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Background

Classical Picard-Lefschetz formula: cohomological study
of Lefschetz pencils.

Essential in Deligne’s first proof of the Weil conjectures
(1974).

Can monodromy weight conjecture be studied in terms
of Lefschetz pencils?

Our Picard-Lefschetz formula in the normal crossing
case gives a description of the local monodromy of a
degenerated Lefschetz pencil.

The use of Hodge theory below can be replaced by a
Frobenius weight argument over a finite field.



Semi-stable Lefschetz pencils (motivation)

X C Pg closed subscheme, semi-stable/O (O henselian
DVR), rel.dim.(X/O) =n

A C Pg codim 2 generic linear subspace ~» Lefschetz
pencil

fi: & =P,

with & = Blyaa(X),
fat Xp — IP’}7 geometric generic fibre.

Fact(Deligne,Katz SGA 7/2). After Veronese embed-
ding R%f5,.Qy is constant sheaf on IPl fora#mn—1.
F=R"1fr.Q1] € Perv(IPl) perverse sheaf of form

F = const & 5, (irr. loc.system).



Classical Picard-Lefschetz formula describes local mon-
odromy of F. Our normal crossing PL-formula describes
local monodromy of

G = RWp1 (F) € Perv(Pd).

The monodromy weight conjecture can be rephrased
as the equality of monodromy filtrations

filM gO(pL, G) < im[HO(PL, fiIMG) — HO(PL, G)]

for a € 7.



Preliminaries

X complex analytic space, w: X — {x}
w = 7 (Q) dualizing sheaf, D(G) = Hom(G,w) dual of
G e D(X,Q).

Consider F € Perv(X) C D’ X,Q) (middle) perverse
sheaf, i.e.
dimsuppH “(F) <a

for all a € Z and same for D(F).

Assume given a n-symmetric perfect pairing

FQF — w(—n)

i.,e. F— D(F)(—n) is an isomorphism.



Milnor fibre

f: X — C analytic map. For x € X let My = Bgs(x) N
f~1(t) with 0 < |t — f(z)| < § < 1 be the Milnor fibre
and

sp(F): Fr — (M, F|Mx)

the specialization morphism. If sp.,.(F) is not an isomor-
phism we call z an F-critical point (wrt to f).

Picard-Lefschetz problem. Assume f: X — C has
only one F-critical point zg € X, with f(xg) = 0. Cal-
culate variation map

var = log(T): H™ (Mg, Flar,) — Ho t (Mg, Flazz,)

(in other degrees variation vanishes), where T' € 71 (C*)
is loop around O € C assumed to *“act unipotently’.
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Nearby cycle and vanishing cycle functor

Y = f~1(0) % X, Cartesian square

XxLx
e
C C

For G € D3(X):

e Y(G) = i*7.7*G[—1] € Di(Y,Q) (nearby cycle functor)
with T: ¥(G) — ¥ (G) monodromy action.

e ¢(G) = cone[i*G[—1] — ¥(G)] € D2%Y,Q) (vanishing
cycle functor) with T: ¢(G) — ¢(G) monodromy action.

o (Mg, G)[—1] ~ ¢(G)y for all z € Y.



o u: Y(G) — ¢(G) canonical map, for T unipotent v: ¢(G) —
»(G)(—=1) induced by N = log(T). Then uwv = N,
vu = N.

e 20 € Y only G-critical point in fibre f~1(0) & ¢(G)|y\ (20} =
0.

Facts (Beilinson, Deligne, Gabber; early 1980s).

e i, ¢ perverse t-exact (= ¢(F) = iz;(V)[0] skyscraper
in degree zero, iz, {zo} — X),

e perfect pairing ¥ (G) ® v(D(G)) — w(1),

e for T unipotent we get perfect pairing

¢(G) ® $(D(G)) — w,

such that v and v are adjoint.



Abstract Picard-Lefschetz formula

o We = HY (Y, (F)), W = HO(Y,¢(F))z, with perfect
pairing (—, —): W We — Q(1 — n),

o Vo = Hp (Y,¢(F)) = HOY,¢(F))zy = V (space of
vanishing cycles) with perfect pairing (—, —): V® Ve —
Q(_n)v

evar = [Vo. & We(=D]o[Ve > V] 1loW &L V]: W —
We(—1) (variation).

var

WLV -E2W(-1), ut =



PL-problem. Find a basis (as canonical as possible)
5T, e 5;[,1 € V(Tate twists).

PL(1). Calculate monodromy operator T: V — V in
this basis.

PL(2) for T unipotent. Calculate (m+ 1) x (m + 1)-
matrix ((5},62))@3- with inverse A = (a;;); ;-

Picard-Lefschetz formula. For 6; = v(éj) c We(twist)

we have
m

var(§) = D> (£, 65)a459;

%,7=0
for all £ e W.



Classical Picard-Lefschetz formula

X = D" with D = {z € Cl||2] < 1}, n > 1, F =
Qx[n], f: X — C submersive except at 0 with Hessian
(0;0;f(0)); ; non-degenerate (Morse function).

Morse Lemma. Locally f of the form

f(z) =214+ 2.



Theorem (Picard n <2 (1897), Lefschetz (1924))
dim(V) =1, 6T € V generator of lattice HO(¢(Z[n]))o.

PL(1). [TV — V] = 'd_V for n even,
—idyy  for n odd.

n(n+1
PL(2) for n even. (§1,61) = (—1)(T)_

Picard-Lefschetz formula. For § = v(67) € W. we
have for var: W — We.(—1)

var(e) = (~1)""7 (¢, 8)5




Steenbrink-Rapoport-Zink sheaves

A semi-stable degeneration of a Lefschetz pencil leads
to a Steenbrink-Rapoport-Zink sheaf.

DM ={ze D"t |z 2 =0}, X = D™ x D™ (normal
crossing) m > 0, d = m + n.

Constant sheaf. We will show Qx[d] € Perv(X):

¢: X — X normalization, K(0) = ¢,Q¢, K(®) = Ae¢+1K(0)
for a > 0.

The unit Qxy — g«xq*Qx gives rise to Koszul resolution

Qx ~ [KO® 5 kKD 5 k@ ...
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Consider brutal filtration

fil%@xz[O—>---—>O—>K(a)—>K(a’+1)—>°°°]

with gréQx[d] ~ K(a)[d — a] perverse.

But Qx[d] is not self-dual, so has no PL-formula!



SRZ-sheaf. F € Perv(X) or MHM(X) together with
nilpotent N: F — F(—1)

and isomorphism c: Qx[d] = ker(N)

is calls SRZ-sheaf if
o c(filQx[d]) = imN®nker N for a > 0,

e (F,N,c) is polarizable: there exists d-symmetric per-
fect pairing F® F — w(—d) such that

x N is skew-symmetric and

* the two obvious pairings on

K [d - a] = griQx[d] = imN® N ker N/imN*tl qker N
S

coincide.



Proposition(Rapoport-Zink pre-perverse (1982); M. Saito,
Illusie, T. Saito perverse (1990—2003)).

For g: DTl x D" 5 C, (2,2) — zg---2m We get SRZ-
sheaf F = ¢4(Q[d + 1]), with N = logT, c induced by
Qx[d] = *(Q[d + 1D[-1] — ¥(Q[d + 1]).

Facts.
e [ he map

Q(1) x --- x Q(m) = Aut(F, N, c),
(a1,...,am) — exp(aiN)---exp(amN™)

IS an isomorphism,

e SRZ-sheaf (F, N,c) unique up to non-unique isomor-
phism in Perv(X) and up to unique isomorphism in
MHM(X).



Picard-Lefschetz formula for SRZ-sheaves

f.: X — C is stratified Morse function with only critical
point 0 € X & floxpr is Morse function with only
critical point 0 and f|gxpn Submersive with S ¢ D™
any closure of a stratum with dim(S) > 0.

Stratified Morse Lemma. Locally f of the form

flz,2) =20+ + zm + a5+ + 2.

(F, N,c) SRZ-sheaf, T = exp(N).
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PL(1). V has a “Tate motive”-like mixed Hodge struc-
ture, dm(V) =m+1

e Semi-simple geometric monodromy action on V as in
classical case

TSS idy/ for n even,
~ ]—idy for n odd.

e Unipotent geometric monodromy action runs m -+ 1-
times faster than the structural monodromy action

Tunip — Tm—l—l
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PL(2) for n even. One vanishing cycle 5;5 c V(3)
canonically induced from classical vanishing cycle via

:lZ C
Qoxprln] = K(m) [n] — Q[d] — F.

MT (V) = Tannaka group of rigid ®-subcategory of Q-
mixed Hodge structures generated by V.

0 — Radpjp(MT(V)) = MT(V) = G — O

Conjecture(Mumford-Tate style).

Lie(Radynip(MT(V))) = QN.
Note that N = (m + 1)N.

Fixing a maximal torus in MT (V) we get a splitting by
weight spaces under the maximal torus

V(%) 2 QaQ(-1)®Q(—2) & B Q(—m).
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So for 0 < a < m there exists unique 52 C V(% +a) in a
weight space of the maximal torus with Nagl = 58.
° <5£,5Z> = 0 for a 4+ b # m by weight reasons,

o <5T,5J;1> = 1 by the classical Picard-Lefschetz for-
mula.

Picard-Lefschetz formula. For ¢, = v(éj) c We we
have

var() = 3 (1) (e, Nig) N is,
=0

for all £ e W.



Remarks. The Mumford-Tate style conjecture is moti-
vated by the fact that in the ¢-adic world the Zariski clo-
sure of the local Galois action has precisely this unipo-
tent radical. The conjecture would imply that the basis
of vanishing cycles ((5;)09—9% defines a canonical orbit
under the action of £exp(QN). Can one give a geo-
metric interpretation of this orbit?
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