(t) = f(x(t),u”(¢),1), ae.te0,T],
9(2(0),=(T)) €5,
u(t) € U, vt € Ty,

where N is fixed, U ¢ R™ and S c R are nonempty closed convex and g submersive.

Same PMP but ... 2019
... with an additional necessary condition : # is continuous !

v

Remark : the continuity of # can be added in indirect numerical methods to compute
the optimal sampling times.
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Example : a LQ problem with fixed uniform sampling times

1
minimize z(1)* +/ 3z(7)* +u” (1) dr,
0

state z € AC([0,1],R), control u € L>°(Ty,R),

subjectto { @(t) = x(t) —u(t) +t, a.e.te|0,1],
z(0) = —4,
where T; = {0 =tg < ... < ty = 1} is a fixed uniform partition.

— Optimal trajectory x +[——Optimal sampled-data control u |
’ I I

.
.

= Hamitonian function H] |
|
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Example : the same LQ problem but with free sampling times

1
minimize x(1)2+/

0
state z € AC([0,1],R),

T1:{0:t0<...<tN

subject to
i) = z(t) — uP(t) + ¢,

3z(r)? + " (1)? dr,

control u € L*°(T1, R),

= 1} free,

a.e.te0,1],

z(0) = —4.
v
[— Optimal trajectory x j . [==0vtimal sampled-data contralu
i i j . i i
° I I [ I I
I I I “ I
2 I I 5 I I
I ] I I I
25 I I I ¥ I I
| I I . I
@ I I I I
X | I I . I I
| | | ’ | |
I I I w I I
| | | | |
o[ [—Famitonian function H !
T T
« I I |
I I I
I | I
I I
oL i
° I I
’ | | |
o I I i
I I I
o | | |
; 7 g , T T T
slide n°57 Loic Bourdin (Limoges) Optimal nonpermanent controls on time scales Brest, 8-10 septembre 2021



e Specific comments to optimal sampled-data control problems

@ Extension to dynamics/costs depending on the sampling times ?
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Hill model

C(t) = CT(t) - Z Ry, exp < =, heavy (t — tk)> ,
: 1 ()
T1 +7'2—Km +C00)

1922

See Bernard’s and Jérémy’s presentations
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Hill model 1922

C(t) = _c) + — ZR’“ exp<

. — ukheavy(t — tk)> s
1 ()

C(t) '

K.+ C(2)

71+ T2

See Bernard’s and Jérémy’s presentations

Challenge n°3 :
Extension of the PMP to dynamics/costs depending on the sampling times ¢, ?
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Hill model 1922

C(t) = _c) + — ZR’“ exp<

. — ukheavy(t — tk)> s
1 ()

C(t) '

K.+ C(2)

71+ T2

See Bernard’s and Jérémy’s presentations

Challenge n°3 :

Extension of the PMP to dynamics/costs depending on the sampling times ¢, ?
In a first place, how to construct a satisfactory general framework ?
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e PMP for state-constrained optimal nonpermanent control problems on time scales
@ Main result
@ Bouncing trajectory phenomenon with sampled-data controls
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a PMP for state-constrained optimal nonpermanent control problems on time scales
@ Main result
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A state-constrained optimal nhonpermanent control problem
minimize  M(z(0), z(T)) + / L(z(r),uC(r), 7) Ar,
[0,T]NT
state z € AC(T,R"), control w € L°°(T1,R™),
22 (t) = f(x(t),u"(t), 1), A-ae.t€[0,T)NT,
subjectto {  g(z(0),z(T )) €S,
h(z(t), ) vt e [0,T]N'T,
u(t) € Aj-a.e. t € [0,T] N T;.
where U ¢ R™ and S C R* are nonempty closed convex and g submersive. )
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PMP 2021
If (z*,u") optimal, there exists (p, A, dn) € AC(T,R"™) x {0,1} x B4(T) such that

@ Nontriviality condition : the triplet (p, A, dn) is not trivial,

@ Hamiltonian system :

‘TA (t) = VPH(‘T* (t)’ U*D(t)v q(t)7 )‘7 t)a pA (t) = _VZH(I* (t)7 U*D (t)’ q(t)7 )‘7 t)a

@ Transversality condition :

—q(T)

for some ¢ € Ns[g(z*(0), 2 (T))],
@ Complementary slackness condition : supp(dn) C {t € T | h(z*(t),t) = 0},

< i > = AVM (2" (0),2"(T)) + Vg(z*(0), 2" (T)) "¢,

@ If s € RD; : u”(s) € argmax, .y H(z"(s),v,q(s), A, s),
o IfreRS;: f[r,nl(r))mr VuH (z"(7),u"(r),q(7), X\, 7) AT € Ny[u"(r)],
where ¢ € BV(T,R") is defined by
{ P78) + [ gon VR (7)) dnr) 6T,
q(t) :=

p(T) + f[o,T]mr Vh(z*(1),7) dn(r) ift="T.

v

slide n°63 Loic Bourdin (Limoges) Brest, 8-10 septembre 2021




Ekeland penalization

~ Write the inequality state constraint as h(z) € & := C(T,R_).

~ In the Ekeland penalized functional, add the term dg (b( (u,z;)))-

~ Take an equivalent norm on C(T,R) so that the dual norm is strictly convex and
thus d2 is strictly Hadamard differentiable.
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Ekeland penalization

~ Write the inequality state constraint as h(z) € & := C(T,R_).

~ In the Ekeland penalized functional, add the term dg (b( (u,z;)))-

~ Take an equivalent norm on C(T,R) so that the dual norm is strictly convex and
thus d2 is strictly Hadamard differentiable.

v

Local perturbations unsuitable : adapt implicit spike perturbations

v(-) over Q.,
Vv € L%(T1,R™), Va >0, ua(-): =14 u() over RD1\Qa,
u(-) + a(v(-) —u(-)) over RSy,

where Q, C RD; is implicitly constructed so that
To = T + aw + rest over [0,7]NT,
where
flz(t),v(t),t) — f(z(t),u(t),t), A-a.e.te RD,

Ay
w=(t) = Vo f(.. )w(t) + { Vuf(.. .)(’UD(t) _ uD(t)), elsewhere

w(O) = ORn.

Construction of Q. based on Sierpinski theorem (requiring a nonatomic measure).

y
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e PMP for state-constrained optimal nonpermanent control problems on time scales

@ Bouncing trajectory phenomenon with sampled-data controls
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Classical theory : difficulties in indirect numerical methods
When T = T; = [0, T, the BV-adjoint vector ¢ satisfies the Lebesgue decomposition

q = Qac + Gsing + Gjumps-

Thus ¢ may not be well-behaved :
@ pathological behaviour of the singular part gsing (Cantor function),

@ unknown locations in {h(z*,-) = 0} of the jumps of gumps (possibly infinite).
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Classical theory : difficulties in indirect numerical methods

When T = T; = [0, T, the BV-adjoint vector ¢ satisfies the Lebesgue decomposition

q = Qac + Gsing + Gjumps-

Thus ¢ may not be well-behaved :

@ pathological behaviour of the singular part gsing (Cantor function),
@ unknown locations in {h(z*,-) = 0} of the jumps of gumps (possibly infinite).

Classical theory : two facts “with hands"

Usually a control is not
constant along a boundary
interval

state constraint

T

Usually the trajectory “hits"
the state constraint trans-

versely

T

state constraint

If the control is
locally constant
at t., the trajec-
tory “crosses" the

state constraint

te
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Bouncing trajectory phenomenon with sampled-data controls 2020

~» Consider an optimal sampled-data control problem with inequality state constraints.
~» Under (quite unrestrictive) conditions, an optimal trajectory contacts the state
constraints only at the sampling times exactly.

state constraint

Tk—3 tk—2 Tk—1 th Tht1 Tht2 the3

Sampled-data controls : difficulties vanish in indirect numerical methods

In case of bouncing trajectory phenomenon, we get supp(dn) C {h(z*,:) =0} C T;.
@ the BV-adjoint vector ¢ has no singular part,
@ and it has a finite number of jumps localized exactly at the sampling times.
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Introduction
Main result

A more difficult framework
An existence result
Extension/nonextension of some classical properties

With sampled-data controls, results are averaged!
Optimal sampled-data controls and optimal sampling times
Extension to dynamics/costs depending on the sampling times ?

Main result
Bouncing trajectory phenomenon with sampled-data controls

o A work in progress and challenges
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A work in progress 2022

Optimal control problems with non-control zones.

In a non-control zone, the control value is frozen
to the one when the trajectory crosses the boundary.

V.
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A work in progress 2022

Optimal control problems with non-control zones.

In a non-control zone, the control value is frozen
to the one when the trajectory crosses the boundary.

~- Nonpermanent control but the present time scale setting is not suitable !

V.
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A work in progress 2022

Optimal control problems with non-control zones.

In a non-control zone, the control value is frozen
to the one when the trajectory crosses the boundary.

~- Nonpermanent control but the present time scale setting is not suitable !
~ Techniques from hybrid optimal control theory.

V.
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A work in progress 2022

Optimal control problems with non-control zones.

In a non-control zone, the control value is frozen
to the one when the trajectory crosses the boundary.

~- Nonpermanent control but the present time scale setting is not suitable !

~ Techniques from hybrid optimal control theory.
~ Applications to time crisis problems (two possible situations).
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Challenges about optimal sampled-data controls

@ With indirect numerical methods to solve optimal sampled-data control problems,
how to exploit the condition

/ G H (@ (1), w (t), p(7), A7) dr € Nufu* (t)]

tr
efficiently ?

@ Combinatorial optimization techniques for optimal sampled-data control problems
with U finite (for example when U = {0,1}) ?
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Challenges about optimal sampled-data controls

@ With indirect numerical methods to solve optimal sampled-data control problems,
how to exploit the condition

/ G H (@ (1), w (t), p(7), A7) dr € Nufu* (t)]

tr
efficiently ?

@ Combinatorial optimization techniques for optimal sampled-data control problems
with U finite (for example when U = {0, 1}) ?

Challenges about optimal sampling times
@ Distribution of optimal sampling times ?
@ Convergence results when N — oo ? (weaker than § — 0)
@ Mayer cost that depends on N being free ?
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Challenges about optimal sampled-data controls

@ With indirect numerical methods to solve optimal sampled-data control problems,
how to exploit the condition

/ G H (@ (1), (1), p(r), A7) dr € No[u (t)]

tg
efficiently ?

@ Combinatorial optimization techniques for optimal sampled-data control problems
with U finite (for example when U = {0, 1}) ?

Challenges about optimal sampling times
@ Distribution of optimal sampling times ?
@ Convergence results when N — oo ? (weaker than § — 0)
@ Mayer cost that depends on N being free ?

More challenges
@ Sampling procedure on state (delay systems or hybrid continuous/discrete state).
@ Hamilton-Jacobi theory for nonpermanent controls ?
@ Nonpermanent control theory.

V.
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