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Introduction
Shallow water equations with Coriolis force :

3th + ax(hu) = 0,

2
Or(hu) + O (hu2 + %) = —gh0yz + fhv,

Or(hv) + Ox(huv) = —fhu.

h(x,t) : fluid height

u(x, t) : tangential velocity
v(x,t) : transverse velocity
z(x) : topography

f : Coriolis force

g : gravity constant

Notations : w = (h, hu, hv)T, w = (w, z).
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Existing works

With Coriolis force : steady states at rest preserved
[Bouchut et al., 2004],

[Luk&dtova-Medvid'ovd et al., 2007],

[Audusse et al., 2011],

[Chertock et al., 2018].

Goals :
@ preserve positivity of h,

o get a fully well-balanced scheme (FWB), [Noelle et al., 2007], [Berthon and
Chalons, 2016], [Berthon et al., 2021],

@ increase precision, [Michel-Dansac et al., 2016], [Ghitti et al., 2020].
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Outline

© A fully well-balanced Godunov-type scheme

© Second-order extension

© Numerical results
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Outline

© A fully well-balanced Godunov-type scheme

=] F = = DA
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Godunov-type scheme principle

Finite volume discretisation at time t” is a juxtaposition of Riemann problems

i1
n
Wi n
Tt w
!
Xji—1 Xi Xi+1
Xji—1/2 Xit+1/2
. . o~ ~
Exact Riemann solver : Wg (%, w,, wg)
Approximate Riemann solver : Wg (%, w;, Wg)
Sp—
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Godunov-type scheme principle

Finite volume discretisation at time t” is a juxtaposition of Riemann problems

n
Wi_1

i+1

Xi—1
Xi—1/2

Exact Riemann solver : Wg (%, w,, wg)

Xi

Xit+1/2

Approximate Riemann solver : Wg (%, w;, Wg)

Xi+1

Approximation at time t"*1 obtained in two steps :

—~ (X=X
® wax(x,t"+t) =Wg <+1/2,

1 1 Xit1/2

T

Xj—1/2

~n
Wi

W,':q) on [X,',X,'Jr]_].

wax(x, t" + At)dx.
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Steady states discretisation

Ox(hu) = 0, hrug = hug = q,
u? u?
o (5 +eth+2) =, 5 el )| = axrv,
udyv = —fu. qlv] = —Axfq,
—

discretisation

[X]=Xgr =X, X="—"F—.
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Steady states discretisation

Ox(hu) =0, hrug = hiu, = q,
u? u?
0. (4 +eth+2) = e+ )| = axr,
udyv = —fu. q[v] = —Axfq,
—

discretisation

Steady state indicator :

2

£(W, g, Ax) = J ( [hu] ‘ + ‘H([v] + )

[ +g(h+z)] — Axfv
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Steady states discretisation

Ox(hu) =0, hrug = hiu, = q,
u? u?
8X <7+g(h+z)> :fv, [7+g(h+z)] :AXfV,
udyv = —fu. q[v] = —Axfq,
—

discretisation

Steady state indicator :

2
. 2
E(wr, wg, Ax) = ‘ [hu] ‘ [ +g(h+ z)] — Axfv| + ‘hu([v] + fAX)‘ .
Definition
A couple (wy, wg) defines a local steady state for the system if £(w;, wg, Ax) = O.J
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Steady states discretisation

Ox(hu) = 0, hrug = hLu, = q,
u? u?
o, (7 T g(h+ z)) —f, [7 +g(h+ z)] — AxfY,
udyv = —fu. g[v] = —Axfq,
—

discretisation

Steady state indicator :

ELR—J‘[hu])

Definition

2

[ +g(h+z)} Axfo| -+ [Fu] + )

A couple (w;, wg) defines a local steady state for the system if £(wy, wg, Ax) = O.J
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Consistency
Consistency condition :

Ax Ax
1 2 S X 1 2 X
AX/A;WR () "’X—AX/A;WR (. ) i
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Consistency
Consistency condition :

A]-X/A:; WR (ﬁ,WL,VNVR) dx = AIX/AZXX Wr (Ait’WL’WR) dx

= MR R ()~ F(w)

/At / *» WL, WR) ,Z(X)) dxdt.
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Consistency
Consistency condition :

Alx/AZ; WR (ﬁ,WL,l’/\V/R) dx = AIX/AZXX Wk (&,VT/L,VNVR) dx

= AR B () — ()

/At/ 7’ Wi, WR) 7Z(X)) dxdt.

Weak consistency condition :

Ax
1 2~ X _ owe+wg At At .
i ] e (g o) o = S () FOw)) 5, S ),
where S(wy, wg) is such that

S((w, 21), (w, 2r)) = Scor(W)AX + Stopo(w)[2],

for the continuous source term s(W) = Scor(W) + Stopo(W)0xz.
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Source term discretisation

Let (wg, wg) be a local steady state.
Weak consistency and FWB condition + steady state discretisation =

Sh(wi, wg) = Axfhv — gh[z] + gFr[h] (Axfv/g — [2])?

4h (1—-Fr)2 ~

Sh(wy, wg) = —Axfq.

E‘ULUR‘

where Fr = hihe

is a discrete Froude number.
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Source term discretisation

Let (wg, wg) be a local steady state.
Weak consistency and FWB condition + steady state discretisation =

gFilh) (Axfv/g — [2])

4h (1—-Fr)2 ~

Shu(VNVL, VNVR) = AXfFV — gﬁ[z] +
Sh(wy, wg) = —Axfq.

where Fr = % is a discrete Froude number.
ghLhgr

Remark : lim S"(,, Wg) = Axfhv — ghlz] + S [h]°.
Fr—1 4h
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Source term discretisation

Let (wg, wg) be a local steady state.
Weak consistency and FWB condition + steady state discretisation =

Sh(wi, wg) = Axfhv — gh[z] + gFr[h] (Axfv/g — [2])?

4h (1—-Fr)2 ~
Sh(wy, wg) = —Axfq.
E‘ULUR‘

where Fr = =5 %1 is a discrete Froude number.
ghihr

Remark : lim S"(,, Wg) = Axfhv — ghlz] + S [h]°.
Fr—1 4h
For any (w, wg) we define

b =\ AfFy o Fl] o ST (AxfV/g — [2])?
5 (WLa WR) = Axfhv gh[Z] + 4h (1 _ Fr)2 + &R )

SM (i, WR) = —Axfd.
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Approximate Riemann solver

wi WR

Figure: Approximate Riemann solver Wh

To determine w} and wj (6 unknowns) we use
@ the weak consistency condition (3 relations).

o the fully well-balanced condition (3 relations):
if (Wi, wg) is a local steady state then w} = w; and w} = wg.

Alice MASSET A fully well-balanced scheme for RSW eqs 8eme école EGRIN

10/23



Approximate Riemann solver
We set oy p = gh — |upugl.

If (W, wg) is a local steady state, the FWB property implies

q = hpup = hrug,
air(hr — hi) = S™ (W, wr),

q(vr — vi) = S™ (W, wg).
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Approximate Riemann solver
We set oy p = gh — |upugl.

If (W, wg) is a local steady state, the FWB property implies

q = hpup = hrug,
air(hr — hi) = S™ (W, wr),

q(vr — vi) = S™ (W, wg).

|

q* = hjuf = hgug,
arr(hk — hy) = S™ (Wi, W),

q(vi — vi') = S™ (W, wR).
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Approximate Riemann solver

We set oy p = gh — |upugl.
If (W, wg) is a local steady state, the FWB property implies

q = hpup = hrug,

arr(hr — hi) = S™ (e, wR), arS™ (Wi, wR)
q(ve — vi) = S™ (WL, WR). hgr—h} = afp +ELR
hr — hy

|

q* = hjuf = hgug,
arr(hk — hy) = S™ (Wi, W),

q(vi — vi') = S™ (W, wR).

q S"(we, wg)
VR—V[ = G> + &R

VR — VL
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if E.r #0,
if &.r =0,

if E1r # 0,
if &.r =0,
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Scheme properties
Let € be a positive small parameter. We set

6 := min(e, hy, hg, AHLE),

with
pHLL — ARhr — Athy hgrur — hpug
AR — AL AR — AL

If hf <4, we set hf = § and we define h with respect to the consistency relation.

ALY pHL AL
c=[(1-"—=1h —hy >4,
R ( )\R) + oL

We proceed similarly if h < 6.

Remark : This procedure preserves the consistency and the fully well-balanced
property.
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Scheme properties
Let € be a positive small parameter. We set

6= min(Ea hL7 hRa hHLL)a
with
pHLL _ ArRhg — Arhy  hrug — hiug
AR — AL AR — AL
If hf < 0, we set hf = § and we define h§ with respect to the consistency relation.

A A
R = (1—L) e N )

AR AR

We proceed similarly if h < 6.
Remark : This procedure preserves the consistency and the fully well-balanced
property.

Theorem

Under a first-order CFL restriction, the approximate Riemann solver
Wk (f, wy, v~vR) leads to a fully well-balanced Godunov-type scheme which also
preserves the positivity of h.
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Outline

© Second-order extension

=] F = = DA
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Piecewise reconstruction

Wiy
Wiy
i
Xi_1/2 Xiy1/2 Xi_1/2 Xit1/2
~ wh—w!, w', —w"
o (w) = minmod | — S s !
Ax Ax
min(or,og) if oy >0 and og >0,
minmod(oy,0r) = { max(oy,0r) if oL <0 and og <0,
0 otherwise.
~n+t _ ~n Ax n
w; — i + 2 i (W)7
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MUSCL method

First-order scheme :

n+1 __ n At

Wi = = (F (W, Wiy, Ax) — F (WLy, W), Ax))
At o . )
+2Ax(5( W, W, Ax) + S (W, W/, Ax)) .

Second-order scheme :

t"+1 ;
|
|
|
|
|
|
et | ~n— 1 ~np+4 | &0+
) Wi_1 ; LW Wit1
t
n n n
Wi_1 Wi Wit1
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MUSCL method

First-order scheme : |

n+1 __ n At

Wi = = (F (W, Wiy, Ax) — F (WLy, W), Ax))
At o . )
+2Ax(5( W, W, Ax) + S (W, W/, Ax)) .

Second-order scheme :

t"+1 ;
n+1,— | n+1,+
w; L ow;
[
|
|
|
~nt | ~n— 1 ~n+ | ~n+
) Wi_1 f LW Wit1
t
n n n
Wi_1 Wi Wit1
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MUSCL method

First-order scheme : |

n+1 __ n At

w = w — Ax (F (W W,+1,AX)
At
+ oAy (S

Second-order scheme :

w, Ax) + S (W],

F (W, W], Ax))

(~In—17

n+1
Wi
t"+1 ;
1,— 1
Wi"+ o W,.”+ —+
T ‘ T
|
|
|
et | ~n— 1 ~np+4 | &0+
) Wi_1 i LW Wit1
t
n n n
i—1 Wi Wit1
1
n+1 n+1,— n+1,+
w = (W +w; )
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MUSCL method

Second-order scheme :

n,+ n,—
ni_ Wi twi At “nt on— DX ~nt on— DX
W’-+ :f—m F W’-n ,Will, > - F W’-n_17W,-n s >

At nt ~n— DX ~n, —nt+ Ax nt ~n— Ax
+E (S (Wil’Wi 2 +25 W,- ,7 +S Wi ’Wi+177 .
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MUSCL method

Second-order scheme :

n,+ n,—
i1 Wi hwn At ont - OX ont - OX
wyt =5 " a \F W Wl > ) F Wil W 5

At nt ~n— DX ~n, —nt+ Ax N,,Jr _n— Ax
Famy (5 (it 50 vas (w5 ) s (o ) ).

Required reconstruction properties :

. w,"’++w."’7
@ conservative : ————"— = w/,
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MUSCL method

Second-order scheme :

n,+ n,—
i1 Wi hwn At ont - OX ont - OX
wyt =5 " a \F W Wl > ) F Wil W 5

At nt ~n— DX Nn, —nt+ Ax N,,Jr _n— Ax
+E<5<Wf1’wf o) TR\ J s (T W

Required reconstruction properties :

. w,"’++w."
@ conservative : ————"— = w/,

o fully well-balanced : If (W;);cz is a discrete steady state, then

EWT Wiy, Ax/2) = E(w ™, W, Ax/2) = 0, forall i € Z.

Alice MASSET A fully well-balanced scheme for RSW eqs 8eme école EGRIN

)

16/23



MUSCL method

Second-order scheme :

n,+ n,—
i1 Wi hwn At ont - OX ont - OX
wyt =5 " a \F W Wl > ) F Wil W 5

At nt ~n— DX Nn, —nt+ Ax N,,Jr _n— Ax
+E (S (Wil’Wi 2 +25 , Wi ,7 +S Wl+1,7

Required reconstruction properties :

. w,"’++w."
@ conservative : ————"— = w/,

o fully well-balanced : If (W;);cz is a discrete steady state, then

EWT Wiy, Ax/2) = E(w ™, W, Ax/2) = 0, forall i € Z.
Incompatible conditions
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Fully well-balanced recovering

Key idea :

- Consider the second-order scheme far from steady state,
- Use the first-order scheme at steady state.

New reconstruction :

. . A -
whE = w + Q?TX(I"(W),

i i

07 ~

1

0 at steady state,
1 far from a steady state.
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Fully well-balanced recovering

Key idea :

- Consider the second-order scheme far from steady state,
- Use the first-order scheme at steady state.

New reconstruction :

—n ~ A -
W = W £ 07 =07 (),

07 ~

1

0 at steady state,
1 far from a steady state.

x2

T X2+ AxE
07 = 0(E(W;1, W', Ax) + E(W]', W}, 1, Ax))

0(x)
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Fully well-balanced recovering
Key idea :

- Consider the second-order scheme far from steady state,
- Use the first-order scheme at steady state.

New reconstruction :

- ~ A -
W = W 07 o] (W),

0 at steady state,
1 far from a steady state.

Second-order scheme :

At Ax Ax
n+l _ . n ~n+ ~n— mmt =
ot =t = g (P (w s 5) - (w5

At ~n,+ ~n,— Ax ~n,f ~n, + Ax ~n+ ~n,— Ax
+E (5 <Wi—1’Wi 2 +25 W, 2 +5 ’WI+1’7 .
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Fully well-balanced recovering
Key idea :

- Consider the second-order scheme far from steady state,
- Use the first-order scheme at steady state.

New reconstruction :

~ ~ A ~
W = ) & 07 o (W),

0" ~

1

0  at steady state,
1 far from a steady state.

Second-order scheme :

W =t R (5 L ) — F (75 B)
A
+ ﬁ (S (W’n -{’ N.n AX]_) + 25 ( ,'n7+a AX2) + 5 (V’\';in7 ) l+1 ’AX]-))

n

0! A
with Ax; = Ax (1 - ?> and Ax, = 97%
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Scheme properties

= B (P (5 W A) - P (7, )

- = T 9ac
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Scheme properties

hn+1 _ hn At (Fh (~,'n+7 ~,n+1 ,AXl) Fh (W,n,)-"l_y W,-m_,AXl))
- % h (Win’ia Wl‘n’+7 AX]_) - Fh (W/’_":’l’, Win’i, AX]_)))

( Ax/2
e
2

<h " Ai;2 (F" (W iy, D) = F (VT/;"’_,W,-"’"L,AXl)))
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Scheme properties

g AL (P @ g Av) — (WL T, )
3 (17 poy (PP @ 8) = 1 (52,7 ) )
1 At ~n W ~n,— ~n
b3 (g (W ) — P )
>0,

since the cut-off procedure does not depend on Ax;.

8eme école EGRIN 18/23

Alice MASSET A fully well-balanced scheme for RSW eqs



Scheme properties

h{H—l h At (Fh (~In +7 117»1 ) AX]) - Fh (W,’L)-i]?7 Wim_; AX]))
% ( AX/Q (F" (W=, W™, Axi) — FM (W], w, Axl))>
L1 At i e
"2 <h - Ax/2 (F" (W Wiy, Axa) — B (W), w, +,AXl)))
>0,

since the cut-off procedure does not depend on Ax;.

Theorem

Under a second-order CFL restriction, the second-order scheme is fully
well-balanced and preserves the positivity of h.
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Outline

© Numerical results
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Numerical results : moving steady state

ho(x) = exp®, up(x) = exp™>*, wo(x) = —fx,
1 1
z(x) = 7§f2X2 — exp™ —5 exp™ ¥,

f=g=1

h+z

0.6 0.8

0 0.2 0.4
X
8eme école EGRIN 20/23

Alice MASSET A fully well-balanced scheme for RSW eqs



Numerical results : moving steady state

ho(x) = expzx7 up(x) = exp_zx, vo(x) = —fx,
1 1
z(x) = —§f2x2 — exp® —5 exp™ ¥,

f=g=1

Steady state distance at time t" :

El = max E(W],w] 1, Ax
00,J 1<i<N ( i+1> )
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Numerical results : moving steady state

ho(x) = expzx7 up(x) = exp_zx, vo(x) = —fx,
1 1
z(x) = —§f2x2 — exp® —5 exp™ ¥,

f=g=1

Steady state distance at time t" :

no_
E%j 12’1’a<x EW, w1, Ax).

Tmax = 1, N = 200.
0 &, =62,=887x10"1°
° 5Tmax =5.19x 10"
o &lmx =886 x 10715

00,2 T
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Numerical results : geostrophic steady state

2 2
ho(x) = E — e_X27 up(x) =0, vo(x) = —gxe_x2

f‘ 9
f=10,g =1
2 . 0.15
191
0.1
1.8+
17+
0.05
1.6
= 15} z 0
1.4+
-0.05
13+
1.2+
-0.1
1.1+
1 0.15
5 0 5 -

Alice MASSET A fully well-balanced scheme for RSW eqs 8&me école EGRIN 21/23



Numerical results : geostrophic steady state

Timax = 200, N = 200.
0 &9, =¢6%,=4.06x10"°
o £y =112x 1077

o £lmy =253 x 10712
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Numerical results : geostrophic steady state

Tmax = 200, N = 200.
° 58071 = 520’2 =4.06 x 107°
o £y =112x 1077
o £Imy =253 x 10712
' Table: L-error, first-order scheme

N h hv

200 | 5.25 x 10—° 2.11 x 10~°

400 131 x 107> | 2.00 | 5.30 x 107 ° | 1.99
800 | 3.30x10°° [ 1.99 | 1.38x 10> | 1.94
1600 | 8.58 x 10~ ' | 1.94 | 3.73x 10 ° | 1.88
3200 | 230 x 10~ 7 | 1.91 | 1.02x 10 ° | 1.87
6400 | 6.01 x 107 ° | 1.93 | 2.73x 10’ | 1.90

Table: L-error, second-order scheme

N h hv

200 | 5.26 x 10~ ° 2.11 x 10~°

400 1.31 x 107> | 2.00 | 5.27 x 10 ° | 2.00
800 | 3.20x107° [ 200 | 1.32x 107> | 2.00
1600 | 8.22 x 107 | 2.00 | 3.30 x 10~ ° | 2.00
3200 | 2.05 x 107 | 2.00 | 8.25x 10~ | 2.00
6400 | 5.14 x 10~ ° | 2.00 | 2.06 x 10—’ | 2.00

Alice MASSET A fully well-balanced scheme for RSW eqs
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Perspectives

In sight :
o Considering f variable.

@ Build a scheme for the 2D system with Coriolis force.

@ Take temperature into consideration.
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Perspectives

In sight :

o Considering f variable.
@ Build a scheme for the 2D system with Coriolis force.

@ Take temperature into consideration.

Thanks for your attention
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Stationary state in space

For a constant initial condition (hg, ug, vp) fixed, the exact solution of RSW
equations writes

h(X, t) = hg,
u(t) = up cos(ft) + vo sin(ft),
v(t) = v cos(ft) — ug sin(ft).

1.45 T T T T 1 T T T T
Exact solution
141 4 % Numerical solution
0.8 ]
1.35
0.6 -
13F
1951 i 0.4+
2 ]
121 0.2
115
ol
11
. 0.2+
1.05 Exact solution
X Numerical solution
1 . 0.4

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
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Stationary state in space

Tonax = 1, N = 200.

Table: L-error, first-order scheme

N hu hv

200 | 3.82x 10 % [ 0.99 | 8.06 x 10> | 0.99
400 | 1.91x 10 % [ 099 | 4.03x10~° | 0.99
800 | 9.56 x 10 ° | 0.99 | 2.01 x 10—° | 0.99
1600 | 4.78 x 10> | 0.99 | 1.01 x 10—° | 0.99
3200 | 2.39x 107 ° | 0.99 | 5.04 x 10~ ° | 0.99
6400 | 1.20 x 10° | 0.99 | 252 x 10~° | 0.99

Table: L!-error, second-order scheme

N hu hv

200 7.71x107° [ 1.99 | 3.58 x 10 ° [ 1.99
400 1.92x107° | 1.99 | 895 x10~° [ 1.99
800 | 4.82x 10 [ 200 | 224 x107° [ 1.99
1600 | 1.20 x 10~ [ 2.00 | 5.60 x 10~ | 1.99
3200 | 3.01 x 10 [ 2.00 | 1.40 x 107 | 1.99
6400 | 7.52 x 10" | 2.00 | 3.50 x 10~ [ 1.99

Alice MASSET A fully well-balanced scheme for RSW eqs

8eme école EGRIN

23/23



	A fully well-balanced Godunov-type scheme
	Second-order extension
	Numerical results

