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Serre/Green—Naghdi equations

derived by vertical averaging from free surface incompressible Euler equations

O:h+ V - (hu) =0
O:(ha) + V- (hi T+ h2I) = —V(hg) — (gh+ q8)VB
Oc(hw) + V - (hw 1) =g
du(ho) +V - (hoD) = V/3(29 - gs)
W:EVB—SVH and o= %V*

Tabea Tscherpel

0 cf. Aissiouene '16, Gavrilyuk '17, Parisot '19, Popinet '20
@ alternative formulation for (h, @), cf. Peregrine’67, ...

due to its non-linear and dissipative nature handling non-standard boundary
conditions is a challenge
cf. Audiard '12, Kazolea '14, Lannes '20, Kazakova '20, Aissiouene '20
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U= (7,w,0)" velocity 0f > 0 time step htt = pm

Shallow water / advection step

h™ h" n n nen
(hn*Un*) = (hnun) 76tv F +5t5

Correction step AU = p U™ = S R (G gath)
hn* hnx

Wn+1 7n+1 . VB — V- Hn+1 and O_n+1 — _ V- En+1
2 2V3

splitting schemes e.g. in Bonneton '11, Aissiouene '16, Favrie '17,

o [*(Q; h) weighted Lebesgue space with inner product (f, g) fQ fghdx,
fo<c<h<C<

@ space of admissible functions

h h
AhZZ{U€L2(Q;h)Z W:U-VB—EV-U and a:—mv-ﬁ}

Tabea Tscherpel Boundary conditions for the time-discrete Green—Naghdi equations 2/11



UNIVERSITAT ..
BIELEFELD Projection structure for Q) = R?

Faculty of Mathematics

Assume that 0 < ¢ < h < C < oo is fixed and B € WH*°(Q).

Orthogonality

(U.n(@.as)), =~ [ V- (hga)dx =0
Q
Let My: L?(Q; h) — Ay be the (-, -),-orthogonal projection onto

h h
Ay ={Uecl®)(uh): w=1-VB— =V T and :——V-E}.
h { ( ) 5 o 23

Recall: We want to decompose U* = U + (8;)7 with U € Aj, and 7 € Af.

Wellposedness of ‘Projection solution’

U = MNy(U*) € Ay and 6:7(q, gg) = U* — Ny(U*) € Ajr form a (unique) solution
of the correction step and then @ € H(div; Q) and hg € H'(RQ).

~~ On Q bounded T has normal trace in H~/2(9Q) and hg has trace in H'/2(9Q).
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Assume 0 < c < h< C < oo, B€ Wh(Q) and 0Q =: T UT,.
Orthogonality

=0onThg =0onr,
=~

=
(U,7(hq,q8)), /V (hqa) dx—f/ hq u-v ds(x)=0

Let Mpo: L*(2; h) — Apo be the (-, -),-orthogonal projection onto
Apo={U € Ay: T € Hr (div;Q)}
with  Hf, = {f € H(Q): flr,, =0},
Hr,(div; Q), = {v € H(div; Q): (v v, f),q =0 Vf € Hf, (Q)}.

Wellposedness of ‘Projection solution’

U =Myo(U*) € Ano and 6:7(q, gg) = U* — M4(U*) € Ap, form a (unique)
solution of the correction step and hq € H}hq(Q).
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Inhomogeneous boundary conditions (formally)

ha:i;; on [y and U-v=u only,
More rigorously: given hq € HY2(Thq) and o7 € H™Y2(09).
We use reference functions UR, 7% = 7(hgR,0) for reduction to hom. problem.
Wellposedness of ‘Projection solution’
U=MU" —UR =62+ UF  (and 6o = U* — V)

form a (unique) solution of the correction step, are independent of the reference
functions and satisfy

1 2 * (12 — 2 —

£ (MU} = 1U113) = =é¢lln(@, as)I; — 2(U, 7(F, ge)),

=38e|lw(q, a8)llp—2(T - v, hd) o
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Aim: Preserve (discrete) projection property / orthogonality at the discrete level J

T tesselation a. = (ax)ker discrete function given h, >0

Design of a simple scheme
Q discrete scalar product (ﬁ,gﬁi* = et |kl - gk hi
Q Ai* (and projection nik) with central difference operator
5 1 f K
Vieon = 1 2 B ok en) v

fEF,
Q@ (reconstruction of hydrodynamic pressure q,, (gg)« from d:m = Uy — U,)
solve e.g. as system of equations on T,
Orthogonality (U*,m)i == er Zfe]Fk |f|m . l/,ff =0

entropy-stable scheme [Parisot '19]
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@ If h, > 0: project only on the wet area W C T with h, > 0 for all k € W
@ decompose the boundary faces OW =1, U T U,

@ ki/kg interior/ghost cell for boundary face f, vr outward normal

Projection condition (homogeneous)

(hkgakgm,. + hk,.ak,_mg) vr=0  forany f € OW

This is satisfied setting

Homogeneous boundary conditions

—Ug; * Vf hkfak,- fe
Ukg = VF = 4 Uk, - Vf hkgakg =4 —hgq, feln
0 0 ferl

well-posedness and entropy stability of fully discrete correction step
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g,'é:_\ﬁ:'éf_g” Boundary conditions for simple scheme
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@ If h, > 0: project only on the wet area W C T with h, > 0 for all k € W
@ decompose the boundary faces OW =1, U T U,

@ ki/kg interior/ghost cell for boundary face f, vr outward normal

Projection condition (homogeneous)

(hkgakgm,. + hk,.ak,_mg) vr=0  forany f € OW

Given boundary data: ur for f € I', and Fc/], for f € Tpq

Inhomogeneous boundary conditions

2uf — Uk, - Vf hkiak,' fe
Uk, - VF = § Uk - Vf hkgﬁkg = 4 2hq; — hkﬁki f el
0 0 fel,

well-posedness and entropy stability of fully discrete correction step
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Given at time step t,: h, ), (Wi, of) onT
Step solving for... Required
h* n Hn ‘v .
Shallow water step ( *:*> ke kg T fixes 0f > 0
hiTy [Tk, - 7¢ if inflow] and W
. Wy n e
Advection step (U*) [W, if inflow]
*
U: —n+1 ntl
u - Uf on I,

Correction ste witt 9 W

P J;+1 / qln;rl hn+1qz+1 on Thy

*

periodic, wall bc, dry front [Parisot '19]

Tabea Tscherpel Boundary conditions for the time-discrete Green—Naghdi equations 8/11



gfé:_‘ﬁ:ﬁg“ Wave generation inlet

Faculty of Mathematics
~~ prescribing the water depth and velocity (0T =I',) as wave profile

hg, ag, vi', wf

~n+1
ug

Travelling
Soliton
Q=(0,1)
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Treat boundary as INyq
by uh - ufE = 2hug — WL UL - U d  hpgl =2hq; —hl "
ke Ukg “ Vi, = Uy — Ny Uy - V) an ke Qg = <N9r — Niqy;»
recover uy - v and hi if Uy - vr # 0

0.35 . i = -
If hg,=-10"%  — hg,=-310"° — hq,=0 — hq,=310"°

e o o 9
SN oW
a S a S
T T T

water depth (h)

e
=)

=4
=3
a
‘ é

0.00 i i i i
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spacial variable (x)

similarities to stationary cnoidal waves
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Summary
@ ‘projection solution’ for correction step of the semi-discrete GN equations
@ well-posedness of the correction step for a class of boundary conditions
@ design of scheme with discrete projection property
entropy stability by construction

@ simulation for bc of practical interest: wave generation and imposed discharge

Next steps
O adaptive strategy
@ justify semi-discretization

o ...

Thank you — Merci
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