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The framework

min F(x)

xERN
where F : RN — R is a differentiable convex function admitting at least one
minimizer x*.
The gradient descent (GD) method

Xo € RN
Xkt 1 xx — sV F(xk), s > 0.

@ A very simple algorithm, does not require second order derivative.

@ Each iteration is of the order of N operations.



A quadratic example

——+— Fas optimal - 43 iter
pas = .25 - 49 iter
pas = 0.01 - 1340 iter

Gradient method is often slow ; the convergence is very dependent on scaling.



Methods with improved convergence rate

Methods with improved convergence
@ Conjugate gradient method
@ Accelerated gradient method

@ Quasi-Newton methods
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Methods with improved convergence rate

Methods with improved convergence
@ Conjugate gradient method
@ Accelerated gradient method

@ Quasi-Newton methods

Natural extensions to composite optimization F(x) = f(x) + g(x) where
@ f is a convex differentiable function with a L-Lipschitz gradient
@ g is a convex Isc (possibly nonsmooth but quite simple) function.

— Motivation: application to least square problems, LASSO:

1 )
min > 1Ax = BIP + x|

Applications in Image and Signal processing, machine learning,...
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Geometry of convex functions
Convexity (1/2)

A function F : R" — R is said convex if:

V(x,y) € dom(F)?, VA € [0,1], F((1—A)x+Ay) < (1= AN)F(x)+ AF(y). J

(1 =X f() + Af(y)
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F convex iff its epigraph is convex



Geometry of convex functions
Convexity (2/2)

Let F : R" — R be a differentiable function. F is convex if:

V(x,y) € R" xR", f(y) > f(x) + (VF(x),y — x).

F’

"

- -

= Monotonicity of the gradient:
Y(x,y) e RN x RN, (VF(y) — VF(x),y — x) > 0.



Geometry of convex functions
Functions having a L-Lipschitz gradient / L-smooth functions (1/3)

Let F:R” — R be a continuously differentiable function and L > 0. The
function F has a L-Lipschitz gradient iff:

V(x,y) € R xRY, |[VF(x) = VF(y)ll < L||x - yl|.

© Quadratic upper bound: For all (x,y) € RN x RV, we have:

F(y) < F() + (VF()y =) + 5lly =Xl
=A(xy)

linear approximation




Geometry of convex functions
Proof of the quadratic upper bound (2/3)
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Geometry of convex functions
Strong convexity (1/2)

F :R"™ — R is u-strongly convex i.e. that there exists ;x> 0 such that:

Yx,y) € R X R”, F(y) > F(x) +(VF(x),y —x) + Slly = x|




Geometry of convex functions
Strong convexity (2/2)

This class of functions satisfies a global quadratic growth condition: for any
minimizer x* we have:

Vx € R", F(x) — F(x*) > %HX — X2

and:
Vx € R", ||VF(><)||2 > 2u(F(x) — F(x)). Ln;g:n-oiew‘

pepesty
5.4
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The gradient descent method
Algorithm and basic properties

Let F: RV — R be a continuously differentiable function having a L-Lipschitz
gradient and admitting at least one minimizer.

Xo € RN
Xk+1 = Xk — SkVF(Xk), sk > 0.

with a fixed step sx := s > 0 or backtracking linesearch.

Step || 0.325 | 0.25 | 0.125 | 0.05 | 0.01
Nb of it. DV 49 101 263 | 1340




The gradient descent method
Properties

Properties:

© GD is a descent method when s, < % for all k e N, :

L
Vk € N, F(X;ﬁq) — F(Xk) < sk (2Sk — 1) ||VF(Xk)||2 < 0.

@ Assume that F is additionally convex and s; < % The distance to the
optimal set decrease. Let x* € arg min(F).

ke N, [xia — x| < x - x7].



The gradient descent method . =g -2 JF (e
Proof (1/2) L )
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The gradient descent method
Proof (2/2)
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The dynamical system intuition
Link with the ODEs - A guideline to study optimization algorithms

General methodology to analyze optimization algorithms

@ Interpreting the optimization algorithm as a discretization of a given ODE:

Gradient descent iteration: % + VF(x,) =0
Associated ODE: x(t) + VF(x(t)) =0.

@ Analysis of ODEs using a Lyapunov approach:

£(t) = t(F(x(1)) = F*) + %IIX(t) - x"|%.

@ Building a sequence of discrete Lyapunov energies adapted to the
optimization scheme to get the same decay rates




Gradient descent for strongly convex functions
A Lyapunov analysis of the ODE x(t) + VF(x(t)) =0 (1/3)

Let:

E(t) = F(x(t)) — F*.
@ & is a Lyapunov energy (i.e. non increasing along the trajectories x(t)):
'O = LIF@MY, (N> = - \TRxw) |-
£o

- NMv=h £ < &
o ¥l T -Ffg Fa)-F*



Gradient descent for strongly convex functions
A Lyapunov analysis of the ODE x(t) + VF(x(t)) =0 (2/3)

© Assume now that F is additionally p-strongly convex. Remember that:

Yy e RV, IVF(y)|I? = 2u(F(y) — F*),

£ = _NITFw) \T ¢ ~ 2p (FO)-F7)
£ - Q/o EWM
:L,.,k
= ¥r 2, EC) < e €Q°)

= \I‘V';((e) FC«(&-})_‘C* < e*z/"r((:(y“)ﬁ\o*)



Gradient descent for strongly convex functions
A Lyapunov analysis of the ODE x(t) + VF(x(t)) =0, x(0) = xo

© Assume that F is only convex. Let x* € argmin(F).
1
E(t) = t(F(x(1)) = F*) + SIx(£) = x"[*.
€ is also Lyapunov energy: - (VF(NU-\>
£ = T LIP) Kl)> « FOC))-F*
v a2t 5S>
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Gradient descent for strongly convex functions
From the continuous to the discrete (1/3)

En=F(xp) — F* with:  x,411 = X, — sVF(x,).

@ &, is a discretization of the Lyapunov energy £(t). We have:
L
Enp1— & = F(Xn+1) - F(Xn) < <VF(XH)7XH+1 - Xn> + §||Xn+1 - Xn||2
L
< -s <1 — 25) IV F(x,)]?

If the step s satisfies:

<2
s< =
L

then the GD is a descent algorithm (Vn, F(x,41) < F(x,)) and the values
F(x,) — F* remain bounded.



Gradient descent for strongly convex functions
From the continuous to the discrete (1/3)

En=F(x,) — F* with:  Xp11 = X, — SVF(x,).

© Assume now that F is additionally p-strongly convex and h < % We have:
Vn, |[VF(xa)l? = 20u(F (xa) — F*) = 2u&n,
and

L
ra— &< —s (1= 55 IVFCIP

Hence:

L
SIH-]. — gn § —2[L5 (]. — 25) gn

For example if s = } we get:
Vn, Enit—En < —kEn = En<(1— k)"
hence:
Flxn) — F* < (F(xo) — F*)(1 - 1)".



The gradient descent method
Convergence rates for convex and strongly convex functions

Let F: RY — R be a convex function having a L-Lipschitz gradient. Choosing
s =1 in (GD), we get:

Theorem

L _ux||2
Vk €N, F(x) — F(x*) < 7”’(02/(’( I*

The number of iterations to reach F(xc) — F* < e isin O (1).

Additionally assume F p-strongly convex for some p > 0. Then:

Theorem

VneN, F(x)) — F* < (1—r)"(F(x) — F*)  where k = %

The number of iterations to reach F(x,) — F* < £ is in O (log(2)).

. . * L— n *
Rmq: the optimal convergence factor is: F(x,) — F* < (ﬁ) (F(x0) — F*)
2

attained for s = T



The gradient method

Limits on the convergence rates of first order methods

First order method: any iterative algorithm that selects x,x1 in the set

xo +span{VF(x),..., VF(xk)}.

Theorem (Nemirovski Yudin 1983, Nesterov 2003)
Let k < ; and L > 0. There exists a convex function F having a L-Lipschitz
gradient over RN such that for any first order method

3L|x0 — x|

_ * >
Flx) = F > =0y

< Suggests that the rate % for GD is not optimal !

— We will see that recent accelerated gradient methods have a % convergence
rate.
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The Heavy Ball method
A first inertial method (Polyak 1964)
The Heavy ball method

Yk = Xk+a(xx — Xxk—1)

, a€l0,1], s> 0.
Xe41 = Yk — SVF(xk) acl01 s

where a € [0,1] is an fixed inertial coefficient added to mitigate zigzagging.

\l,"\&‘ oz
gradient descent
. %\ff ST ::
-V e o



The Heavy Ball method

The dynamical system intuition

Let us consider:
X(t) + ax(t) + VF(x(t)) = 0.

@ Describe the motion of a body (a heavy ball) in a potential field F subject
to a friction proportional to its velocity.

@ Natural intuition: the body reaches a minimum of the potential F.



The Heavy Ball method
Link between the continuous ODE and the discrete scheme

The HB algorithm:

Yk
Xk+1

Xk + a(xk — Xk—l)
Ve — SVF(xe) , a€[0,1], s> 0.

can be seen as a discretization of the second order ODE:

X(t) + ax(t) + VF(x(t)) =0

where:
s=h, a=1-ah.

dp = g e (g > Ufe) =q

A - (A___—-QQ (% - ¢ + 2 UFTog)
ELmM¢ ;('t“‘&‘\' a_&_b;— oy “ ?L ‘) QLLT_>£
HG ORI




The Heavy Ball method

Convergence results - In the continuous case

X(t) + ax(t) + VF(x(t)) =0
Theorem (Global convergence - Polyak 1964)

Let F : R" — R be a u-strongly convex function of class C?> and having a
L-Lipschitz continuous gradient.

@ /fa < 2,/ then:
F(x(t))— F* =0 (e““) .
@ /fa>2,/u then:

F(x(t)) - F*=0 (e%avm)t) _

PPy = ColalT 0 ot () wpac() =0



The Heavy Ball method

Convergence results - In the discrete case

Yk

Xk+1 = Yk — SVF(xk) /

Xk + a(xk — Xk—l)
with (Polyak’s choice):

2 2
L (Yi=vn o 2

Vi+yi) Vi+yi)
Theorem (Global convergence - [Polyak 1964])

Let F :R" — R be a u-strongly convex function of class C? and having a
L-Lipschitz continuous gradient. If s < % then:

F(xk) — F* < (M

k
Tt \/ﬁ> (F(x0) — F*).




The Heavy Ball method

Convergence results - Without the C? assumption

Counter example [Ghadimi et al. 2015] Let F be a C! u-strongly convex and
L-smooth function (with y =5 and L = 50) such that:

50x +45 ifx< -1
VF(x)=<¢ bx if —1<x<0
50x if x>0

Heavy ball iters zj
fle) = f*

5 10 15 20 25 30 10 5 10 15 20 25 30

no. of iters k no. of iters k



The Heavy Ball method

Convergence results - Without the C? assumption

An active field of research Qbe_%o-et.

] ,\/‘ & k K— - Quadratic, Q
15 ] ,,/ \:\ / — 1-Quasi-Strongly-convex, qS
] ",', ©- Siegel rate, qS

g ,4»,‘ - =- S+ gradient L=1.1 Lipschitz
& K4 o

@ Nesterov's variant (2013): F(x,) — F* = O((1 — v/k)").

@ Changing the step and the inertia, [Ghadimi et al. 2015] prove the linear cv for
C! strongly convex functions having a Lipschitz continuous gradient.

@ For strongly convex functions of class C! having a L-Lipschitz gradient
[Siegel 2019]: when a = 2,/i1, F(x(t)) = F* = O (e'\/ﬁt) )



The Nesterov’s accelerated gradient method
Outline

© An inertial method - Historical choice of Nesterov
© The dynamical system intuition

© Proof for the convex case



The Nesterov’s accelerated gradient method
The historical scheme

Historically Nesterov proposes in 1983 the following inertial method:

t — 1
Yok = Xkt « (XK — Xk—1)
tk+1
X1 = vk —SVF(w)

where the sequence (tx)ken is defined by: t; =1 and:

1+ 4/14 4t}
— 5

tey1 =

With such an algorithm Nesterov proves that:

2|x0 — x|

ke N, F(x) - F" < 525

but he did not prove the convergence of the iterates (xi)ken-



The Nesterov’s accelerated gradient method
A simplification of the first scheme

Nesterov inertial scheme

Xn + (Xn - Xn—l)

Yn n—+ «
Xnt1 = Yn— hVF (yn).

@ Initially, Nesterov (1984) proposes o = 3.
@ Adapted by Beck and Teboulle to composite nonmooth functions (FISTA)



Link between the ODE and the optimization scheme (1/2)

Discretization of an ODE, Su Boyd and Candeés (15)
The scheme defined by

. n
Xnt1 = Yn =BV F(yn) with y, = x, + m(xn — Xp—1)
can be seen as a semi-implicit discretization of a solution of
%(t) + %)'((t) + VF(x(t)) =0 (ODE)

With x(to) = 0. Move of a solid in a potential field with a vanishing viscosity ¢.

(Discretization step: h = /s and x, =~ x(n+/s)




The dynamical system intuition
Link with the ODEs - A guideline to study optimization algorithms

General methodology to analyze optimization algorithms

@ Interpreting the optimization algorithm as a discretization of a given ODE:
Nesterov iteration: X1 = yp, — hVF(y,) with y, = X, + 775 (X0 — Xn-1)

Associated ODE:  x(t) + ¢x(t) + VF(x(t)) = 0.
@ Analysis of ODEs using a Lyapunov approach:
£(t) = Fx(6) - F* + 5 I(0)

£(t) = 2(F(x(1)) = F(x")) + % (e = 1)(x(2) = x*) + tx(t)])*

@ Building a sequence of discrete Lyapunov energies adapted to the
optimization scheme to get the same decay rates




Convergence analysis of the Nesterov gradient method
Convergence rate in the continuous setting

Let F: RNV — R be a differentiable convex function and x* € arg min(F) # (.

o If a >3,
F(x(t)) — F(x*)=0 (

@ If a > 3, then x(t) cv to a minimizer of F and:
[Su, Boyd, Candes 2016]

F(x(t))— F(x*)=o (12) [Chambolle, Dossal 2017]
£ [May 2017]

1 [Attouch, Chbani,
? Peypouquet, Redont 2016]

@ If av < 3 then no proof of cv of x(t) but:

1 [Attouch, Chbani, Riahi 2019]
F(x(t)) - F(x*)=0 (2> [Aujol, Dossal 2017]
t3




The Nesterov’s accelerated gradient method
State of the art results

Let F: RY — R be a differentiable convex function with X* := arg min(F) # 0.

n
Yn = Xn+ (X,, - Xn—l) 1
n+a , a>0, h< n
Xn+1 = Yn— th(Yn)
o lIfa>3
1 [Nesterov 1984, Su, Boyd, Candes 2016
2% 1 , Su, 0 0
Fla) = F(x*) =0 <n2> Chambolle Dossal 2015, Attouch et al. 2018
@ If a > 3, then (xp)n>1 cv and:
1 [Chambolle, Dossal 2014]
o 1 ,
F(X") a F(X ) =0 (n2) [Attouch, Peypouquet 2015]
@ Ifa<3
1 [Attouch, Chbani, Riahi 2018]
*)
F(X,,) - F(X ) =0 <n2§1> : [Apidopoulos, Aujol, Dossal 2018]

|



Convergence analysis of the Nesterov gradient method

Proof of the convergence rate O () when o > 3

A first Lyapunov energy w9 % s ¢ FOxA) =0
£(8) = F(x(8) ~ F(x*) + 5 IK(0)IP
be the mechanical energy associated to the ODE.
') = LIF@EWY > o« <alh) 6ch)d
- — ZNx®I" <o

G Py % ¢«



Convergence analysis of the Nesterov gradient method

Proof of the convergence rate O () when o > 3

A second Lyapunov energy to get the rate O (t%) Can we prove that the energy:

2
E(t) = £ (F(x(1)) — F(x")) + %Ilk(t)llz

is bounded ? The answer is : NO



The Nesterov’s accelerated gradient method
Proof of the convergence rate O () under convexity (Su Boyd Candes 2014)

We define : A

T
£(8) = B(F((1) — F()) + 5 e = Dx(E) = x) + tx(0)]

Using (ODE), a straightforward computation shows that:

E(t) = —(a=1t (VF(x(1)),x(t) = x") +2t(F(x(t)) — F(x7))

S F(x(t)—F(x~) by convexity
< \(,_—_Oé)f(’:( x(t) = F(x)).
-Lf X =23 \(’PM-\ E't) «cO = Y2l €9 «E)
o ¥esb, PP(Fe@) FYy ¢ €@ «&)
LMY, PG\ -7« CQQB

T >3 € < -°‘ EF) = &k)< 6(3 E>l,

R=-~ )
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Fd
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x-L> A
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The continuous, a guideline to analyse the Nesterov scheme
Cv for the class of differentiable convex functions

@ Continuous setting:
E(t) = t2(F(x(1)) - F(x*)) + % (e = 1)(x(2) = x*) + ex(t)||*
@ Discrete setting:
&0 = P (Flx0) — F() + 5 e = Dxn = x°) + sy — 52|
Using the definition of (x,)s>1 and the following convex inequality

Fxn) = F(x") < (0 = x*, VF(x1))

we get
Ent1 = En < (3= a)n(F(x)) — F(x7)) (1)

Q Ifa>3Yn>1, n?(F(x,) — F(x*)) < &
Q Ifa >3 (a—3)n(F(x) — F(x*)) < &

n>1




Natural extension to composite optimization

mine FCY = f(o) + ()
~ S i fae il
oI X
dafforaialo@ b o omad.
@ Notion of convex subdifferential
@ Proximal operator

© The Forward Backward algorithm and FISTA



Subdifferential of a convex function
Definition

Let f: R” - R U {400} be a convex function and xg € dom(f). The
subdifferential of f at xp, denoted by Of(xp), is defined by:

0f(x0) = {g € R" | Vx € dom(f), f(x) > f(x0)+ (g, x — x0)} -

Geometrical interpretation.




Subdifferential of a convex function
Properties

Of (x0) = {g € R" | Vx € dom(f), f(x) > f(xo)+ (g, x — x0)}

Q If f:R" - RU{+oo} is convex then Of(x) is also convex and closed for
any x € dom(f).

@ If f is convex |.s.& then 9f(x) is additionally non empty and bounded for
any x € dom(f).



Subdifferential of a convex function
Subdifferential calculus rules

Let f be a convex |.s.c. function. Then:
© If f is differentiable on domf then:

Vx € int(dom(f)), Of(x) = {VF(x)}.



Subdifferential of a convex function
Subdifferential calculus rules

Let f be a convex |.s.c. function. Then:
© If f is differentiable on domf then:

Vx € int(dom(f)), Of(x) = {VF(x)}.

Q Let dom

(f) CR", A: R™ — R" be a linear operator and b € R" then
x> P(x)="f

(Ax + b) is convex |.s.c. and:

Vx € int(dom(¢)), dp(x) = AT Of (Ax + b).



Subdifferential of a convex function
Subdifferential calculus rules

Let f be a convex |.s.c. function. Then:
© If f is differentiable on domf then:

Vx € int(dom(f)), Of(x) = {VF(x)}.

Q Let dom

(f) CR", A: R™ — R" be a linear operator and b € R" then
x> P(x)="f

(Ax + b) is convex |.s.c. and:
Vx € int(dom(¢)), dp(x) = AT Of (Ax + b).

© Si f(x) = a1fi(x) + axfr(x) avec f; et f, convex l.s.c. on R" and
(o1, 00) € Ry x Ry, Then:

Of(x) = a0f(x) + apdhh(x)
= {geR"|I(x,x) € dfi(x1) x 0h(x),g = arx1 + azxz }.



Subdifferential of a convex function
Subdifferential calculus rules

Let f be a convex |.s.c. function. Then:
© If f is differentiable on domf then:

Vx € int(dom(f)), Of(x) = {VF(x)}.

Q Let dom

(f) CR", A: R™ — R" be a linear operator and b € R" then
x> P(x)="f

(Ax + b) is convex |.s.c. and:
Vx € int(dom(¢)), dp(x) = AT Of (Ax + b).

© Si f(x) = a1fi(x) + axfr(x) avec f; et f, convex l.s.c. on R" and
(o1, 00) € Ry x Ry, Then:
Of(x) = a0f(x) + apdhh(x)
= {g eR"| 3I(x1,x) € 0f(x1) X 0fa(x2),8 = a1x1 + q2xa}.

Q Let g:RU{+0} - RU{+00} a non-decreasing convex function. Let:
h=gof. Then:

Vx € int(dom(f)), dh(x) = {mmn2 | m € 9g(f(x)),n € Of(x)}. (2)



Subdifferential of a convex function
Exercices

Q f(x) = Ix] M = (4,4

@ f(xy) =x+2yl Ca&,,c,)_{(S),%egH(og
= (_Zq,) "AEEJ‘OS

Q f(x,y) =y>+|x* +3y|

2

@ £(x) = I|x|3 x € RV.

SO



CNS of optimality

Let f: R” - R U {400} be a convex function. The point x* € R" is a global
minimum point of f si et seulement si:

0 € O (x*).

Elementary proof: '_Cg 6 &ffmﬂ\\lc&f), %QQ;C‘) 3{ Uf@’e)k‘
®e ") &> TEE*)
. %@wf rrirnimann g g é

= Vme(\kﬂj J{(‘A>f(m*
s Foce f(f»\ ﬁ(*)i-(O e )

= o e 0"




Proximal operator
Definition

. 1
proxs(x) = arg iy f(u) + 5”“ —x|j3.

Examples

0 ifxeX

o f(x) =xx(x) = { +o0o  otherwise, X

: LA (e S
}n:::w@»mﬂ(uh ’% lw-ml ™ = o o -l ooy R ()

° f(x)=0 %«\o$i,:lku—«\k§_ A s

pom, () = id()
o f(x)=alxi ~ns FIsTH .

Mg(ﬂ = moo (O [»- ¥ )xnic‘mﬁfﬂ



Proximal operator
Properties

Q Let f: R" — RU {400} be a convex Ls.c. function. Then prox,(x) exists
and is unique for any x € R”. Moreover

p = prox¢(x) & x —p € 0f(p)
Q Let f:R" - RU {400} be a convex function and t > 0. Then:

X € arg m]ilg f(x) < X = prox,s (X) .
xXERN

Proximal point algorithm
X € R”

Xk+1 = prOth(Xk), t> 0.




Forward-Backward algorithm

Let:
min £(x) = g(x) + h(x)

where:

e g:R" — R convex differentiable function having a L-Lipschitz gradient:
IVg(x) = Ve(o)ll < Lixa — e, V(x,50) €R" xR™. (3

e h:R” - RU{+oo} a convex l.s.c. function:/)i.m\‘:ﬁ. = NST ©om
wepade s pon -

Optimality condition

0 € Of(x) & x = proxg,(x — sVg(x)).

T=pogg e (T-29%)



Forward-Backward and FISTA algorithms

Forward-Backward algorithm

x € R”
Xk41 = Pproxg,(xk —sVg(xk)), s > 0.

If s < % then the sequence ('%N converge to a global minimum point of f and

2 _u*||2
vk eN, Flx)— F(x*) < Ae=x1"
sk
FISTA algorithm
Y = Xk ou(xk — xk—1)
Xkr1 = Proxg(yx —sVF(yk))

If s <  then the sequence (k) converge to a global minimum point of f and

F&QF&ﬂ—o(;)




Some numerical experiments
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Improving the state of the art results with the help of the geometry
Joint work with J.-F. Aujol, Ch.Dossal

Let F: RNV — R be a differentiable convex function and x* € arg min(F) # (.

o Ifa>3,
F(x(t)) — F(x*) = O (

@ If a > 3, then x(t) cv to a minimizer of F and:
[Su, Boyd, Candes 2016]

F(x(t))— F(x*)=o (12) [Chambolle, Dossal 2017]
£ [May 2017]

1 [Attouch, Chbani,
? Peypouquet, Redont 2016]

@ If av < 3 then no proof of cv of x(t) but:

1 [Attouch, Chbani, Riahi 2019]
F(x(t)) - F(x*)=0 <2> [Aujol, Dossal 2017]
t3




First Example : F(x) = x* and o = 1 - State of the art rate: O(—7)

In blue F(x,), in orange n x (F(x,) — F*)

10 Trajectoire de Nesterov pour p= 2 et alpha=1
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Second Example : F(x) = x? and o = 4 - State of the art rate: O(})

In blue F(x,), in orange n* x (F(x,) — F*)

Trajectoire de Mesterov pour p= 2 et alpha= 4
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A Third Example FISTA : F(x) =|x| and o =1
In blue F(x,), in orange ns x F(xn)
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Fourth Example : F(x) = |x|> and a = 1 - State of the art rate:
O(zn)

In blue F(x,), in orange n$ x (F(x,) — F*)

Lo Trajectoire de Mesterov pour p= 3 et alpha=1
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Fifth Example : F(x) = |x|* and o =7 - State of the art rate: O()

In blue F(x,), in orange n® x (F(x,) — F*)

L0 Trajectoire de Mesterov pour p= 3 et alpha=7
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Local geometry of convex function
Flatness

Definition

Let F: RN — R be a differentiable function. F has the #(7y) property for some
y=>1if

Vx € R", F(x) — F(x*) < =(VF(x),x — x¥).

= |~

Flatness properties

o If (F— F*)% is convex, then F satisfies H(7).

@ If F satisfies H(7) then for any x* € X*, there exist C > 0 and n > 0 such
that
Vx € B(x*,n), F(x) — F(x*) < Cljx — x*||".

@ Ensures that F is sufficiently flat (at least as flat as ||x||”) around its set of
minimizers.

@ May prevent from bad oscillations of the solution.



Theorems for sharp functions [Aujol, Dossal, R. 2018]
%(t) + S(t) + VF(x()) = 0.

Assume now that F is p-strongly convex, satisfies the flatness condition #(+) and
admits a unique minimizer x*. Then:

. 1
Fx(e) = Fx') = 0 (5 ) (@
1
Xn41 = Yn—hVF (y,) where: y, =x,+ (Xn—Xn—1), a>0, h< =

n—+« L

Theorem for sharp functions (Apidopoulos, Aujol, Dossal, R. (2018))
Assume that F is strongly convex and satisfies H(~y) for some v € [1, 2].

Vo >0, F(xn) — F(x*) = O <1> . 5)

ny+2




Theorems for sharp functions [Aujol, Dossal, R. 2018]
Comments

Theorem for sharp functions (Apidopoulos, Aujol, Dossal, R. (2018))
Assume that F is strongly convex and satisfies () for some v € [1, 2].

Va >0, F(x) — F(x*) = O <1> . 6)

n~+2

Comments

@ For v =1 we recover the decay O (%&) from [Attouch, Cabot 2018].
n3

@ Since VF is L—Lipschitz and satisfies £(2), F automatically satisfies #(~y)
for some v > 1 and thus
2y« 2a

> .
o 3

@ For quadratic functions (i.e. for v = 2), we get O (% ).




Theorems for sharp functions [Aujol, Dossal, R. 2018]
Sketch of proof in the continuous case

Q We define for (p,¢,\) € R3
3

5 Ix(t) = x*|I°

H(t) = t° (tz(F(X(t)) — Fx)+ % IOAx(E) = x7) + ()1 + 5

@ We choose (p, &, \) € R® depending on the hypotheses to ensure that H is
bounded. H may not be non increasing.

For the class of convex functions, take: p=0, A=a —1,£ =0.
For the class of sharp convex functions, take:

p=221-_2 A=2 £=\A+1—a).

© We deduce that there exists A € R such that

£

tP(F(x(2)) = F(x) S A= 275 Ix(1) = x|

Q If £ >0 then F(x(t)) — F(x*) = O ().
Q@ Ife<o

we must use the strong convexity to conclude.




Convergence rates for flat functions

Theorem for flat functions (Apidopoulos, Aujol, Dossal, R. (2018))

Let v > 2. If F has a unique minimizer x*, if F satisfies the flatness condition
H() and the growth condition:
Vx € R", gnx —x*||" < F(x) — F*

: 42
Then if a > P

Fl) — F) = 0 (=3 ).

Comments
1
@ Better rate than o(—;).

@ Better rate than for the Gradient descent: if F satisfies £(7) with v > 2,
then

F(Xn) - F(X*) =0 ( 17) [Garrigos et al. 2017].

nv—2




Application to the linear Least Square problem

Let A: RV — RN a positive definite bounded linear operator and y € RV,
Consider

1
in F(x) :== Z[|Ax — y||*.
min Fx) i= o[l Ax — y|
@ F is convex and has a L-Lipschitz continuous gradient (L = [||A*A]).

@ As a convex quadratic function, we have:
1 1

S (VF(),x = x) = 5 [AGx = x) .

F(x) — F(x)
» F satisfies H(y) for any v € [1,2], and £(2).
® Vn, x, € {xo} + Im(A*).

Since this problem has a unique solution on the space {xo} + Im(A*), our
theorem is still applicable and:




To sum up

Two ingredients to get better convergence rates on F(x,) — F*

@ A sharpness condition

Ensuring that the magnitude of the gradient is not too low in the
neighborhood of the minimizers.

@ A flatness condition.

Ensuring that F is not too sharp in the neighborhood of its minimizers
to prevent from bad oscillations of the solution.

Optimal convergence rates for Nesterov acceleration. J.-F. Aujol, Ch. Dossal, A.
Rondepierre. May 2018.

Convergence rates of an inertial gradient descent algorithm under growth and flatness

conditions. V. Apidopoulos, J.-F. Aujol, Ch. Dossal, A. Rondepierre. December 2018.
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Is the Nesterov’s method really an acceleration of the GD ?

A first conclusion
@ If F is sharp, Gradient Descent is faster than Nesterov.
@ If F is flat, Nesterov is faster than Gradient Descent.

@ Choose « as large as possible

A second conclusion : it's more complicated
@ Constants in big O or in geometric decays may be important.

For example in the convex case (y = 1), the constant in O (t_%a) is of the

form: ,
=5

@ a)

Vi N

@ Nesterov with restart and backtracking may outperform Conjugate Gradient
on the least square problem.

Ve > -2 F(x(t)) - F(x*) < CEm(to)<




