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PSL % WEC: WAVE ENERGY CONVERTER

uuuuuuuuu s Green washing slide

B Recovering the mouvement of a floating structure



| % WEC : WAVE ENERGY CONVERTER

onivensie rams  ENgineering washing slide : Full Euler vs. Cummins

Full Euler system Cummins’ Equation

with free boundary. .

+ Newton equation Mé+ad+kxd=0
B Too costly B Meaning?
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onivensire rams  Math washing slide : Boussinesq model

E Dimensionless Shallowness and Nonlinearity parameters

(depth) d (waves amplitude)
= and €=
(transversale scale) (depth)
B Weakly dispersive k < 1, Weakly non-linear e = O(k?)
0:¢ +0xq =0 0 /E?\/\
(1 — K202)0:q + €0 (£G%) + hOx( =0 ) ”
h=1+¢¢ =1+ eC %:

Precision : O(ek?, k*)
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wnivensire rams Math washing slide : Boussinesq model

E Dimensionless Shallowness and Nonlinearity parameters

(depth) d (waves amplitude)
= and €=
(transversale scale) (depth)
B Weakly dispersive k < 1, Weakly non-linear e = O(k?)
O +0xq =0 P NN
(1 — K202)0:q + €0 (£G%) + hOx( =0 .
h=1+¢¢ =1+ eC %:
Precision : O(ek?, k*) I
®m Non-linear Shallow Water B Linear Dispersive Waves

0:C+0xqg=0 0:C+0xq=0
0:q + €0y (39%) + hdx( =0 (1 —r292)0:q+ 0x( =0
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Math washing slide : Boussinesq model

UNIVERSITE PARIS

B Dimensionless Shallowness and Nonlinearity parameters

B (depth) and e — (waves amplitude)
~ (transversale scale) B (depth)
B Weakly dispersive k < 1, Weakly non-linear ¢ = O(x2)
D¢+ 0xq = 0 pe
1 — k202)0:q + €0x (+G%) + h0, ¢ = —hO, P
x h
h=1+4¢¢

Precision : O(ex?, k%)

B Non-linear Shallow Water B Linear Dispersive Waves

0:¢C+0xg=0 0:¢(+0xqg=0
0:q +€0x (39%) + hox( =0 (1 - r292)0:q+ 0x( =0

Modeling : [John], [Lannes]
fixed body : NSW [Bocchi, He, Vergara-Hermosilla], Boussinesq [Bresch, Lannes, Métivier]

vertical walls, NSW with viscosity [Maity, Takahashi, Tucsnak]
non-vertical walls, NSW : [Lannes-lguchi], [Godlewski, Parisot, Sainte-Marie, Wahl]
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onversite rams Coupling water-waves and solid dynamic
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B Constraint in £ B Constraint in 7

Pe = Patm C(X7 t) = Ceq(X) + 6(t)



PSL % VERTICAL MOVEMENT OF A FLOATING SOLID

............... Coupling water-waves and solid dynamic
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B Constraint in £ B Constraint in 7

Pe = Patm C(X’ t) = Ceq(X) + 6(t)
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............... Coupling water-waves and solid dynamic
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0 F— IZG ® Newton's equation
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B Exterior domain &

6tc + 8xq =0
(1 — 1202)0:q + edy (

+h0x( =0

B Interior domain 7
8tC + axq =0
(1 - 202)0cq + 20, (%)
+h0( = —e1hd, P;

B Constraint in 7

C(x, t) = Ceq(x) +0(2)
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............... Coupling water-waves and solid dynamic
€
0 eCe 5Izeq -
i e B Newton's equation
L 1 _1
h=1+eC, EGeq m0+g=m/18 (Pi — Patm)
h |
& T 18+
-1

B Exterior domain &

6tc+8xq =0
(1—M%Wﬂ+€@(

+h0x( =0

B Interior domain 7

q(x, t) = —xd(t) + (q)(t)
(1— K202)0eq + €0y (%)
+hOC = —e~1h

B Constraint in 7

C(x, t) = Ceq(x) +0(2)
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® Conservation of the volume = continuity of g : /g, =g
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B Conservation of the volume = continuity of g : 9, =49,
B Vertical walls B Non-vertical walls
= discontinuity of ¢ = continuity of ¢

- |fixed interfaces | = free interfaces




PSL % VERTICAL MOVEMENT OF A FLOATING SOLID

univer sire amis  Transmission conditions at the interfaces

B Conservation of the volume = continuity of g : 9, =49,
B Vertical walls B Non-vertical walls

= discontinuity of ¢ = continuity of ¢
- ‘fixed interfaces ‘ = free interfaces

TNl

ECi',

B Boundaries conditions on the pressure ( = approximate conservation of
energy)

1 _ e(qd® ¢ 21 1
5Pi_(c_<)i+2(hZ_h2 i— Eaxatq_ﬁaxatq N
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Coupling water-waves and solid dynamic in interior domain

uuuuuu SITE PARIS
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0 s ‘SIzG S B Newton's equation
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ransmission conditions .
1 2 2 q(x, t) = —x0(t) + (q:)(t)
— 2
g& = (D—EaxatQ)i—(ﬂ—EaxatQ)i (1 — K202)0:q + €0y (%)
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e +h0x( = —e~+hOy P;
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B Constraint in 7

C(x, t) = Ceq(x) +0(t)
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€Ce .
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eGi,— ¢
h=1+¢e(. &Cea
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B Transmission conditions

1 K2 K2
i (n A 9x0rq)+— (10 A 0x0:q)+
2
eq
n:= -
n:=q¢+ > 12
B Pressure

e 10 hOP = ...
1P, =0 — Ny — kK2

Coupling water-waves and solid dynamic in interior domain

B Newton's equation

| _
m5+g=m/z5 Y(Pi = Patm)

B Interior domain 7
q(x, t) = —xd(t) + (g:)(t)
(1 — K202)0,q + €0y (%)
+h0y( = —e71hO, P;

B Constraint in 7

C(x, t) = Ceq(x) +0(t)
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€Ce
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eGi,— ¢
h=1+eC €Gea
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—1

B Transmission conditions
Lo, — (1= 0,000)e—(-"0.0,q)
sii—ihxtqj:ihxtqj:
2
€q
n:= ——
n C+2h2

B Pressure
e 10hOP = ...
1P =My —Ni—r2--

WAVE-STRUCTURE TRANSMISSION PROBLEM

Coupling water-waves and solid dynamic in interior domain

B Newton's equation

| _
m5+g=m/z5 Y(Pi = Patm)

B Interior domain 7
q(x, ) = =xo(t) + (q;)(t)
(1 — K202)0,q + €0y (%)
+hO( = —eLhOLP;

m Constraint in Z

C(x, t) = Geq(x) +0(2)
B Injecting the pressure

é‘ EDO's for 4, (q;) ‘
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nnnnnnnnn zems  Coupling water-waves and solid dynamic

€z

EC}T\ B Added masses
0 2 2
1 X K
m(ed) = m+ —/ -+
peirer )= A+ f, 7 T F
e |z g, h:=1+&(Ceq + )
=)
B Newton
; ) ) 2
) ) a n=s 2
a(20)(q) +2Qa(20;4, (q)) + [N = 5 0xDeq] =0 2k
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UNIVERSITE PaRIS Coupling water-waves and solid dynamic
: EC}T\ - ‘Slzeq —_— B Added masses1 , ,
€G,— - m(g(;) =m+ — X + <i>
h=1+eC &ea Z| Jz hi h
s I g+ h = 1 + E(Ceq + 6)
—1
E Newton
m(=8)5 + 6+ 201 (034, (q)) — (0 — 5 Dkq) = O n—crs2
) N . 8 =5 2
o(e8)(q) + Q2 (66, (q)) + [ — 5 0,D,q] = 0 2k
B Boussinesq-Abbott B Transmission conditions
0 +0xq =0 [9] = —OIx,
292 7 9, =49, = _
(1= k202)0q + 205 () + ho¢ =0 (a) = (a),
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wniversire rams Coupling water-waves and solid dynamic
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a(£0)(q) +£Q2(20; 6, (q)) + [ — 5-0,0:q] =0 2k
B Boussinesq-Abbott B Transmission conditions
0:C+0xq=0 q :—SX,
292 9,=49, = tal _ b
(1= 1202)0eq + 20, (% ) + hd¢ =0 (a) = (a),

E ~ = 0 hyperbolic system, compatibility conditions T* = O(e~ 1)
B x # 0 dispersive perturbation of hyperbolic system T* = O(1)
B x — 0 compatibility conditions (inequalities) T* = O((e 4+ x2)7!)
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wniversire rams Coupling water-waves and solid dynamic
€. -
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G, msé:er—/—Jr
h=1+¢C &Cea (£0) |Z| J7 hi <
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E Newton
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B Boussinesq-Abbott B Transmission conditions
0:C+0xq=0 q :—SX,
292 9,=49, = tal _ b
(1= 1202)0eq + 20, (% ) + hd¢ =0 (a) = (a),

E » = 0 hyperbolic system, compatibility conditions T* = O(e~ 1)
B « # 0 dispersive perturbation of hyperbolic system T* = 0(1)
B U(t) = (C,q.,0,3,(q))(t) € H: x H? x R3 EDO U = &(U)
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wniversire rams Coupling water-waves and solid dynamic
- s —_— 51Zeq — B Added masses1
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B Boussinesq-Abbott B Transmission conditions
0 +0xqg=0 q] = =[],
ok ﬂi:giiﬂﬂ_ [x]
(1= 202)0q + <0, (£ ) + hds¢ = 0 (@) = (),

E » = 0 hyperbolic system, compatibility conditions T* = O(e~ 1)
B r # 0 dispersive perturbation of hyperbolic system T* = O(1)
B U(t) = (C,q,0,8,(q))(t) € H! x H2 x R3 EDO U = (V)
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wniversire rams Coupling water-waves and solid dynamic
- s —_— 51Zeq — B Added masses1
G, - m(sa):m+—/x—+<
h=1+¢C &Ceq IZ| Jz hi
s I B h:=1 + E(Ceq + 6)
-
E Newton
(5())6+()+5Q1(5()6<q> (ﬂ—%,faxatw:o I'I'*C—i—agz
N=¢+5%3
o(£0)(q) +€Qa(e0: 4, (q)) + [ — 5[ 0xDeq]] = 0 2h
B Boussinesq-Abbott B Transmission conditions
0 +0xqg=0 q] = =[],
ok ﬂi:giiﬂﬂ_ [x]
(1= 202)0q + <0, (£ ) + hds¢ = 0 (@) = (),

E » = 0 hyperbolic system, compatibility conditions T* = O(e~ 1)
B r # 0 dispersive perturbation of hyperbolic system T* = O(1)
B U(t) = (¢,9,0,5,(q), ¢, ¢ )(t) € H x H2 x R7 EDO U = &(U)
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oniversie ramis Augmented formulation
- s —_— 61'%‘1 — B Added masses1
G, < m(sa):m+—/x—+<
h=1+¢C &Ceq IZ| Jz hi
£ T g+ h = ]‘ + E(Ceq + 6)
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E Newton
(55)5 +0+eQ1(ed; 0, (q)) — (0 + %9 = cq?
a(e0)(q) +£Q2(c5: 9, (a)) + [0 + %§ﬂ= 0= <+§§
K3C, £ r((q) £0) + ¢, +eQ3(¢,,0,(q)) =" (1 —#?02) " (M+5¢ ),
B Boussinesq-Abbott B Transmission conditions
OC+dq=0 q] = =d[«],
ot O ﬂizﬂin_ [x]
(1= 1202)0eq + 0x () + hdiC = 0 (@) = (a),

B x = 0 hyperbolic system, compatibility conditions T* = O(¢™1)
B x # 0 dispersive perturbation of hyperbolic system T* = O(1)



WAVE-STRUCTURE TRANSMISSION PROBLEM

PSL* Augmented added masses
B Added masses )
- T et 51:: .~ (m(ed) + I€€<%> —%H%]] 0 5
T 5051 aled) + 5(3) B
L el 7 e \ :ﬁ _: K |d2><2) g.ﬁ-
B Newton
m(26)d + 6 + Q1 (66, (q)) — (N + 50) =0 e
o(e8)(q) +eQa (65, (q)) + [N+ 5] =0 M=C+3552
k2, Eh((q) £0)+ ¢, +eQ3(C,,0,(q) ="(1 - #207) " (M+ 5¢%)

B Boussinesq-Abbott

0:( +0xq=0
(1 — K202)0:q + €0, (%) +hoC =0

E x = 0 hyperbolic system, compatibility conditions T*
B x # 0 dispersive perturbation of hyperbolic system T*

B Transmission conditions

_ [[qﬂ = _5[[)(]]7
T =97 {<q> (@),

O(e™)
o(1)
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s Uniform estimate
€z
U B
0 NEgGeza 0 IZ
<G, <
h=1+¢¢ &Cea
& z e

1
B U() = (¢.9.0,6,(q).C..C,)(¢) € H' x H2 x R? EDO U = (V)
m Augmented energy E = ||, %, 5-0.ql3 + 15,5, (q) 2 + er?l¢. nC 2

B Uniform estimate

T
1€ 9l oo < M = 3Ty(M, Eo), ¥t < min(T, —*); E(t) < C(M, Ey)



| % LONG TIME BEHAVIOUR

waversite ramis Uniform estimate

€z

eCe
LTI

0

h=1+¢¢

1
m U(t) = (¢, q,5757<q>7§i7C )(t) € H! x H? x R® EDO U = &(V)
B Augmented energy E = ||C,% o= .ql13 + 16,4, (g ) +er®(¢, f<:§|2

B Uniform estimate

16, Gll e e < M = 3T,(M, Eo), ¥t < min(T, Z ) E(t) < C(M, )

B Perspective : wave-turbulence (with Gallagher, Dormy and Faou)
6t k)

160, k)2 oascading .

[k >1

t=0 t>1



LONG TIME BEHAVIOUR

PS| % Return to equilibrium - Linear case

UNIVERSITE PARIS

distance to equibrium
RS ' ' i
i —— kappa=0
kappa=0.3
kappa=0.5
— — kappa=0.7
»  kappa=1

deltalt)

B Linear case ¢ = 0 with U;—q = (0,0, 00 # 0,0,0,0)

Return to equilibrium : (5,5) — 0
mx=0:[0~e
¢,q € C?, admit singularities at {x = t} (transport equation)

- k>0 0 >ct??

¢,q€ C;'Ht{loc (non-local transport equation)



PSL % THANK YOU FOR ATTENTION : POEMS’ POEM

onvensire rams POEMS= Propagation Ondes Etudes Mathématiques Simulations

La vague et le flotteur sont en couplage,
L'onde est et non-linéaire et dispersive.
Les conditions limites sont inoffensives,
Car nul ne peut parvenir jusqu'a la plage.

Sans la pression, demeurez sur le rivage,
Car elle est un multiplicateur de Lagrange
Qui représente les contraintes étranges.
Sans elle, vous ne connaitriez que naufrage.

L'expérience nomée "retour a |'équilibre”
Est de I'équation de Cummins le calibre.
Vigilance avec la pseudo-différentiallité !

Si BBM pouvait diagonaliser Boussinesq
Et I'asymptotique moins charlatanesque,
Alors le calcul de la vague serait vanité.
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waiversite ramis  Transmission conditions at the interfaces

B Conservation of the volume

= continuity of g : 9. =49,
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waversite pamis  Transmission conditions at the interfaces
B Conservation of the volume

= continuity of g : 9. =49,

m Conservation of energy

Etot =0



PSL* VERTICAL MOVEMENT OF A FLOATING SOLID

waversite pamis  Transmission conditions at the interfaces
B Conservation of the volume

= continuity of g : 9. =49,

m Conservation of energy
Eiot =0

B Energy Eior = Esolid + Efluid
= Solid energy Ecolid 1= %rﬁé 5 + g6

= Fluid energy Equiq := 1/ 4 q: + ﬁ(3x¢7)2
2 Jo h " 6h
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waversite pamis  Transmission conditions at the interfaces

B Conservation of the volume

= continuity of g : 9. =49,

m Conservation of energy

Etot =0

B Energy Eior = Esolid + Efluid
= Solid energy Ecolid 1= %rﬁé 5 + g6

. 1 2 1 2)
= Fluid Efuid := = -— 4+ — (0«
uid energy Eqyid 3 /R <C + h 6h( q)
: K2 K2 1
2
Etor = —[q(M — Taxatq) —q(N— ?&ﬁtq) - ng]] + O(er”).

= jump between £ and E_ : [u] = uy — u_

2
= notation : N :=( + %%
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waversite pamis  Transmission conditions at the interfaces

B Conservation of the volume

= continuity of g : 9. =49,

m Conservation of energy

- 2 1 K K
Etot = O(EKZ ) = g& = (I_I — Waxatq)i — (I_I — W()X()tq)i

B Energy Eior = Esolid + Efluid
= Solid energy Ecolid 1= %rﬁé 5 + g6

. 1 2 1 2)
= Fluid Efuid := = -— 4+ — (0«
uid energy Eqyid 3 /R <C + h 6h( q)
: K2 K2 1
2
Etor = —[q(M — Taxatq) —q(N— ?&ﬁtq) - ng]] + O(er”).

= jump between £ and E_ : [u] = uy — u_

2
= notation : N :=( + %%



PSL % RETURN TO THE EQUILIBRIUM

onivensie rams  BBM approximation

eC B ¢ = 0 = Exact diagonalization
Z, e
el P
o
ete’
h=1+¢eC.
7l

B Cummins operator
E Non-local

% - SY TSP I U] 220
mé+6+€(6) =0 ﬁk(&]——ﬁnsaxqf?m(s

W Wave equations B Boundary condition

0xq+ K%t 0:q=0 7| -
(=K=xq



<% RETURN TO THE EQUILIBRIUM
UPESSLE*: BBM approximation

» eCo B ¢ = 0 = Exact diagonalization
eq
) PSS = Laplace representation .
=& = Non-local Cummins Operator €(9)
h=1+c¢ele
z|e,

B Cummins operator
E Non-local

5 ; SRS AP /] 2:25
md + 0+ €(3) =0 £e@d)] = —C+ w2s0.q = 5 V14252

W Wave equations B Boundary condition

0xq+ K%t 0:q=0 IZ| -
(=K=xq
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~s BBM approximation

» eCo B ¢ = 0 = Exact diagonalization
eq
) PSS = Laplace representation .
=& = Non-local Cummins Operator €(9)
h=1+eC B x = 0 = Exact diagonalization
7le,

B Cummins operator
E Non-local

5 ; SRS AP /] 2:25
md + 0+ €(3) =0 £e@d)] = —C+ w2s0.q = 5 V14252

W Wave equations B Boundary condition

0xq+ K%t 0:q=0 IZ| -
(=K=xq



PSL % RETURN TO THE EQUILIBRIUM

onivensie rams  BBM approximation
eCo B ¢ = 0 = Exact diagonalization
Zeq P .
o = Laplace representation .
e = Non-local Cummins Operator €(9)
h=1+eC B x = 0 = Exact diagonalization
7le = Riemann invariants
A . . :
= Non-linear Cummins Operator €(0)
E Cummins operator
E Non-linear
) . - ed 7]
md + 0+ ¢(5) =0 ) =—-C-5%%="75 5+ eNL(5)

= Wave equations B Boundary condition

g+ (1+¢c2q)0xg=0 __l;
(=q-eid =72
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onivensie rams  BBM approximation
eC B ¢ = 0 = Exact diagonalization
Zhag e
s TN .
o = Laplace representation .
=& = Non-local Cummins Operator €(9)
h=1+eC B x = 0 = Exact diagonalization
7le = Riemann invariants
4 . . :
= Non-linear Cummins Operator €(9)
B Cummins operator
E Non-linear _ 5g2 |I|

mo + 6 +€(5) =0 Q((S):—,—EE § +eNL(3)

r i .-
Wave equations B Boundary condition

(1— %283) g+ (1+e3q)0g=0 |I|(-§
qg=—7509,
(=q—e3?+ £00q - 2
B r,c # 0 = Approximate diagonalization(s)
= BBM approximation(s) (order O(ex?, €%, k*))
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sniveesite ranis BBM approximation
eCo B ¢ = 0 = Exact diagonalization
b T .
o = Laplace representation .
=& = Non-local Cummins Operator €(9)
h=1+eC B x = 0 = Exact diagonalization
7le, = Riemann invariants

= Non-linear Cummins Operator €(§)

B Cummins operator
E Non-linear

) . e (- g2 2
mé + 6+ ¢(5) =0 ¢() (C 29 “8“9*")

xX=

r i ..
Wave equations B Boundary condition

(1—%283) g+ (1+e3q)0q=0 q—_@{s
(=q—e3?+ 50:0q - 27

B x,c # 0 = Approximate diagonalization(s)
= BBM approximation(s) (order O(ex?, €%, k*))
= Asymptotic expansion
¢() = % Op(V/1 + k2s2)5 + eNL(5) + O(er?, €2, k)
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sniveesite ranis BBM approximation
eCo B ¢ = 0 = Exact diagonalization
b T .
o = Laplace representation .
=& = Non-local Cummins Operator €(9)
h=1+eC B x = 0 = Exact diagonalization
7le, = Riemann invariants

= Non-linear Cummins Operator €(§)

B Cummins operator
B Non-linear Non-local

i ) Y= (¢ — S — 42
m5+5+¢(5):0 C(5) (C 2q K 8t6xq>

xX=l

r i ..
Wave equations B Boundary condition

(1—%283) g+ (1+e3q)0q=0 q—_@{s
(=q—e3?+ 50:0q - 27

B x,c # 0 = Approximate diagonalization(s)
= BBM approximation(s) (order O(ex?, €%, k*))
= Asymptotic expansion
¢() = % Op(V/1 + k2s2)5 + eNL(5) + O(er?, €2, k)



PSL % RETURN TO THE EQUILIBRIUM

Outline

- eC. Q Well-posedness
[25 din @ Linear e =0
G
= non dispersive case Kk =0
h =1+ eC = dispersive case Kk > 0
7l e, = non-local transport equations
Q non-lineare >0
B Cummins operator
B Newton ) )
= =2 - : 3 I
m(e6)8 + 5 + £(e8)5” + €(5) = 0 R

= Boussinesq-Abbott B Boundary condition
{@C +0xq=0 1]

2

(1 - Iizaz)atq + Eax (%) + haxC =0 9= 2 5’



PSL % RETURN TO THE EQUILIBRIUM - LINEAR CASE

UUUUUU st eans  Non-dispersive linear waves

B Explicit solution

. eCe
[;q e Ny |I| .
2c g=(= —75(t—x)]1t2><7
h=1+eC
Z|&+
E Cummins operator
B Newton

m(0)5 + 0+ ¢(§) =0 € =

B Linear waves B Boundary condition
0:C+0xq =0 _ |I|5
0rq+0x¢ =0 ﬂ—_z ’



PSL % RETURN TO THE EQUILIBRIUM - LINEAR CASE

UUUUUU st eans  Non-dispersive linear waves

B Explicit solution
eCe

Zeq
2 o q=¢= —%'s(t = )lezs,
h=1+eC
Z|&+
E Cummins operator
E Newton ) 1] -
m(0)5 + 6+ ¢(5) = 0 Ciom—C=70

B Linear waves B Boundary condition
0:C+0xq =0 _ |I|5
0rq+0x¢ =0 ﬂ—_z ’



PSL % RETURN TO THE EQUILIBRIUM - LINEAR CASE

wnivensire ramis  NON-dispersive linear waves

B Explicit solution
e e
[6 AT |Z| i
zZG

g=(= —76(t — X) >,

h =1+ ¢

Z|&4

E Cummins operator
E Newton |Z|

m(0)5 + 0 + €(3) =0 o (=70

B Linear waves B Boundary condition
0:C+0xq =0 _ |I|5
0rq+0x¢ =0 ﬂ—_f’

B Decay test : § exponentially decreasing



PSL % RETURN TO THE EQUILIBRIUM - LINEAR CASE

wnivensire ramis  NON-dispersive linear waves

B Explicit solution

[s |Z] .
2G q:C: _76(t_x)ﬂf2><7
h=1+el
Z|E, B Regularity C°(&, x RY)

m Singularities at {x = t} since §(0) = —dom(0)~*

E Cummins operator
E Newton . 7] -
m(0)5 + 5+ €(5) =0 Comr—C=770

B Linear waves B Boundary condition
0:C+0xq=0 B |I|5
0:q+0x( =0 ﬂ—_7v

B Decay test : § exponentially decreasing



PSL % RETURN TO THE EQUILIBRIUM - LINEAR CASE

UUUUUU arteams  Dispersive linear waves

€Ce

Zeq
5 s TN
£2e)
h =1+ e
z|&e,
® Newton E Cummins operator
m(0)d + 6 +€(4) = 0 €5 —C+K20.0,q

B Wave equations .
{ B Boundary condition

8t< + 8xq =0 |I| .
(1 - 1%02)0:q + 0x¢ =0 g=-79



PSL % RETURN TO THE EQUILIBRIUM - LINEAR CASE

UNIVERSITE PARIS Dispersive linear waves

eCe

[?q P
2G
h =1+ eCe
Zle,
® Newton E Cummins operator
m(0)d 40 + €(8) =0 r {@(5)} = {4 12504
B Wave equations ..
B Boundary condition
(1~ 5202)0eq + 0. = 0 g=-79

B Laplace £: q(t) — q(s) := [q(t)e ='dt R(s) >0
) ~ _7/1_;252)( ~ - @(S»X)
G4(s,x) = g(s)e ' C(s,x) = \/ﬁ



PSL % RETURN TO THE EQUILIBRIUM - LINEAR CASE

UNIVERSITE PARIS Dispersive linear waves

eCe

[?q e
2G
h=1+¢eC,
Zle,
B Newton B Cummins operator
. : _ . T 2
m(0)d + 6+ €(5) =0 L{e:(a)} — {4 K250, = %\/1 Ry
B Wave equations L
B Boundary condition
0(+0xq=0 7] .
(1 — K202)8,q + O =0 g=-510

B Laplace £: q(t) — q(s) := [q(t)e ='dt R(s) >0
) ~ _7/1_;252)( ~ - @(S»X)
G4(s,x) = g(s)e ' C(s,x) = \/ﬁ



PSL % RETURN TO THE EQUILIBRIUM - LINEAR CASE

............... Dispersive linear waves
[6
26
h=1+4¢el
7|e,
® Newton m Cummins operator

. 0 1zl 1 242 . A T 2
P )”Izm 5 z[@(ﬁ)}}cm?saxazumé
m(0)s2 + ZlsvI+ n2s2 +1 2

B Wave equations

BC 48 0 B Boundary condition
:C + 0xq = 7] -
{(1—/@285)8tq+8xg“:0 9:_75

B Laplace £: q(t) — q(s) := [q(t)e *'dt R(s) >0

N ST TS 2 4(s, x)
— 1+r2s2 =
s.x) = ale)e VT {(s) = A2E



PSL % RETURN TO THE EQUILIBRIUM - LINEAR CASE

Dispersive linear waves

h=1+¢el
Z|&s e
B Newton B Cummins operator
s mO)s+ BVITS y Ek@ﬂ:—f+¥$@:J?VTI?§§

m(0)s2 + %S\/ 1+ K22 +1

B Wave equations

B Boundary condition
o +0xq=0 7] -
(1 — K202)8,q + OxC =0 g=-710

B Laplace L: L[*(e”™dt) = Hy, |07, = sup,s,, [ |d(n + iw)Pdw

. TS 2 4(s, x)
p— 1+k2s2 =
asx) = als)e VT {(sx) = T



PSL % RETURN TO THE EQUILIBRIUM - LINEAR CASE
oniversire ramis Dispersive linear waves

[zeq if’e\ 8 st L
G m:m
h=1+¢el.
N - Wemer Y e 4

B Newton B Cummins operator
0)s + Zlv/1 + 1252 : A z :
m(0)s + 5 + ks 5 L{Q(é)}:—é+ﬂ253x@:% /1 + k2520

8 =
m(0)s2 + %S\/ 1+ K22 +1
B Boundary condition

B Wave equations
atC + axq = 0 .
_
(1—K202)0eq + 0xC =0 9=-7

B Laplace L: L[*(e”™dt) = Hy, |07, = sup,~,, [ |d(n + iw)Pdw
4(s, x)

ol S,x) = a(s e7\/1+sn252x ; $,X) = ——




PSL % RETURN TO THE EQUILIBRIUM - LINEAR CASE
oniversire ramis Dispersive linear waves

Decay test 6 € H?, t6 ¢ L2, |6] > ct=3/2=2

¥ Vites a1l
ZG K
h =1+ el -
Z|&+ i ey (6
= Newton B Cummins operator
IZ] 55 ) )
m(0)s + VI T w25 o o ;
(0) 2 5 EQ:((S)}:—C-Fst@Xq:% e

S: 0
m(0)s2 + %5\/14—752 +1

B Wave equations
0:C+0xq=0
(1 - K%02)0:q+ 0, =0 ﬂ:_jo

B Laplace L:[*(e”™dt) = Hy, |02, = sup,~,, [ |d(n + iw)Pdw
4(5.)

“s,X:Ase_mx ((s,%) = ———222

B Boundary condition



PSL % RETURN TO THE EQUILIBRIUM - LINEAR CASE

............... Dispersive linear waves
Zeq cCe T
[6 i B Laplace multiplier
2
< o V1 + Kk2s2 =rs s %#52
e Op(V1+ K2s2)u = kOiu  +K, % u
Zle,
B Newton E Cummins operator
S5 ; : 2 T 2
m(0)d + 6+ €(5) =0 ﬁ{e:(a)} — {4 K250, = % 1+ 12525
B Wave equations o
B Boundary condition
0:C+0xq=0 17| -
(1~ K202)0eq + Ox( =0 g=-7
B Laplace

4(s,x) = q4(s)e Vi (s, x) = _a(s.x)




PSL % RETURN TO THE EQUILIBRIUM - LINEAR CASE

Dispersive linear waves

eCe

zeq /r-\ . .
[5 m Laplace multiplier
/ _ 1
PR 1+ ,4;252 = ks +I‘{,S+\/1+H,252
)= R Op(V1+ k2s2)u = KkOu +K, *tu
Zle,
B Newton E Cummins operator
7z . .
<m( )+ )“‘H' Kb =0 cled)] = ~C+r*sog = 5 SV FEEY
B Wave equations L
B Boundary condition
0:(+0xq=0 7] .
(1 — K202)8,q + O =0 g=-510

B Laplace

C?(S,X) = g(s)ei 1+src252x 6(57)() _ q(57X)



PSL % RETURN TO THE EQUILIBRIUM - LINEAR CASE

Dispersive linear waves

o eCe B Laplace multiplier
[;q e G 5 1
2c V 1 + K*s = KRS +m
h—=1+eC, Op(V1+ Kk?s?)u = kdiu +K*pu
. B Bessel kernel K(s) := 1/v/1 + 252
E Newton B Cummins operator

T . T . . ~ z 2
<mwy+2h05+6+ghg*ﬁ—0 £k®ﬂ:—(+n%@azlgdl+ﬁﬂo

B Wave equations

B Boundary condition
0:( +0xg=0 7] -
(1 - K202)0eq + 0 =0 g=-59
B Laplace

Aefsl@(s)x — s ~ 6-: q

S
aXA = - ——
T= " At 2] Vit 2se N



PSL % RETURN TO THE EQUILIBRIUM - LINEAR CASE

Dispersive linear waves

Zeq i?_e\ B Laplace multiplier
[;SG V1 + K252 = ks +m
h—=1+eC, Op(V1+ r282)u = kOwu +K, *;u
. m Bessel kernel £(s) := 1//1 + #2s2
E Newton B Cummins operator

T . T . . ~ z 2
<m(0) + 2%) §+5+ |2—|Kﬂ*t5 =0 L[@(ﬁ)} = (4 k2584 = %\/1 T r2s20

B Wave equations

B Boundary condition
Caputo : 9xqg+ K *: 0:q =0

7.
RL: g+ 0:(K*q)=0 g:_L2|5
Link : 0:(K *¢ q) = K *¢ 0rq + (q]t=0)K
B Laplace
A S ~ —sK(s)x S ~ = a
0x§ = — e Mo = — (=

Neraa Vit rese NEer



PSL % RETURN TO THE EQUILIBRIUM - LINEAR CASE

Dispersive linear waves

Zeq i?_e\ B Laplace multiplier
[;SG V1 + K252 = ks +m
h—=1+eC, Op(V1+ r282)u = kOwu +K, *;u
. m Bessel kernel £(s) := 1//1 + #2s2
E Newton B Cummins operator

T . T . . ~ z 2
<m(0) + 2%) §+5+ |2—|Kﬂ*t5 =0 L[@(ﬁ)} = (4 k2584 = %\/1 T r2s20

B Wave equations

B Boundary condition
Caputo : 9xqg+ K *: 0:q =0

7.
RL: g+ 0:(K*q)=0 g:_L2|5
Link : 0:(K *¢ q) = K *¢ 0rq + (q]t=0)K
B Laplace

g€ COHENCIHY, where L3, = [?(e"*'dt)  but dxq & L}



PSL % NON-LOCAL TRANSPORT EQUATION
onivensie rams  Caputo / Riemann-Liouville 0,(K #, u) = K %, Oxu + (u|x=0)K

Oiu+0ou=f
u(t =0) = u"(x)
u(x =0) = u(t)

B u(t=0)=u"(x=0)



PSL % NON-LOCAL TRANSPORT EQUATION

onivensie rams  Caputo / Riemann-Liouville 0,(K #, u) = K %, Oxu + (u|x=0)K
Oiu+0ou=f
u(t = 0) = u™"(x)
u(x = 0) = u(?)

B u(t=0)=u"(x=0)

u(t =0) = u"(x)

{atu + K(x, t) % Oxu=f
u(x =0) = u(t)

B CC2:0w="fiy



PSL % NON-LOCAL TRANSPORT EQUATION

onivensie rams  Caputo / Riemann-Liouville 0,(K #, u) = K %, Oxu + (u|x=0)K
Oiu+0ou=f
u(t = 0) = u™"(x)
u(x = 0) = u(?)

B u(t=0)=u"(x=0)

Oru+ K(x,t) % Oxu = f
u(t =0) = u"(x)
u(x =0) = u(t)
B CC2:0w="fiy

{atu £ O (IC(x, t) % u) = f
u(t =0) = u™"(x)



PSL % NON-LOCAL TRANSPORT EQUATION

onivensie rams  Caputo / Riemann-Liouville 0,(K #, u) = K %, Oxu + (u|x=0)K
Oiu+0ou=f
u(t = 0) = u™"(x)
u(x = 0) = u(?)

B u(t=0)=u"(x=0)
Ol + K(pti —u) = f

Oru+ K(x,t) % Oxu = f
u(t =0) = u"(x)
u(x =0) = u(t)
B CC2:0w="fiy

{atu £ O (IC(x, t) % u) = f
u(t =0) = u™"(x)



PSL % NON-LOCAL TRANSPORT EQUATION

UNIVERSITE PAmIS Caputo / Riemann-Liouville 0, (K #, u) = K %, Oxu + (u|x=0)K
Oeu + Oxu = f 12, — 12, = [2(e *dx)
u(t =0) = u"(x) U s L1 [exp(— [ pK(p, t')dt") i
u(x =0) = u(t) ) ° ’

B u(t=0)=u"(x=0)
Oru+ KC(x, t) %y Oxu = f
u(t =0) = u"(x)

u(x =0) = u(t)

B CC2:0w="fiy

{atu £ O (IC(x, t) % u) = f
u(t =0) = u™"(x)

RpK] > o > 0= [[Me]]] < e

Ol + K(pti — u) =



PSL % NON-LOCAL TRANSPORT EQUATION
onivensie rams  Caputo / Riemann-Liouville 0,(K #, u) = K %, Oxu + (u|x=0)K

Oiu~+0xu=f
u(t = 0) = u™"(x)
u(x =0) = u(t)

B u(t=0)=u"(x=0)
Oru + ]C(X, t) *y Oxu = f
u(t =0) = u"(x)

u(x = 0) = u(t)

B CC2:0w="fiy

{atu £ O (IC(x, t) % u) = f
u(t =0) = u™"(x)

Me: L2, — L2, :=12(e“dx)
U L1 [exp(— s pPK(p, t')dt") "

RpK] > o > 0= [[Me]]] < e

t t
u=N"+ [ Mypfdt/+ [ w(t)Nep K dt
—— 0 S—— 0~~~ ~~
L, L2 L

loc,t —x,

u



PSL % NON-LOCAL TRANSPORT EQUATION
onivensie rams  Caputo / Riemann-Liouville 0,(K #, u) = K %, Oxu + (u|x=0)K

&Eu g))(u ) f( ) rlt : L>2< a7 L>2<a = Lg(e*adx)

u(t =0) = u"(x in 7 e i
in L1 — IC t)dt')a"

u(x =0) = u(t) Ut L [eXP( Jo PKAp; t')dt)

_ R[pK] = ca 2 0= [|[Me]|] < e~
B u(t=0)=u"(x=0)
Ovi 4+ K(pti —u) = f
Oru+ K(x,t) % Oxu = f
u(t =0) = u"(x) t ¢

_ in , / ! , !
u(x:O):g(t) u = rltU -+ 5 I_Itft f dt + o g(t)nt,t \zlg/dt
L’Z"O‘ Llloc,tL>2<,rx Llloc,t Lx,a
B CC2:0w="fiy u
Oru + O (K(x, t) %5 u) = f
ot = 0) = u"(x) oK1 = 0(1) = u e 712,



PSL % NON-LOCAL TRANSPORT EQUATION

onivensie rams  Caputo / Riemann-Liouville 0,(K #, u) = K %, Oxu + (u|x=0)K

Oru+0u="~

u(t = 0) = u™"(x) Me: L3, — L2, = Li(e “dx)

u(x = 0) = u(t) un s £ [exp(— J& pR(p, ¢')dt")iin
B u(t=0)=u"(x =0) RIpK] = ca 2 0 = [|[Me]|] < e
Oru+ IC(x, t) % Oxu = f atH+I€(P’7_H): f

t=0)= in . t t
U( ) u (X) U= |—|tu|n+ rlt—t/f dt/+ g(tl) rlt—t/ K dt/
u(X = O) = g(t) ~—— 0 S—— 0~~~ ~~
L’z(’a Llloc,tL>2<,oz Llloc,t L)Z("l

ECC2:0w="fio u

7 ) — f7
Ot + Ou(K(x, 1) s ) = F o O pku =
u'(t =0) = u"™ (x) |PK |5 (p)=a = O(1) = v € CLZ,



PSL % NON-LOCAL TRANSPORT EQUATION

onversire mamis Bessel case I =1/4/1 + Kk2p?
0:q+0xq=0
u(t =0) = g"(x) Me: L2, — L2, = L(e“dx)
q(x=0)=0 un e L1 [exp(— s PK(p, t')dt")ii"
B G(x=0)=0 RIPK] > ca > 0= [N < =

d:d + K(pg—0)=0
0eq + K(x, £) %4 Dvq = O 4+ Mg =0)

a(t = 0) = g"(x) ) 9=l
g(x =0) =0 |PK|g(p)=0 = O(c0) = q ¢ C/'L% 4
Buir + plcir = 0
{afql + a><(IC(X7 t) *x q/) =0 q/ - ntqin/
'(t=0) = ™ (x - n
q(t=0)=u"(x) P lpya = O(1) = g € CPL2,,
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