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L The Frobenius Structure wn}ectm

Motivation : mirror 5amme,h\04, ( (,on)edcuml Aua(k'tél betwea. Calabi -~ Yau m@tia)
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Def (Ooumtin8 rational um/o_g): Given P=(P, -+, P) n22 Pa.\ e Sk (U, Z)

and & owrve closs P e NECY, Z) e fm_hz\s e
ICCOM_ af eﬂect('de Cuw veh essential skeloton

Wr(te Pé :MJVJ’ *fw au Pp‘ 0.
Assume each v) is SJ\/QV\, loaa wf“fO’W‘f DoL cD ((kluwab ']9055110(2 ‘03 M;owwr))

De'jiru. Vl(PP) P = H= c(om.o( mt(ona( wrves n Y a‘[’ c(MS(f H\at’
intersect D} with oriar W\} fbr eNert P} =0

'Pl’eoize, ‘S’Drrnula,ﬁon: Let H(P, P) be the Sfau_ oj’ maf.s
£ (0 (e t)) — Y

st ¢ o overy P(}#o, jL(r)) mants DJ-" with order m,
No other fntersections with the L)O'WLAN/B.
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is finite étale over a Zariski denss open Oi' the turget.

P)’OO‘S: U the Aeforma’cion tl\eory. oj’ arves



Do we can now Fveoi&(a d&ffinaz
‘H’LO_ Gsunt o]" fa,ﬁmal, QRS V] (P) (3) = A\g}r@_ o]L ’ckz ]Cu'nite. retab_ m/xf a'ooue,

Kem: Tl'\L wumts are. nalye Ceunts (no wal of' vfrt.‘ua( fumiawunta( c(zuw;)_

&w.otion: Vowying, P=<P1, y Pn) oand (9 é \E(Y, Z)W""‘; Co ma«? nwmbers |
W hat re laﬁons be,tWQUu Hham 7
Let s Mswuv. tl‘lz YlumL)ers 7(P, F) into 3&11%\{7&»'\3, Senies o0 tf'auoWs:

let R:= Z[NE(Y,2)]:= D zZ- ZP, the monoid rfné 07( NE(Y, Z) over Z

Pe nE(Y, 2)
=D D g6, e e Romodule with b
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<(9Pl, = 6P"‘>n. == Z 7(Pl, 0 (3) 'ZJ3
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Rem- Not\nin% Comrl(mtei, )u.st Futﬁr\g toaetlrwr au Foss;bb. rz(p,] e pn,(g)
* The swm Aloove LS fl'nite <b3 the aﬁ(nemob oj‘ U).

Main  theorem
Frobenius structure thaoream. ( KY) : Assume U contains an open s}o(/it age_lomic

torws | ﬂun t’ko_ ’j’ounwing, ho’u
(1) The Frobenius multilinmr fom (5 non—olegcncm’ce.



(@) There oxists a wu'clue commutative associative K-algebm structwe on A comf».tllo[e

with the Frobenius form, ie. Go=1 and (@, an), = Trae (Aan)
tgking, aoeﬁ-ialent of O
(3) COVlSiAQJ’ U = SFe,(,A = gfecR.
(i 0
mirror fwy.ila nirror alge]om
It is a j’(wt J‘amily oJL‘ aﬁi ne Varieties oj’ same Aimansion m U ;

the ereric ]‘ibe,rs are &3 Colabi-Yau varieties (with [.ogwanorlical singu[ari’cies>

RCIHark:' We_ (an vemowe H"L dﬂ—fehli%&. UT ow mirvor A(%e_brﬂ, /AT on fl’lL Comrac'h' Cation
Lle ¥ loa ‘fwgettir% oll cwrve clagses:
AU-.: A%Z whare R — 2 SMASWEYJ Zﬁtb £

o The asswnftion that U contains a torup aluw?s hlds in dim 2 -
not a.(um?s in dm =3
Jk; F[a95 tuo rolo in our t'kurg:
() T allovs o a(eaemmtion oj- the mirror jca\miba, to a teric ariety
trudal for the proof of 0 ad 3.
(i 1t %reat% 5imr(ﬁ]‘ies the enwmantive part of tha. t'/\fborél.

A mere soFlﬂistiCate(L enumerative t“/\eova, is u\mlef AQWLOPM{;'

* This proves & (bettr) version oJL the Conjecture U]L (rvoss- Haclc(na—KeeL under the
torus assumFtiorL. The vn‘a'ma[ conJ'ectum was Stated via ﬂog, Gromou- Withn
(MVariants ins’oead. of naiwve wunts, because, the Smoothness oj- molu[( s?ace was
wnknown ot that moment.



2 Studtwe constants oj' the. wmirror a(ge’om
&woﬁon-. How ore Proiwfcs Aefinul in the minor t»\l?e.,om A 7
GiVQV\, Pi, B GSL(U, Z) ) We write {'l'u. Pfoo\uct n the mwror a(jebm» A
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Qesku.z)  yene(\D) R Structe  Constants

Tdaa - Imrimi l% Kontsevich 'ﬂo"lolo%iml MO symmetry , e would like to
Aej'irm the structure  Constawrts }( M Counts Jf ho(omorfhic disks.
Note disks Ao not make sonse {n al%abmic 8enm,txét ) S0 Ue %o to owwt%tt‘c
e
First choica - (;omr(ux am\l?tic Goomtry . It doeon't worle.

Couts a—j‘ disks —~~~ (,omr[imtei cved. Ao - structures
not clear how o get Weﬂ:zﬂa:fimi numbers
Mg stmte%; Use non-MJWem ama(ytic %owﬁy
Than we. can actw((g have o Uer? 5,‘.«.]9& and direct Aefinitian. o]L the
Structwre  Constants }( bﬂ Conting. Non-orchimudian owrves (to be
exxf[ou'ruu{ in a 5ewnl), a(f‘wugk s’cu(i&ing. tha properties af such.

Counts rez(uxms [/\mler work..

We €1MF ow bone *fiell b with the trivial absolute value |-'|: k—tfo,1}
1] :zw for all xe k\0
) for x=0
Then k. beconas o non—orchimedisn jtieli ’.
Berkovich M“l?jﬁfi @ton. ) e am@trc spoce
( a]m(/oaow_) to c,omf(l/)( Malyhﬁmﬁon)
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&n Set
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%ﬂ’mlk"\g the 3?\/@1\ one on k.

Note: Sk(U, Z) € U™

Ruo\u: Our ?oa( is to olef?ru; e Structure constant 7(( b= P O 7) bg,
Lo’lm{:ina, Non- arcb\imp.iuw w/\a{atic Aisks.

Hwﬁsﬁmllﬁ: )C (P1, = P, a,))) — # dASl\S A N Y‘m (owr some 'f{ell wcbmion)
b SE. |2 A (intersects D) with. order m}

NN maps w (DesSkiZ) e "
S /) nght Foiwt TN r\on—arcl/\imiean %eom‘crg,
* The derivative at 9A is equal o Q
:maLes Sense uoir?, 't‘l'\e tkura, o’S’ Skelxta( Curties
* tlaos g4 =

,t in a '&fm?tfng, Sonse

TrmAL*&L: uy\(nl% tlru. Situakion Tor t,«un{-fnﬁ, closui Curves aLove, the sfaa aj‘
all swde disks is 00— dimensiond
How Can we extract a 'J'infte Low\tin0¢ nwmloef jcrom this 00 -dim 57)4&?

Io(uu Reiuu. to jt\"nite A/lrwszm bg imfosina, ~ re&dw{t\a, wnlitfon on t"f\s:.
bOWlAMa, 9A ca((u( toric tooé( oonl{tion



WQ— 0-51(: 83 ana&tic Continuation at 24,
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(i) TN, JCML 9 l’lits o(iuisor DZ (orrosite to (2)

(i) The fundmd tnl T\z2 € ue el

AMM& tho. toric tai(, Conal,itfon — ’]L:“Mte Counts OJL non—arckiym.zLOan L‘sks,
= structwre constants Q((Pl,-", Pn,Q,y).

Tl'\e;orem(KY): The SUMS In the Wlulﬁfamﬁm m(L
Bp - O = > > x(p POay)io
Qesku,g  yene(X.Z)
Qre Tinite, and giw, the Commutative assoviative R-alggbm Structwe. on the

mirvor &lgebm A in the Frobeniv Structwe theoem .

3. APF&‘caﬁm to clu/)te_r algzbms ; Comrarisor\ Wf(."/\ E%ss" Hacldr\a_" KeL(—Komtsew‘ck

Theorem (KY) - Let X be a FockGoncharoy skw—sammtvrc X = cluster
Varioty such that * (J:= Srec H(X, Oy) s smooth
: 7( =[]« an orert immersion
Examr(i‘. Doulle Brihat eells 1a 5emLsimF(1 comf?(o.% Lie groups .



Aﬂ’% ow Frobeniw structure theorem o this U

= Dloto\in. miryor a(ae}am AU (whem ne ‘j‘orge’c all curve c[Mses, Co ICis

ir\de[)emlemt oj' ony (,orn/mctff(mtion UCY.>

We, Fm\la ’CL\AJC AU (s isomothic o tbw. (C,ombinatoviaug; cor\stmLteol) mivror

alﬁebm of Goss- Ho\ck'm%-' Keel- Kontsevich .
As o Consequanc several conjertures of GHKK j’o((ow mali(\&, from owr geometric
Constvuction e.g. * broken- line (,on\/ex(ta, oonJ'ectwe

s iniet)er\alcma OJL cluster stuctwe conJ'ectwe.

* remoal of GHKK's EGM (mousk 3[10‘04\( momomials) assumption
Furtarmore, we obtain. & much more C,OY\(.Qrt\MlL Froaj- aJL the positivity in the

Lawrent Fhenomemn jnr cbmter abaebms.

Iolea Of Pm"S_ o]‘ the u)mfmrison tl\oore»x:
In AMEﬁom to (,oumt(n8 l’lolomorrhic dis‘(s , We tount ho(amgrfhic og[ino(e/s:

COumts O}L oglmkrs = Cou’loni(,al Wau—trossing structivre (aka 5¢at[:evfn6, (iiazmm)
On the essential skelton Sk (V) < U™

Then we oomlwe with. the WalL-Lrossina, structwre of (rvoss- Hacking—KaL— Kowtsevich.



A% A})Plimﬁon o the moduli Space of KSBA stable pair
T ollis = Sheperd.~ Basvon - Alexcee

Ir\sPiruL bg the Frobenius structwe theorem, we propoie the j“o“owing (onjectiure. Concerning,
the moduli space of Folaurizul Calabi-Yau pairs
(,on(}er_tufe (Hackiwd—KezL- Yo : Av% comected Lomponant Q aj' the modulc space oj- th'P[es
(X, E=E,++En, @) where

e X is a smooth Froéectit/e_ Variet’aL,

* E 5 & nomal Lrossina an’ci-canonical Aiv(sor with & 0-stratum, every E; 5moo’ck,

* © is an (Am[:b. divisor not Contuining, any 0-stratwm of E
(5 wnirational.

More FI’Q(L%LH, note thet Q. has a natural mloezialin% into the KSBA moduli
Space (TS' stablo pairs (via (X, E+e@)), we con(}emme, that its closwe admits a
S’inite CoVer bﬁ o toric \/ar(etg.

Theorem ( Hackinﬂ - Keal =Y

* We. constructed. the associated melﬂz toric ﬁm, %enera[iz(n& the th'ami" Kofamnov”
Zelzucnsl(& SanM j'rm jnr refexive Polym{ae;.

* We extended the mirer )(amita— in the Frobenius stuctwre theorem to the assovated
tonic Veriety, %el\eml,i,z(na, the Jomilies of- Ko,anm/— Smfel.s— Zelevinski and Alexeev
in the toric (ase.

*In the care of del Pezzo Sur]Laces with an anti- canonical u&cle of (-1)-curves, we
PfOUQA the j‘ull— c,onagd;ure.



