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Shallow Water equations

Shallow Water equations:

Oth + div(hu) = 0,
O¢(hu) + div(hu ® u) + ghVh = —ghVb.

u(t, z): flow velocity
—_—

h(t,z): water height

b(x): topography
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Shallow Water equations
Shallow Water equations:
Oth + div(hu) = 0,
O(hu) + div(hu ® u) + ghVh = —ghVb.

u(t, z): flow velocity .
[ h(t,x): water height

I Uref

|

b(x): topography
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Shallow Water equations

Dimensionless Shallow Water equations:
L

trcf Uref

Oyh + div(hu) = 0,

]fro' }IL' brc'
0y (hu) + div(hu @ u) + L2 pyp = I el pgy,

Lref Uref u'I_-Cf e f Povet

u(t, z): flow velocity
—

Dot h(t,z): water height

bref /\_/\

b(x): topography
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S
Shallow Water equations

Dimensionless Shallow Water equations:
Sroch + div(hu) = 0,

1 1
Sroy(hu) + div(hu ® u) + ﬁth = —?‘Bth.
r r

with
Sr(=St) = the Strouhal number (vertex),
ref Uref
Uref . ..
Fr = the Froude number (flow vs gravity waves velocities
\% ghref ( )
brof
and 8 = .
href
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S
Shallow Water equations

Dimensionless Shallow Water equations:
Sroch + div(hu) = 0,

1 1
Sroy(hu) + div(hu ® u) + ﬁth = —?‘Bth.
r r

with
L
Sr(=St) = the Strouhal number,
ref Uref
Uref
Fr= =% (e < 1) the Froude number
\% ghref

brof
and 8 = =1.

href
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S
Multiple scales in Shallow Water equations

Low Froude number flows:
velocities of the flow < speed of the gravity waves

= multiple length / time scales
(depending on initial and boundary conditions).
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S
Multiple scales in Shallow Water equations

Low Froude number flows:
velocities of the flow < speed of the gravity waves

= multiple length / time scales
(depending on initial and boundary conditions).

During t,cf:
trofUref = L/SI‘ Lref ghrc (L/Sf)/E
distance of an advected particle < distance of gravity waves.
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S
Multiple scales in Shallow Water equations

Low Froude number flows:
velocities of the flow < speed of the gravity waves

= multiple length / time scales
(depending on initial and boundary conditions).

During t,cf:
trofUref = L/SI‘ Lref ghrc (L/Sf)/E
distance of an advected particle < distance of gravity waves.

Ina O(L) domain:

L/uref = Sriref L/\/ href = €% ST tpef
time scales for advected particle > time scales for gravity waves.
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Multiscale topography
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Multiscale topography
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N
Outline

@ Balanced flow, topography at the ‘normal’ scale: b = b(x)
e Balanced flow, topography with quick variations: b = b(X, x)
@ Weakly nonlinear regime
@ Fully nonlinear regime

© Topography with long scale variations: b = b(x, )

Formal derivations

@ D. Bresch, R. Klein, C. L., 2011
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Balanced flow, topography at the ‘normal’ scale: b = b(x)

Outline

@ Balanced flow, topography at the ‘normal’ scale: b = b(x)

Carine Lucas (MAPMO - Orléans)
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Balanced flow, topography at the ‘normal’ scale: b = b(x)

b="0b(x), Fr=¢,Sr=1

Flow on advective time scales.

Shallow Water equations:

Oyh + div(hu) = 0,

1

O(hu) + div(hu ® u) + S—Qth

1
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Balanced flow, topography at the ‘normal’ scale: b = b(x)

b="0b(x), Fr=¢,Sr=1

Flow on advective time scales.

Shallow Water equations:
Oth + div(hu) = 0,

1 1
Or(hu) + div(hu © u) + 5hVh = 5hVb.

Asymptotic development:

h(t,x,¢) Zeh’tm‘
u(t, x,€) Zs
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Balanced flow, topography at the ‘normal’ scale: b = b(x)

b="0b(x), Fr=¢,Sr=1

O(e7?)
ROV (R +b) =0,
O(e™h)
V(R +b) + ROVRE =0,
O(£Y)

OihY + div(h%u®) = 0,
9y (h%u?) + div(h%u® @ u®)+
R2V(R° +b) + h'VRY + ROVR? = 0.
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Balanced flow, topography at the ‘normal’ scale: b = b(x)

b="0b(x), Fr=¢,Sr=1

O(e7?)
ROV(R° 4+ b) =0, R+ b=t
O(e™) 7 7
R'V(R 4+ b) + ROVA =0,  hl =)
O(e%)
Oih? + div(h%u®) = 0,
0y (hOu®) + div(h%u® @ u®)+
h2V(h° +b) + h*VR! + ROVAZ = 0.
5 0: div(h%u®) = — 3¢ (1), e hou’ - ndo

QO

Op(hPu®) + div(h%u® @ u®) + h'Vh? = 0
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Balanced flow, topography at the ‘normal’ scale: b = b(x)

b="0b(x), Fr=¢,Sr=1

Shallow Water limit when b = b(z), Fr = ¢, Sr = 1:

Lake equations

Op(h%u®) + div(h%u® @ u®) + ROVRH? = 0,
dc®  dh® 1
= = = % nd
at  dt |qu{ wonae
Q

+ initial / boundary conditions on h°, .

D see D. Bresch, G. Métivier, AMRX, 2010
for a rigorous justification of the limit.
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Balanced flow, topography with quick variation

Outline

e Balanced flow, topography with quick variations: b = b(X, x)
@ Weakly nonlinear regime
@ Fully nonlinear regime
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Balanced flow, topography with quick variations: b = b(X, x)

Weakly nonlinear regime

b=0b(X,z), Fr=¢%?% Sr=¢"!

Characteristic lengths too short to support gravity waves.
Weakly nonlinear regime.

Shallow Water equations:

Oth + ediv(hu) = 0,

1 1
O¢(hu) + ediv(hu ® u) + g—thh = 6—2th.
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Asymptotic limits of the Shallow Water equations
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Balanced flow, topography with quick variations: b = b(X, x) Weakly nonlinear regime

b=0b(X,z), Fr=¢%?% Sr=¢"!

Characteristic lengths too short to support gravity waves.
Weakly nonlinear regime.

Shallow Water equations:
Oth + ediv(hu) = 0,

1 1
O¢(hu) + ediv(hu ® u) + g—thh = 6—2th.

Asymptotic development:
h(t,x,¢) Ze R'(t, X, x)

u(t, x,€) Zs (t, X, x).
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Balanced flow, topography with quick variations: b = b(X, x)

Weakly nonlinear regime

b=0b(X,z), Fr=¢%?% Sr=¢"!

ROVx (R +b) =0,

ROV, (h° 4 b) + R Vx (h° + b) + hOVxh! =0,

Carine Lucas (MAPMO - Orléans)
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Balanced flow, topography with quick variations: b = b(X, x) Weakly nonlinear regime

b=0b(X,z), Fr=¢%?% Sr=¢"!

ROV (h° +b) =0, RO(t, X, z) + b(X,2) = c(t, x)

ROV, (h° 4 b) + R'Vx (h° + b) + WOVxh! =0,

)X

ROV, (kY 4+ b) + hOVXth = hOV, (RO + b)X =0 :c(t,z) = c(t).
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Balanced flow, topography with quick variations: b = b(X, x) Weakly nonlinear regime

b=0b(X,z), Fr=¢%?% Sr=¢"!

ROV (h° +b) =0, RO(t, X, z) + b(X,2) = c(t, x)

ROV, (h° 4 b) + R'Vx (h° + b) + WOVxh! =0,

)X + hOVXth = hOV, (RO + b)X =0 :c(t,x) = c(t).

hOV,(hO + b
O(£Y)
d:h° + divx (hu%) = 0,
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Balanced flow, topography with quick variations: b = b(X, x) Weakly nonlinear regime

b=0b(X,z), Fr=¢%?% Sr=¢"!

O(e73)
ROVx (RO +b) =0, KOt X, 2) 4+ b(X,2) = c(t, z)
O(e7?)
ROV, (h° 4 b) + R'Vx (R° + b) + hOVxh! =0,

WOV, (R0 + ) + hOVx AL = ROV, (h0 b)) =0 : ct,x) = c(t).

0=
>X

Oh® + divx (R%u%) =0, 9, (h°+b) =0:ct) =,

(X, z) = —b(X,z) +c.
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Balanced flow, topography with quick variations: b = b(X, x) Weakly nonlinear regime

b=0b(X,z), Fr=¢%?% Sr=¢"!

O(e73)
ROV (h° +b) =0, RO(t, X, z) + b(X,2) = c(t, x)
O(e7?)
ROV, (h° 4 b) + R'Vx (R° + b) + hOVxh! =0,

ROV, (RO £ 0) + ROV AL T = A0, (R0 1) =0 : c(t,z) = c(t).

—1
ROVR! =0: Bt X,2) = h'(tx) P it 2) = ).

0(eY)
ouhY + diVX(houo) =0, ¢ (R0 + b)X =0:c(t) =c,
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Balanced flow, topography with quick variation Weakly nonlinear regime

b=0b(X,z), Fr=¢%?% Sr=¢"!

O(eh)

Ah! + divy (h%u®) + divy (h'u®) + divy (h%u!) = 0.

Carine Lucas (MAPMO - Orléans) Asymptotic limits of the Shallow Water equations



Balanced flow, topography with quick variations: b = b(X, x)

Weakly nonlinear regime

b=0b(X,z), Fr=¢%?% Sr=¢"!

dh!

dt

Orht + div, (R%u?) 4 divy (h1u®) + divy (hPul) = 0
X 1 ——X
/ O(el) dzx: =—— 7{ hou0™ - ndo
Q ’Q‘ JQ

Carine Lucas (MAPMO - Orléans)
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Balanced flow, topography with quick variations: b = b(X, x)

Weakly nonlinear regime

b=0b(X,z), Fr=¢%?% Sr=¢"!

O(eh)

Arh! + divy (h%u®) + divy (h'u®) + divy (R%u') = 0
e dh?

/ O(El)Xd:L': :

JQ

2

X
= Tl % houd™ - ndo
't Q| J
We assume rigid vertical walls on 9€:

hl =cst =0.

Carine Lucas (MAPMO - Orléans)
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Balanced flow, topography with quick variations: b = b(X, x)

Weakly nonlinear regime

b=0b(X,z), Fr=¢%?% Sr=¢"!

O(eh)

dh!

B 1
dt

Arh! + divy, (h%u®) + divy (h'u®) + divy (R%u') = 0
/ O(Sl)xdili : —— % W0 - ndo
JO Q| Js
We assume rigid vertical walls on 0€2:

2

hl = est = 0.
divy (ROu®)" = 0.

Carine Lucas (MAPMO - Orléans)
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Balanced flow, topography with quick variations: b = b(X, x)

Weakly nonlinear regime

b=0b(X,z), Fr=¢%?% Sr=¢"!

Using each equation we obtain:

divy (h%u%) =0

div, I0u0 " = 0

Vxh? =0

with h%(X,z) = ¢ — b(X, z).

Carine Lucas (MAPMO - Orléans)

Asymptotic limits of the Shallow Water equations

Oy (h%u®) + divy (h%u® ® u®) + hOV,h% + hOVxh3 = 0
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Balanced flow, topography with quick variations: b = b(X, x)

Weakly nonlinear regime

b=0b(X,z), Fr=¢%2 Sr=¢"!
Using each equation we obtain:

Oy (h%u®) + divy (h%u® ® u®) + hOV,h% + hOVxh3 = 0
divy (h%u%) =0

div, I0u0 " = 0

Vxh? =0

with h%(X,z) = ¢ — b(X, z).
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Balanced flow, topography with quick variations: b = b(X, x)

Weakly nonlinear regime

b=0b(X,z), Fr=¢%2 Sr=¢"!
Using each equation we obtain:

Oy (h%u®) + divy (h%u® ® u®) + hOV,h% + hOVxh3 = 0
divy (h%u%) =0

div, I0u0 " = 0

I ener rinciple
Vh? — 0 gy princip

with h%(X,z) = ¢ — b(X, z).

— large scale 7 Average in X.
~ —X
—— small scale ? h=h —h".

«Oo» AT«
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Balanced flow, topography with quick variations: b = b(X, x)

Weakly nonlinear regime

b=0b(X,z), Fr=¢%?% Sr=¢"!

At large scale:

B, (ROW0) . + 10, h2 = —hBVixh
div, h0u0" =0

@ response of the leading-order large-scale flow to accumulated
small-scale pressure forces on the topography,

o the second order h? acts like a Lagrangian multiplier.

Carine Lucas (MAPMO - Orléans)
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Balanced flow, topography with quick variations: b = b(X, x)

Weakly nonlinear regime

b=0b(X,z), Fr=¢%?% Sr=¢"!
At small scale:

0, (h0u0) + divy (Ru® © u0) + hOVx A3 = bV, h?
divy (h9u%) =0

@ interactions between small and large scales,
scale flow.

@ V,h? acts on the fluctuations of the topography to drive the small

Carine Lucas (MAPMO - Orléans)

Asymptotic limits of the Shallow Water equations
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Balanced flow, topography with quick variations: b = b(X, x) Weakly nonlinear regime

b=0b(X,z), Fr=¢%?% Sr=¢"!

At small scale:

0, (h0u0) + divy (Ru® © u0) + hOVx A3 = bV, h?

divy (h9u%) =0

@ interactions between small and large scales,

@ V,h? acts on the fluctuations of the topography to drive the small
scale flow.

Weakly nonlinear limit version of the lake equations with oscillatory
topography.

D D. Bresch, D. Gérard-Varet, AML, 2007
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Balanced flow, topography with quick variations: b = b(X, x)

Fully nonlinear regime

b=0(X,z), Fr=¢,Sr=1

Characteristic lengths too short to support gravity waves.
Fully nonlinear regime.

Shallow Water equations:

Oyh + div(hu) = 0,

1 1
Or(hu) + div(hu ® u) + hVh = 5hVb.

Carine Lucas (MAPMO - Orléans)

Asymptotic limits of the Shallow Water equations
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Balanced flow, topography with quick variations: b = b(X, x) Fully nonlinear regime

b=0(X,z), Fr=¢,Sr=1

Characteristic lengths too short to support gravity waves.
Fully nonlinear regime.

Shallow Water equations:

Oyh + div(hu) = 0,

1 1
Or(hu) + div(hu ® u) + hVh = 5hVb.

Asymptotic development:
h(t,x,¢) Ze R'(t, X, x)

u(t, x,€) Zs (t, X, x).
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Fully nonlinear regime

hOVx (h° +b) =0,

Carine Lucas (MAPMO - Orléans)

Asymptotic limits of the Shallow Water equations
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Balanced flow, topography with quick variation Fully nonlinear regime

b=0(X,z), Fr=¢,Sr=1

O(e73?)
hOVx (R 4+ b) =0, RO(t, X, z) + b(X,z) = c(t, x)

«O»«Fr» «E>»
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Balanced flow, topography with quick variations: b = b(X, x) Fully nonlinear regime

b=0(X,z), Fr=¢,Sr=1

O(e73?)
hOVx (R 4+ b) =0, RO(t, X, z) + b(X,z) = c(t, x)

O(e7?)
ROV, (h° + ) + h'Vx (R + b) + hOVxh! =0,

«O>» «F» «Z>»
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Balanced flow, topography with quick variations: b = b(X, x) Fully nonlinear regime

b=0(X,z), Fr=¢,Sr=1

hOVx (R 4+ b) =0, RO(t, X, x) + b(X,2) = c(t, z)

ROV, (h° + ) + h'Vx (R + b) + hOVxh! =0,
RO(t, X, x) + b(X,z) = c(t)

«O>» «F» «Z>»
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Balanced flow, topography with quick variations: b = b(X, x) Fully nonlinear regime

b=0(X,z), Fr=¢,Sr=1

hOVx (R 4+ b) =0, RO(t, X, x) + b(X,2) = c(t, z)

ROV, (h° + ) + h'Vx (R + b) + hOVxh! =0,
RO(t, X, x) + b(X,z) = c(t)

divy (h%u®) =0,
divx (h°u® ® u®) + KOV, h! + ROVxh? = 0.

— small scale ?
— large scale ?
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Carine Lucas (MAPMO - Orléans) Asymptotic limits of the Shallow Water equations 6 nov. 2015 - 19/29



Fully nonlinear regime

Small scale:

u? - Vxu® + Vxh? = —V,h'.

Carine Lucas (MAPMO - Orléans)
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Balanced flow, topography with quick variations: b = b(X, x)

Fully nonlinear regime

Small scale:

b=0(X,z), Fr=¢,Sr=1

u? - Vxu® + Vxh? = —V,h'.

Taking the curl (( = curlu = —0x,u; + Jx,u2):

u® - Vx¢? 4 Odivxu® = divyx (¢u’) =0,
as divx (h%u®) = 0, it reads 11" - Vi (¢V/h") = 0.

Carine Lucas (MAPMO - Orléans)
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Balanced flow, topography with quick variations: b = b(X, x)

Fully nonlinear regime

b=0(X,z), Fr=¢,Sr=1
Small scale:

u? - Vxu® + Vxh? = —V,h'.

Taking the curl (( = curlu = —0x,u; + Jx, u2):

u® - Vx (0 + Odivxu’ = divx (¢u’) =0,
as divy (h%u®) = 0, it reads h'u" - Vi (¢V/hY) = 0.

0 0 0
C = H Q(¢*7 7x7t)7
if @ is a potential vorticity distribution function,
if 1v*0 is a stream function for A%u?,

Carine Lucas (MAPMO - Orléans)

hOV}Z(LE)O — Vxh? vy = (}LO)SCQ(@‘* 0 x,t) — Vxh® - hOud

—X
0 =0 + X+ 00" with K04 = VY,
Cell problem for a stationary vortical flow over variable topography, .-, .

Asymptotic limits of the Shallow Water equations
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Balanced flow, topography with quick variations: b = b(X, x) Fully nonlinear regime

b=0(X,z), Fr=¢,Sr=1

0. Vxu® + Vxh® = —=V,h'.
Small scale:
Taking the curl (¢ = curlu = —0x,u; + Jx,uz):
0. Vx ¢ + Pdivxu® = divx (Pu’) =0,
as divx (h%u®) = 0, it reads hu" - Vy (¢"/hY) = 0.
("= HQW"™, z,1),

if @ is a potential vorticity distribution function,
if "9 is a stream function for h%uP,

0 = g0 4 XL RO with KOu® = k™0,

hOVE0 — Ve h? - Vxp® = (W0)2Q(y*°, x,t) — Vxh° - | hOuD

Cell problem for a stationary vortical flow over variable topography, .5, .=,
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Fully nonlinear regime

Large scale:

u® - Vxu® + Vh? = —V,h'.
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Balanced flow, topography with quick variations: b = b(X, x)

Fully nonlinear regime

b=b(X,z), Fr=¢,5r=1

- Vxu® + Vyh?
Large scale (average in X)

= —V,;h'.
U-T+ Vg;hl =—q
. —X
with U=hu", 7=u ho 0 =% 17k g0
X ﬁX
T= hOVXu and g =u- Vxu
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Balanced flow, topography with quick variations: b = b(X, x)

Fully nonlinear regime

b=0(X,z), Fr=¢,Sr=1

u® - Vxu® + Vxh® = =V,h'.
Large scale (average in X):

U-T+V,h =—¢ Darcy type problem
: —X X
with U=hu0", u=ul— J5houd” = V50,
Too- =X
T = ;75 Vxu and ¢ =u-Vxu
X
00 -

(small scale viseous—forees).

diVmU = *diV;r ((vmhl + q) Tﬁl)

dno~

Carine Lucas (MAPMO - Orléans)
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Topography with long scale variations: b = b(x, x)

Outline

© Topography with long scale variations: b = b(x, )
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Topography with long scale variations: b = b(x, x)

b=>b(z,x), Fr=¢,Sr=1

4
3

2

13

°_||||||||||||||y ]

= 25 50 75 100
—1: X
_25
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Topography with long scale variations: b = b(x, x)

b=>b(z,x), Fr=¢,Sr=1

Advective times for the normal scale L,
with gravity wave dynamics on a large scale L/e.

Shallow Water equations:
O¢h + div(hu) = 0,

1 1
Or(hu) + div(hu ® u) + 5hVh = hVb.

«O>» «F» «Z>»
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Topography with long scale variations: b = b(x, x)

b=>b(z,x), Fr=¢,Sr=1

Advective times for the normal scale L,
with gravity wave dynamics on a large scale L/e.

Shallow Water equations:

O¢h + div(hu) = 0,

1 1
Or(hu) + div(hu ® u) + 5hVh = hVb.

Asymptotic development:
h(t,z,e) ZE Ri(t, z, x),

u(t, x,€) Ze (t,z,x)-

Carine Lucas (MAPMO - Orléans) Asymptotic limits of the Shallow Water equations
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Topography with long scale variations: b = b(x, x)

b=>b(z,x), Fr=¢,Sr=1

We get:
o I +b=c=c(f,{ )
e div,(h%u’) =0
o h! =hl(t,x)

Op(h%u®) + divy (hOu® @ u¥) + hOV,h% + ROV A = 0,
Opht + divy (h%ul) + divy (R + divy (R%u®) = 0.

«O>» «F» «Z>»

Carine Lucas (MAPMO - Orléans) Asymptotic limits of the Shallow Water equations 6 nov. 2015 - 25/29



Topography with long scale variations: b = b(x, x)

b=>b(z,x), Fr=¢,Sr=1

We get:
o I +b=c=c(f,{ )
e div,(h%u’) =0
o h! =hl(t,x)

Op(h%u®) + divy (hOu® @ u¥) + hOV,h% + ROV A = 0,
Opht + divy (h%ul) + divy (R + divy (R%u®) = 0.

—> average in x: long-wave equations
— study of the small scale flow

«O>» «F» «Z>»
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Topography with long scale variations: b = b(x, x)

b=>b(z,x), Fr=¢,Sr=1

Long wave:

Or (ROW0") + W0t = RV, AT
Oul + divy (A" ) = 0

Carine Lucas (MAPMO - Orléans)
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Topography with long scale variations: b = b(x, x)

b=>b(z,x), Fr=¢,Sr=1

Long wave:

o <h0u0x> + ROV Al = K2V, R0
oht + divy (houox) =0
~ standard linearized shallow water equations

h2V,h0" (from hOV,h?2): net resistance

(small-scale flow through the rough topography).
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Topography with long scale variations: b = b(x, x)

Small scale:

b=>b(z,x), Fr=¢,Sr=1

——

aﬁlﬁ+ div, (h%u® @ u®) + hOV,h? = —hANO/VXhl
div, hOu0 = 0,
where p = 9% + .

I
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Topography with long scale variations: b = b(x, x)

b=>b(z,x), Fr=¢,Sr=1
Small scale:

——

atW+ div, (h%u® @ u®) + hOV,h? = —hANO/VXhl,
div, hOu0 = 0,

where p = 9% + .

@ divergence free,

e h?: Lagrangian multiplier,

@ small-scale flow driven by the long-wave unbalanced part of the
large-scale height gradient.

D R. Klein, JCP, 1995 (low Mach number)
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Topography with long scale variations: b = b(x, x)

b=>b(z,x), Fr=¢,Sr=1

If b(x, x) = b(x):

— wave equation with spatially varying signal speed for h':
OFht — divy ((c — b(x))Vyh') =0, (1)

where ¢ = b+ h9 = const.

«O>» «F» «Z>»

Carine Lucas (MAPMO - Orléans) Asymptotic limits of the Shallow Water equations 6 nov. 2015 - 28 /29



Concluding remarks

© Balanced flow, topography at the ‘normal’ scale: b = b(x)

@ Balanced flow, topography with quick variations: b = b(X, z)
o Weakly nonlinear regime
e Fully nonlinear regime

© Topography with long scale variations: b = b(z, x)
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Concluding remarks

© Balanced flow, topography at the ‘normal’ scale: b = b(x)
Fr = ¢, Sr = 1: Lake equations.

@ Balanced flow, topography with quick variations: b = b(X, z)
o Weakly nonlinear regime
e Fully nonlinear regime

© Topography with long scale variations: b = b(z, x)
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Conclusion

Concluding remarks

© Balanced flow, topography at the ‘normal’ scale: b = b(x)
Fr = ¢, Sr = 1: Lake equations.

@ Balanced flow, topography with quick variations: b = b(X, z)
o Weakly nonlinear regime

Fr = ¢3/2, Sr = ¢~1: The large-scale accumulation of net pressure
forces drives the large-scale balanced flow; the large-scale height

gradients produce small-scale forces driving the small-scale flow.
o Fully nonlinear regime

© Topography with long scale variations: b = b(z, x)
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Conclusion

Concluding remarks

© Balanced flow, topography at the ‘normal’ scale: b = b(x)
Fr = &, Sr = 1: Lake equations.

@ Balanced flow, topography with quick variations: b = b(X, z)
o Weakly nonlinear regime
Fr = &3/2, Sr = ¢=1: The large-scale accumulation of net pressure
forces drives the large-scale balanced flow; the large-scale height
gradients produce small-scale forces driving the small-scale flow.
e Fully nonlinear regime
Fr = ¢, Sr = 1: Darcy-type equation with accumulation of small-scale

forces; the small-scale flow is driven by the large-scale mean height
gradients (vorticity).

© Topography with long scale variations: b = b(z, x)
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Conclusion

Concluding remarks

© Balanced flow, topography at the ‘normal’ scale: b = b(x)
Fr = ¢, Sr = 1: Lake equations.

@ Balanced flow, topography with quick variations: b = b(X, z)

o Weakly nonlinear regime
Fr = &3/2, Sr = ¢=1: The large-scale accumulation of net pressure
forces drives the large-scale balanced flow; the large-scale height
gradients produce small-scale forces driving the small-scale flow.

e Fully nonlinear regime
Fr = &, Sr = 1. Darcy-type equation with accumulation of small-scale
forces; the small-scale flow is driven by the large-scale mean height
gradients (vorticity).

© Topography with long scale variations: b = b(z, x)
Fr = &, Sr = 1: as for the weakly nonlinear case, but the large-scale
flow involves non-balanced terms.

«O>» «F» «Z>»
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