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1 The Frobenius structure conjecture

Motivation Mirror symmetry conjecturalduality betweenCalabi Yauvarieties



HCalabi Yau variety X mirror Calabi Yauvariety
Xu

mung

Mirror symmetry philosophy

onemay build themirror X by counting curves in X

Frobenius structure conjecture of Gross Hacking Keel

A preciseyet simple formulation of this philosophy for
log Calabi Yau varieties which boils down to intricate

relations of counts of rational curves

Question What curves do we count

Setup k any field of char 0 e.g E

U affine smooth log Calabi Yau variety 1k

SHU E integerpoints in the essential skeletonof U
o w mu me IN o

volumeform

u is a divisorial valuation on k U where w has a pole

fieldofrationalfunctions

Fix a projective normalcrossing compactification U C Y with complement



D
D YIU

Def countingrational curves Given P Pi Pn n 32 PjCStepU 2
and a curve class ofC NELY E integerpoints in

the

Toneofeffectivecurves essential skeleton

Write Pj Mjg for all Pj to
Assume each rig is givenbya componentDj CD alwayspossible by blowup

Define y P f closed rational curves in Y of classof that

intersect Dj withordermy for every Pj to

Y TT

k 1
D3

Precise formulation Let H P f be the space ofmaps
f IP pi Pn s Y

s t Forevery Pg to ftp.g meets Dj withordermy
Noother intersections with the boundary

f lip's p

Lemma Themap I domain evs H P f Mo na x U
is finite e'tale over a Zariskidense open of the target

Proof Use the deformation theory of curves



So we can now precisely define

the count of rational curves y P f degreeof the finite estatemapabove

Rem The counts are naivecounts no useofvirtual fundamental classes

Question Varying P Pi Pn and f E NEN E o many
numbers

What relations between them

Let's assemble the numbers y P f into generating series as follows

Let R 2 NELYED Z zf the monoidringofNECY 2 over 2
FENECY2

A R
SHUN R Op thefree R modulewith basis

PE5kW 2 5k U 2

Def Frobeniusform Let4 An R be theRmultilinearmapwith

Op 0in
n E g p Pn f al
fENECY7L

Rem Nothing complicated just putting together all possible 1 P Pn f
The sum above is finite by the affinenessof V

Main theorem

Frobenius structure theorem KY Assume U contains an open splitalgebraic
torus Then the followinghold

4 The Frobeniusmultilinear form is non degenerate



2 Thereexists a unique commutative associative R algebrastructure on A compatible

withthe Frobeniusform ie 00 1 and ai an n Trace a an
A
taking coefficientof0

3 Consider V SpecA SpecR
7

mirrorfamily
mirror

algebra

It is a flatfamilyofaffine varietiesofsamedimension as U
the generic fibers are logCalabi Yau varieties with log canonicalsingularities

Remark We can remove thedependenceof our mirror algebra A on the compactification

U C Y by forgetting all curve classes

Au Aq 2 where R 2 sends
every 2

f to 1

Theassumption that U contains a torus always holds in dim 2

not always in dim 33

It plays tworoles in our theory
lis It allows a degeneration of the mirrorfamily to a toric variety
crucial for the proof of 1 and 3I

atmsn.atb.fi 1iesen nmera eTn
i

ie t Ent

This proves a better versionof the conjecture ofGross Hacking Keel underthe
torus assumption The original conjecture was stated via log GromovWitten
invariants insteadof naive counts because the smoothnessofmodulispace was
unknown at thatmoment



2 Structure constants of the mirror algebra
Question How are products defined in themirror algebra A
Given Pi Pn CSHU 2 we write the product in the mirror algebra A as

Op 0pm E E
QESHU yenecy

X th Q 2 too
structure constants

Idea Inspiredby Kontsevich homological mirrorsymmetry we would like to

define the structure constants X as counts of holomorphic disks
Note disks do not make sense in algebraic geometry so we go to analytic

geometry

Firstchoice complex analyticgeometry It doesn't work

counts of disks 0 complicated curved A is structures

notclearhow to get well defined
numbers

Mystrategy the non archimedean analytic geometry
Thenwe can actually have a very simpleanddirectdefinitionof the
structure constants X by countingnon archimedean curves to be
explained in a second although studying the properties of such
counts requires harder work

We equip our basefield k with the trivial absolutevalue 1 I i k o 13

1 1 11 for all k e k lo
O for a 0

Then K becomes a non archimedeanfield

Berkovich analytification U U k analytic space
analogous to complexanalytification



E U is a scheme theoretic point
Recall U 3 u

uexeienaa.nngqbusdugeweyal.meononthe
residuefieldKos

Note 5kW 74 C Van

Recall Our goal is to define the structure constant XCPr Pn Q 2 by
counting non archimedean analyticdisks

Heuristically X Pi Pn Q 2 disks D in Ya oversomefieldextension
Dr it

c uan
t a singlepoint in non archimedeangeometry

1
f

4
class of 0 V
E in a limiting sense

Trouble Unlike the situationfor counting closed curves above the spaceof
all such disks is co dimensional

How can we extract a finitecountingnumberfromthis co dimspace

Idea Reduce to finitedimension by imposing a regularitycondition on the

boundary 20 called toric tail condition



D Weask By analytic continuation at 20

our disk extends to a closed rational curve

in Ya s t

J o litThe tail IT hits divisor Dz opposite to Q

Thepunctured tail Tiz c torus CU

Dz

Addingthe toric tail condition finite counts of non archimedeandisks
structure constants X Pi Pn Q y

Theorem KY The sums in the multiplication rule

Op 0pm Z E
QESHU yenecy

X th Q 2 2too

are finite and givethe commutative associative R algebrastructure on the

mirror algebra A in the Frobenius structure theorem

3 Application to clusteralgebras comparisonwithGross Hacking keel Kontsevich

Theorem KY Let X be a Foch Goncharov skew symmetric X cluster

variety such that U Spec Ho X 0 7 is smooth

X U is an open immersion

Example Double Bruhat cells in semisimple complex Lie groups



Apply our Frobenius structure theorem to this U

obtain mirroralgebra Au where weforget all curveclasses so it is
independentofanycompactification Uc Y

We provethat Au is isomorphic to the combinatorially constructed mirror

algebraof Gross Hacking Keel Kontsevich
As a consequence several conjectures of GHKK follow readily from our geometric
construction e.g

broken line convexity conjecture
independenceof clusterstructure conjecture
removal of GHKK's EGM enoughglobalmonomials assumption

Furthermore we obtain a much more conceptualproofof thepositivity in the
Laurent phenomenon forclusteralgebras

Idea of proof of the comparison theorem
In addition to counting holomorphic disks we count holomorphic cylinders

Dr

FE
I I
I o f l o f

Countsofcylinders canonicalwallcrossingstructure akascatteringdiagram

on theessential skeleton 5k u C U

Then we comparewiththewallcrossingstructureof Gross Hacking Keel Kontsevich



Application to the moduli spaceof KSBA stablepairs
Kollar Sheperd Barron Alexeev

Inspiredbythe Frobenius structure theorem we proposethe following conjecture concerning
themodulispaceofpolarized CalabiYaupairs
Conjecture Hacking KeelYu Anyconnectedcomponent Q ofthemodulispaceoftriples
X E E t En where

X is a smooth projective variety
E is a normal crossing anti canonical divisorwith a Ostratum everyEismooth

is anampledivisornot containing any 0 stratumof E
is unirational

Moreprecisely note that Q has a natural embedding into the KSBAmoduli

spaceof stablepairs via X E te we conjecture that its closure admits a

finite cover by a toric variety

Theorem Hacking Keel Yu

Weconstructedtheassociated completetoricfan generalizing the Gelfand Kapranou
2eLevinsky secondaryfanforreflexivepolytopes
Weextendedthemirror family in theFrobenius structure theorem to the associated

toricvariety generalizing the familiesof KapranovSturmfels Zelevinski andAlexeev
inthe toriccase

In the case ofdel Pezzosurfaces with an anti canonical cycleofCD curves we
proved thefull conjecture


