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Stability analysis of deterministic integrators

ẏ :=
dy(t)

dt
= f (y(t)), y(0) = y0, t ∈ [0,T ].

t0 t1 = h t2 = 2h
. . .

tN = T

We denote by yk the approximation of y(tk).
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Stability analysis of deterministic integrators

Dahlquist’s linear test problem: ẏ(t) = λy , y(0) = y0.
Motivated by dissipative problems, we consider <(λ) < 0.

Stability function. A Runge-Kutta method with stepsize h yields
yk+1 = R(hλ)yk and by induction we get yk = R(hλ)ky0.

Stability domain S := {z ∈ C; |R(z)| ≤ 1}.

Example. Explicit Euler method: R(z) = 1 + z ,
the stability condition is |1 + hλ| ≤ 1 and for
real eigenvalues −2 ≤ hλ ≤ 0 which leads for
diffusion problems h ≤ C∆x2 (severe stepsize
restriction).

−2
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Explicit stabilized methods (1960)

In order to construct an explicit stabilized integrator of order p, the
first step is to find a polynomial Rs(z) of degree s and order p, i.e.

Rs(z) = 1 + z + · · ·+ zp

p!
+O(zp+1),

that solves the following problem

Find Rs(z) = 1 + z +
z2

2!
+ · · ·+ zp

p!
+ αp+1z

p+1 + · · ·+ αsz
s ,

|Rs(z)| ≤ 1 for z ∈ [−`ps , 0], with `ps as large as possible.
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Deterministic Chebyshev method

Solution for p = 1 : Ts(1 +
z

s2
), `ps = 2s2.

Damping:

Rs,η(z)y0 =
Ts(ω0 + ω1z)

Ts(ω0)
, ω0 = 1 +

η

s2
, ω1 =

Ts(ω0)

T ′s(ω0)
,

`ps ≥ (2− 4/3η)s2.
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First order Deterministic Chebyshev method [1960]

yk0 = yk , K1 = yk0 + hµ1f (yk0),

yki = µihf (yk,i−1) + νiyk,i−1 + κiyk,i−2, i = 2, . . . , s

yk+1 = yks ,

where, k = 0, . . . ,N , µ1 = ω1

ω0
, and for all i = 2, . . . , s

µi =
2ω1Ti−1(ω0)

Ti(ω0)
, νi =

2ω0Ti−1(ω0)

Ti(ω0)
, κi = 1− νi .

The number of stages s is chosen adaptively such that

λmaxh ≤ `ps s
2,

typically,

s :=

[√
hλmax + 1.5

`ps
+ 0.5

]
.
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Second order methods
To design a second order method, we need the stability polynomial to
satisfy

R(z) = 1 + z +
z2

2
+O(z3).

Correction introduced by Bekker in 1971:

Rη
s (z) = as + bsTs(ω0 + ω2z),

where,

as = 1− bsTs(ω0), bs =
T ′′s (ω0)

(T ′s(ω0)2)
, ω0 = 1 +

η

s2
,

ω2 =
T ′s(ω0)

T ′′s (ω0)
, η = 0.15.

`ps ' 0.65s2, optimal for second order: `ps ' 0.82 [Abdulle 2001].
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Second order RKC method [1980]

yk0 = yk ,

yk1 = yk0 + hb1ω2f (yk0),

yki = yk0 + µ′ih(f (yk,i−1)− ai−1f (yk0)) + ν ′i (yk,i−1 − yk0)

+ κ′i(yk,i−2 − yk0),

yk+1 = yks ,

where k = 0, . . . ,N − 1, and for i = 2, . . . , s, µ′i = 2biω2

bi−1
, ν ′i = 2biω0

bi−1
,

κ′i = − bi
bi−2

, bi =
T ′′i (ω0)

(T ′i (ω0)2)
, ai = 1− biTi(ω0).
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Stability

Figure: Heun method Figure: Explicit stabilized method
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Explicit stabilized integrators (Chebyshev methods)
Yuan’Chzao Din 58’, Franklin 59’, Guillou, Lago, Saul’ev 60’ ...

RKC: Methods based on three-term recurrence relation (non-optimal) with
`ps ' 0.66 · s2

van der Houwen, Shampine, Sommeijer, Verwer (RKC, IMEy extension
IRKC, 1980-2007), Zbinden (PRKC 2011)

Methods based on composition (no-recurrence relation)
Bogatyrev, Lebedev, Skvorstov, Medovikov (DUMKA 1976-2004), Jeltsch,
Torrilhon 2007

ROCK methods (close to optimal stability for second order)
Abdulle, Medovikov (ROCK2 2000-02) with `ps ' 0.81 · s2

Abdulle (ROCK4 2002-05) with `ps ' 0.35 · s2

Extension to stiff stochastic problems: S-ROCK methods
Weak order 1: Abdulle, Cirilli, Li, Hu (S-ROCK 2007-2009,τ -ROCK
methods 2010) with `ps ' 0.33 · s2

Abdulle, A., Vilmart (SK-ROCK methods 2018) with optimal stability
domain lps ' 2.s2, and order 2 for sampling the invariant measure of ergodic
SDEs.
Weak order 2: Abdulle, Vilmart, Zygalakis (S-ROCK2 2013) with
`ps ' 0.43 · s2
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Optimal control problem

We consider the following optimal control problem

min
u

Ψ(y(T ));

ẏ(t) = f (u(t), y(t)), t ∈ [0,T ],

y(0) = y 0,

(P) {eq:P}{eq:P}

with given final time T > 0 and initial condition y 0 ∈ Rd .

y : [0,T ]→ Rd is the unknown state function,

u : [0,T ]→ Rm is the unknown control function.
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If we discretize (P) using a RK discretization (bi > 0 for all i) we
naturally get the following discrete optimization problem,

min Ψ(yN); subject to:

yk+1 = yk + h
s∑

i=1

bi f (uki , yki),

yki = yk + h
s∑

j=1

aij f (ukj , ykj).

(DP) {eq:dp}{eq:dp}

Pontryagin’s maximum (or minimum) principle on (P) with
H(u, y , p) := pT f (u, y):

ẏ(t) = f (u(t), y(t)) = ∇pH(u(t), y(t), p(t)),

ṗ(t) = −∇y f (u(t), y(t))p = −∇yH(u(t), y(t), p(t)),

0 = ∇uH(u(t), y(t), p(t)),

t ∈ [0,T ], y(0) = y 0, p(T ) = ∇Ψ(y(T )).

(OC) {eq:oc}{eq:oc}
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Introducing Lagrange multipliers for the finite dimensional
optimization problem (DP):

yk+1 = yk + h
∑
i

bi f (uki , yki), yki = yk + h
∑
j

aij f (ukj , ykj),

pk+1 = pk − h
∑
i

b̂i∇yH , pki = pk − h
∑
j

âij∇yH ,

0 = ∇uH(ukj , ykj , pkj), y0 = y 0, pN = ∇Ψ(yN),

(DOC) {eq:doc}{eq:doc}

where k = 0, . . . ,N − 1, i = 1, . . . , s, and the coefficients b̂i and âij
are defined by the following relations which correspond to the
symplecticity conditions of partitioned RK methods,

bi = b̂i , âij := bj −
bj
bi
aji , i , j = 1, . . . s.
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b̂i = bi , bi âij + b̂jaji = bi b̂j , i , j = 1, . . . s. (?) {eq:symp}{eq:symp}

For a RK method the following diagram commutes when (?) is
satisfied [Hager ’00, Bonnans & Laurent-Varin ’06]:

(P) (DP)

(OC) (DOC)

optimality conditions

discretization

discretization

optimality conditions

(aij , bi) of order 2 with (?) =⇒ order 2 for optimal control.

(aij , bi) of order 2 without (?) =⇒ only order 1 for optimal
control (order reduction) in general.

(aij , bi) of order > 2 with (or without) (?) =⇒ only order 2 for
optimal control (order reduction) in general.
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pk+1 = pk − h
∑
i

b̂i∇yH, pki = pk − h
∑
j

âij∇yH, pN = ∇Ψ(yN).

A calculation yields

pN = ∇Ψ(yN), for K = N − 1, . . . , 0, i = s, . . . , 1,

pk = pk+1 + h
s∑

i=1

b̃i∇yH, b̃i = bi ,

pki = pk+1 + h
s∑

j=1

ãij∇yH, ãij =
bj
bi
aji .

(ãji , b̃i ) is the time adjoint (Φ−1
−h) of (âji , b̂i ).

We call (ãji , b̃i ) the double adjoint of (aji , bi ).

Theorem (A., Vilmart)
{th:stabfun}

A RK method (aij , bi ) and its double adjoint (ãji , b̃i ) share the same
stability function R(z).
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Second order Runge-Kutta-Chebyshev method for

optimal control problems

Second order RKC [Van der Houwen and Sommeijer in 1980]:

min Ψ(yN), such that

yk0 = yk ,

yk1 = yk0 + µ1hf (uk0, yk0),

yki = µihf (uk,i−1, yk,i−1) + νiyk,i−1 + (1− νi)yk,i−2, i = 2, . . . , s,

yk+1 = asyk0 + bsTs(ω0)yks ,

with stability function as + bsTs(ω0 + ω2z). The stability region of
the above method contains the interval [−0.65s2, 0].
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Theorem (A., Vilmart)

The double adjoint (pk+1 7→ pk)of the above RKC scheme is given for
k = N − 1, . . . , 0 by the following recurrence relations

pN = Ψ′(yN), pks = pk+1, pk,s−1 = pks +
µs
νs

hHy (uk,s−1, yk,s−1, pks),

for j = 2, . . . , s − 1,

pk,s−j =
µs−j+1αs−j+1

αs−j
hHy (uk,s−j , yk,s−j , pk,s−j+1)

+
νs−j+1αs−j+1

αs−j
pk,s−j+1 +

(1− νs−j+2)αs−j+2

αs−j
pk,s−j+2,

pk0 = µ1α1hHy (uk0, yk0, pk1) + α1pk1 + (1− ν2)α2pk2 + aspk+1,

pk = pk0,

Hu(uk,s−j , yk,s−j , pk,s−j+1) = 0, j = 1, . . . , s.
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where the coefficients αj are defined using the induction

αs = bsTs(ω0),

αs−1 = νsαs ,

αs−j = νs−j+1αs−j+1 + (1− νs−j+2)αs−j+2, j = 2 . . . s − 1.

Idea of the proof:

Calculate the Lagrangian of the discrete optimal control problem.

Calculate the optimality conditions given by ∇L = 0.

Rescale the stages of the obtained double adjoint in order to
make them of form pk+1 +O(h).
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Figure: RKC.
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Figure: RKC double adjoint.

Theorem (A., Vilmart)

For η = 0, the stability functions of the internal stages of the RKC
double adjoint satisfy |Rs,i(z)| ≤ 1 for all z ∈ [−2

3
s2 + 2

3
, 0].

Corollary
The above theorem is true for small damping η > 0.

Theorem (A., Vilmart)

The new method has order 2 for optimal control.
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Difficulty for ROCK2
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Figure: Classical ROCK2.

-140 -120 -100 -80 -60 -40 -20 0

-1

-0.5

0

0.5

1

Figure: Double adjoint of ROCK2.

Figure: Internal stages (thin curves) and stability polynomials (bold
curves) of the ROCK2 method and its double adjoint for optimal control
for s = 13 stages.

{fig:stagesrock2}

ROCK2: Rs(z) = w2(z)Ps−2(z).

Double adjoint of ROCK2: Rs(z) = Ps−2(z)w2(z).
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Naively applying a RK method

Applying directly a (non-partitioned) RK method to:

ẏ(t) = f (u(t), y(t)) = ∇pH(u(t), y(t), p(t)),

ṗ(t) = −∇y f (u(t), y(t))p = −∇yH(u(t), y(t), p(t)),

0 = ∇uH(u(t), y(t), p(t)),

t ∈ [0,T ], y(0) = y 0, p(T ) = ∇Ψ(y(T )),

(OC)

(with a shooting method) leads for diffusion problems

∂tp = −∆p.
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Optimal control of a nonlinear diffusion-advection

PDE (Burgers equation)

min
u∈L2([0,T ];L2(Ω))

J(u) =
1

2
‖y(T )− y target‖2

L2(Ω) +
α

2

∫ T

0

‖u(t)‖2
L2(Ω)

subject to

∂ty = µ∆y − ν

2
∂x(y 2) + u in (0,T )× Ω,

y(0, x) = g(x) in Ω,

y(t, x) = 0 on ∂Ω.

where µ = 0.1, ν = 0.02, in dimension d = 1 with domain
Ω = (0, 1) and the final time is given by T = 2.5.

Ibrahim Almuslimani (Inria-Rennes) Explicit stabilized methods optimal control Brest, September 2021 26 / 30



0 0.2 0.4 0.6 0.8 1

x

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

fi
n
a
l 
s
ta

te

y
target

(x)

y
N

(x)

0 0.2 0.4 0.6 0.8 1

x

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

fi
n
a
l 
s
ta

te

y
target

(x)

y
N

(x)

Figure: State, final state, and control. ∆x = 1/100, ∆t = T/30, s = 24
stages, and α = 0.01. Down right: α = 0.02.

{fig:heat}
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Figure: Error in the state (left) and the control (right) for ∆x = 10−2.
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Explicit stabilized methods for SDEs
Joint work with Assyr Abdulle (EPFL) and Gilles Vilmart (Geneva)

dX (t) = f (X (t))dt +
m∑
r=1

g r (X (t))dWr (t), X (0) = X0

K0 = X0

K1 = X0 + µ1hf (X0 + ν1

m∑
r=1

g r (X0)∆Wj) + κ1

m∑
r=1

g r (X0)∆Wj

Ki = µihf (Ki−1) + νiKi−1 + κiKi−2, i = 2, . . . , s.

X1 = Ks ,

R(p, q, ξ) =
Ts(ω0 + ω1p)

Ts(ω0)
+

Us−1(ω0 + ω1p)

Us−1(ω0)
(1 +

ω1

2
p)qξ.

E(|R(p, q, ξ)|2) =
Ts(ω0 + ω1p)2

Ts(ω0)2
+

Us−1(ω0 + ω1p)2

Us−1(ω0)2
(1 +

ω1

2
p)2q2.
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Conclusion: We have used the new concept of the double adjoint of a
Runge-Kutta method in the context of optimal control as a tool to
construct the first symplectic second order explicit stabilized methods for
unconstrained optimal control problems.

Perspectives:

Constrained optimal control problems.

Stochastic control problems.

Oscillatory constraint equation (Uniformly accurate methods).

I. Almuslimani and G. Vilmart. Explicit stabilized integrators for stiff opti-
mal control problems. SIAM J. Sci. Comput., 43(2):A721–A743, 2021.

Related work:

A. Abdulle, I. Almuslimani, and G. Vilmart. Optimal explicit stabilized inte-
grator of weak order 1 for stiff and ergodic stochastic differential equations.
SIAM/ASA J. Uncertain. Quantif., 6(2):937–964, 2018.
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