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Direct Numerical Simulation

Figure: Successive zooms in representation (misc. sources incl. Bois, 2011)

The Direct Numerical Simulation is the most precise simulation of a thermal-hydraulic
flow in terms of scale.
Strengths:

• potential for full knowledge of what happens at centimeter scale,
• no need for average-scale phenomenons as the drag force, void fraction based values,

etc,
• can be used to recalculate the numerical value of some coefficients of closure laws

used in larger scale models (needs to be validated).
Weaknesses:

• extremely high computational cost,
• extremely high data storage cost.
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Ways to reduce the computation effort
Though beneficial for precision, DNS is too costly as of now. Here are the ways we will
explore to reduce the computation effort:

• Physics use a low-Mach number model neglecting some phenomenons,
• Applied Maths use an Adaptive Mesh Refinement for which only the most interesting

areas are finely meshed,
• Computer Science use a parallel architecture to do simultaneous calculations.
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Physical model that we will use
In most situations, there are two very distinct time scales: e.g. τacoustic ≃ 10−3s and
τmatter ≃ 1s.
This brings specific difficulties:

1. precision in schemes (e.g. the Godunov scheme has a poor precision),
2. robustness of solvers (for instance, inverting matrices with very different eigenvalues

is hard with usual iterative methods, because of the bad conditioning).
In a nuclear reactor in particular, we are in low-Mach number conditions in the vast
majority of cases, be it in nominal regime or in accidental regime (Loss Of Flow
Accidents): M =

|u|
c

≃ 10−3.
We can say we can neglect shock waves and other acoustic phenomenons. However
thermal phenomenons do remain important, so ∇u ̸= 0 although M ≪ 1.

M ≪ 1 M ≪ 1 M = O(1)
|∇ · λ∇T | ≪ 1 |∇ · λ∇T | = O(1)

Incomp. Navier-Stokes ≤ Low-Mach asymptotic model < Comp. Navier-Stokes
× acoustic, × thermal × acoustic, ✓ thermal ✓ acoustic, ✓ thermal
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The Diphasic Low-Mach Number model (DLMN)
This model takes its inspiration from previous work about combustion, at least since the
seventies (see for instance Majda, 1982). Low-Mach number models have also been used
in many others, as well as in cosmology (Almgren, Bell, Rendleman, & Zingale, 2006).

It was then proposed for Nuclear Reactors Thermal-Hydraulics (see Dellacherie, 2012)
and its theory has been studied from an analytical point of view (Dellacherie, 2007;
Penel, 2012; Gittel, Günther, & Ströhmer, 2014).
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Starting point: compressible two-phase Navier-Stokes equations I

Ω = Ω1(t) ∪ Ω2(t)

Compressible two-phase Navier-Stokes equations:
∂tY + u · ∇Y = 0
∂tρ+∇ · (ρu) = 0
ρ(∂tu+ u · ∇u) = −∇P +∇ · τ(u) + ρg
∂t(ρE) +∇ · [(ρE + P )u]

= ∇ · (λ∇T ) +∇ · [τ(u)u] + ρg · u

(1)

Initial condition:

Y (t = 0,x) =

{
1 if x ∈ Ωg(t = 0) (i.e. gas/vapor),
0 if x ∈ Ωl(t = 0) (i.e. liquid). (2)

Boundary conditions: Ω is bounded and we have adiabatic conditions.

∀x ∈ ∂Ω, u(t,x) = 0 et ∇T (t,x) · n(x) = 0 (3)

Transport and thermodynamic coefficients:

ξ(Y, T, P ) = Y ξg(T, P ) + (1− Y )ξl(T, P ), ξ ∈ {λ, α,Cp, ...}. (4)

For instance, we have λ(Y, T, P ) =

{
λg(T, P ) if x ∈ Ωg(t) (i.e. Y = 1)
λl(T, P ) if x ∈ Ωl(t) (i.e. Y = 0)
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Low-Mach number approximation: DLMN model I
We can show that, when the Mach number is small, we can approximate the previous
model with the DLMN model (see Dellacherie, 2005).
Transport equation for Y:

∂tY + u · ∇Y = 0 (5)

Transport equation for internal enthalpy:

ρCp(∂tT + u · ∇T ) = αTP ′(t) +∇ · (λ∇T ) (6)

with α = − 1
ρ

∂ρ
∂T

(Y1, T, P ) the coefficient of thermal expansion,
and P a pressure depending only on time and equations of state.
Conservation equation for momentum:

ρ(∂tu+ u · ∇u) = −∇Π+∇ · τ(u) + ρg (7)

with Π a perturbation of the pressure, or a dynamic pressure. It not driven by
thermodynamics but rather the velocity field, gravity, etc.
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Low-Mach number approximation: DLMN model II
Coupling equation of constraints with all other equations:

∇ · u = G(t,x) (8)

with 
G(t,x) = −

P ′(t)

ΓP (t)
+

β

P (t)
∇ · (λ∇T )

β =
αP

ρCp
, Γ =

ρc2

P

(9)

and

P ′(t) =

∫
Ω
β(Y, T, P )∇ · λ∇Tdx∫

Ω

dx

Γ(Y, T, P )

(10)

Initial condition: same, with in addition u0(x) matching ∇ · u0 = G(t = 0,x).
Boundary conditions (external and internal on Σ(t)) and transport and thermal
coefficients: same.
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Relevance of an Adaptive Mesh Refinement (AMR)
Objective: Improve the precision of the calculation without making too much additional
costly calculation.
We will adapt the mesh by refining it in the most relevant areas. Two mostly used
techniques for multi-level AMR on cartesian grids:

1. tree-based AMR (aka cell-based), one non-conformal mesh
2. patch-based AMR (aka block-based), multi-level conformal meshes

→ easy to use for parallelization

Figure: Tree-based AMR Figure: Patch-based AMR

(illustrations from Fikl, 2014)
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Different patch-creation algorithms
Berger-Rigoutsos algorithm

• Introduced by Berger & Rigoutsos (Berger &
Rigoutsos, 1991) and analyzed by Livne (Livne,
2006a).

• Covering the region of interest is the sole constraining
goal.

• No constraint set on geometry.

lmin – lmax algorithm
• New algorithm, inspired by and similar to the Livne

algorithm (Livne, 2006b).
• Also includes geometrical constraints.
• Aims at improving load balance and minimizing

communication between patches.
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Statistics for the relevance of patch algorithm

Series of test cases: ellipsoidal
bubbles for which the ratio
between longest and shortest
radius (the dilation factor) goes
from 1 to 6.
The problem is set in a grid of
300∆x× 300∆x.

Normalized standard
deviation as a function of
the dilation factor and
of the patch creation
algorithm
(lower is better)

Average squareness
as a function of
the dilation factor and
of the patch creation
algorithm
(higher is better)

σ =

√
M({S2

i }i)−M({Si}i)2

max({S2
i }i)−min({Si}i)2

γ =M(( length of shortest side of patch i
length of longest side of patch i

)i)

CEA Saclay, CMAP – Arthur TALPAERT – DNS of bubbles with parallel AMR – 2015-11-05 – 12 / 38



Context Low-Mach flow AMR strategy Simulation and speed-up Simulation and LDC Conclusion References Back-up slides

Interface advection
We represent the two-phase environment with a discrete field:

Y (t,x) =

{
1 if x ∈ Ωg(t) (i.e. gas/vapor),
0 if x ∈ Ωl(t) (i.e. liquid). (11)

We want to implement the following advection equation:

∂tY + u · ∇Y = 0 (12)

We will use the Després-Lagoutière anti-diffusive scheme since it is extremely well fitted
for interface transport (see for instance Lagoutière, 2000).

Computational implementation:
Kothe-Rider test, with a periodic origin-centered advection flux. The spatial domain is a
unit cube [0, 1]× [0, 1]× [0, 1] and the velocity field is periodic in time. It advects a
spherical bubble back and forth. If the numerical schemes are ideal, then the initial and
final positions of the sphere should coincide.
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Evolution of a 3D advected bubble

Figure: 3D simulation of a bubble with Kothe-Rider advection

Online video: https://youtu.be/Ixgge4h6eF8.
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Parallelization speed-up
We use the shared-memory technology OpenMP to set the parallelization. Let the
speed-up be defined as su = sequential computation time

parallelized computation time . We use a 200× 200× 200 grid
with one refinement level.

First test case:
refinement factor = 6.

• 7113 patches for Berger-Rigoutsos
• 172 patches for lmin – lmax
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Parallelization speed-up

Second test case:
refinement factor = 8.

• 172 patches for lmin – lmax again
• the simulation with the Berger-Rigoutsos algorithm did not even pass the iteration 0,

because of a lack of hardware memory (although we had 15.6 GiB of RAM).

Notice that this simulation is strictly equivalent to having more than four billion (4× 109)
fine cells.
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Abstract Bubble Vibration model
In addition to the advection equation, we coupled it with an elliptic equation which
solution gives the velocity field u(x, t). We represented this model, for which u(x, t) is
potential (non-linear hyperbolic/elliptic coupling), with the following system of equations:

∂tY + u · ∇Y = 0

∆ϕ = ψ(t)

(
Y −

1

Ω

∫
Y dx

)
∇ϕ · n|∂Ω = 0
u = ∇ϕ

(13)

where ψ(t) is a given function and is the modelization of a vibration phenomenon.
This model had already been theoretically analyzed and implemented to a large extend
(Dellacherie & Lafitte, 2005), (Penel, Dellacherie, & Lafitte, 2013), (Mekkas, 2008).

Figure: Initial condition for Y field in 2D Figure: Initial condition for Y (and ϕ) fields in 3D
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Elliptic problem and multilevel AMR with LDC
In order to compute ϕ in equation 13, we want to approximate the following equation on
both the coarse and fine level, and that the information of one level helps with the
resolution of the other level: ∆ϕ = ψ(t)

(
Y −

1

Ω

∫
Y dx

)
= f(x, t)

∇ϕ · n|∂Ω = 0
(14)

The Local Defect Correction method (Hackbusch, 1984) is an efficient way to benefit from
AMR (Anthonissen, Mattheij, & ten Thije Boonkkamp, 2003) (Barbié, 2013):

Figure:
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Numerical results for ABV in 2D

Figure: Y field Figure: ϕ field

Results at t = 3.12, i.e. at iteration 13, here with ψ(t) a cosine function.
We displayed the location of the patches on the left figure.
⇒ Online video: https://youtu.be/XyxfV3w88AQ.
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Numerical results for ABV in 3D

Figure: Contour of Y field Figure: Both Y and ϕ fields

Results at t = 3.046, i.e. at iteration 13, here with ψ(t) a cosine function.
We displayed the location of the patches on the left figure.
⇒ Online video: https://youtu.be/-V2NmaUWAJM.
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Verification and usefulness of AMR
We have a verification formula for the volume of the ABV bubble as a function of time t
and of the pulsation ψ(t):

C0 = log

(
Vbubble(t = 0)

VΩ − Vbubble(0)

)
, Ψ(t) =

∫ t′=t

t′=0
ψ(t′)dt′ (15)

Vbubble(t) = VΩ
exp(Ψ(t) + C0)

1 + exp(Ψ(t) + C0)
(16)

Figure: 30 × 30, no AMR Figure: 60 × 60, no AMR
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Figure: 60 × 60, no AMR

1 min 2 s of computation

Figure: 30 × 30, AMR of factor 2

41 s of computation

This shows that with AMR, we get a similar precision to a simulation where the whole
space is highly refined.
⇒ gain of 30% of computation time, although only 2D and without parallelization
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Perspectives
Short-term objectives: multi-phase incompressible Navier-Stokes simulation, with
prediction-correction on staggered grid.
Test cases:

• inclusion of hot bubbles in a cold liquid environment; the bubbles should shrink. In a
closed environment (pressure-cooker), the other bubbles should dilate,

• bubble column reactor, in order to compute closure laws,
• sloshing test cases.

Long-term objectives: full DLMN model simulation; multi-phase, incompressible but
thermally expandable, in low-Mach number conditions.
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Conclusion
We have now set the first steps for a complete the Direct Numerical Simulation of the
dilation of bubbles in a less costly manner:

• we have set some of the successive layers of how to model a bubble dilation and
movement in low-Mach conditions,

• we set the base for a successful patch-based AMR,
• we obtain sizable speed-up of the computation thanks to parallelization.

Acknowledgments for supervision and funding:
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Tools
We develop and use the programming interface CDMATH. It is aimed at
Thermal-Hydraulicists who want to quickly develop with a higher level of abstraction.
CDMATH is written in C++ and is open source.
Download CDMATH on https://github.com/PROJECT-CDMATH/CDMATH.
Home page: http://cdmath.jimdo.com/.

CDMATH is an abstraction based on the library medCoupling, which is part of the
SALOME platform (co-developed by the CEA, EDF and OpenCascade). We included our
improvements to AMR – in particular the lmin − lmax algorithm – to SALOME’s file
formats.
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AMR diagram

Y(G,0)

g(0)

    A

Y(g(0),0) Y*(g(0),1)

Y*(G,1)
                      S  

Sn    

 
Y*(g(0)∩G,1)

R    

Y*(G/g(0),1)
U  

Y(G,1)

    U g(1)

    A

Y(g(1)/g(0),1)

F

                                       P

Y*(g(1)∩g(0),1)U

Y(g(1),1)

    U

    U

C
on

di
tio

n
s 

in
iti

al
e

s 
a

na
ly

tiq
ue

s

    F

       S

Sn  

t = 0t = 0 t = 1t = 1

Y(G,1) = Y*(G,1) enrichie des valeurs de Y*(g(0),1) dès que possible
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Schéma de la stratégie AMR
                          = état clé, à sauvegarder durablement

                          = état temporaire, variable intermédiaire

                          =                                            … n fois

Y = grandeurs physiques
Y* = valeur intermédiaire
G = maillage grossier défini sur tout l'espace
g = maillage fin défini dans les patchs
n = maximum des coefficients de raffinement

F = calcul à partir d'une formule analytique
A = adaptation de maillage
S = solveur mécanique
Sn = solveur mécanique, utilisé n fois
U = recopie
R = restriction de domaine g→G
P = prolongation G→g

Si A est bien conçue, alors à l'instant 1
la zone d'intérêt est incluse dans g(1)∩g(0).
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Data exchange between AMR levels
For two levels:

For more than two levels:

Figure: W strategy Figure: Two times V strategy
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Local Defect Correction algorithm
The Local Defect Correction method (Hackbusch, 1984) is an efficient way to benefit from
AMR (Anthonissen et al., 2003) (Barbié, 2013) to solve elliptic problems as the following:{

Lϕ = s,
physical BCs.

(17)

Initialization
Calculation of ϕ0coarse from Lcoarse(ϕcoarse) = fcoarse.
Iterations, as long as no convergence
For all patches, coarse as well as fine:

• define matrix A for linear problem
• b = s+ contrib(physical BCs)
• if (fine level)

▶ b = b + contrib(Dirichlet BCs on patch borders from coarse level)

• if (iter ≥ 1)
▶ correctioniter = Aϕiter−1 − b if on area to be refined, 0 otherwise
▶ b = b + correctioniter

• solve Aϕiter = b to get the unknown ϕiter
• restriction of fine level onto the coarse level

Here we detailed the algorithm for 2 levels.
Note: the local defect correction correctioniter is not a residue and does not tend to
zero.
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How to create patches
We will consider the following input parameters:

• ηmin: minimum ratio between flagged area total area that a patch may have – this
ensures that the refined grid calculation is concentrated on the areas of interest that
were flagged –,

• nmin: minimum number of cells on any length in any direction for a patch,
• nmax: maximum number of cells on any length in any direction for a patch.

The two geometrical parameters will ensure
that the patches remain comparable as far as
processor load and processor communication
are concerned.
The three parameters are the inputs of a
general algorithm. The two following
algorithms are the most relevant particular
cases.

  

lmax

lmin η=
7
20

Figure: Visualization of some input parameters
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Patch-covering algorithms I

Berger-Rigoutsos algorithm
• Introduced by Berger & Rigoutsos (Berger &

Rigoutsos, 1991) and analyzed by Livne (Livne,
2006a).

• Set ηmin > 0 as the sole constraining goal.
• No constraint set on geometry.

In the following example,
ηmin = 0.4
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Patch-covering algorithms II
lmin – lmax algorithm

• New algorithm, inspired by and similar to the Livne
algorithm (Livne, 2006b).

• Set ηmin > 0, but it is not the priority objective.
• Set nmin > 1 and nmax < nsystem.

They are strictly constraining objectives and have the
priority when in competition with the ηmin objective.

In the following example,
ηmin = 0.4 nmin = 5 nmax = 10
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Quantitative comparison between algorithms
Definition of quality functions:

We will note (Si)i∈[0,N ] the list of the N patches and M({Xi}i) =
N∑
i=0

Xi the average

of variables Xi∈[0,N ] where i is the subscript of a patch.

• Minimize the (unnecessary) computation: we want the calculation to be done on
flagged cells and the least possible on non-flagged cells.
So we want the resulting efficiency η =M({ηi}i) as close to 1 as possible.

• Minimize surface differences between patches, for good CPU load balance in case of
multiprocessing.

So we want the normalized standard deviation σ =

√
M({S2

i }i)−M({Si}i)2

max({S2
i }i)−min({Si}i)2

as
close to 0 as possible.

• Minimize the communication location between patches, i.e. the segment that is
common between patches. For a given area, the rectangle with the smallest perimeter
is the square.
So we want the average squareness γ =M(( length of shortest side of patch i

length of longest side of patch i
)i) to be as

close to 1 as possible.
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Resulting efficiency η

Resulting efficiency
as a function of the dilation factor
and of the patch creation algorithm
(higher is better)

η =M({ηi}i)
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Normalized standard deviation σ

Normalized standard deviation
as a function of the dilation factor
and of the patch creation algorithm
(lower is better)

σ =

√
M({S2

i }i)−M({Si}i)2

max({S2
i }i)−min({Si}i)2
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Average squareness γ

Average squareness
as a function of the dilation factor
and of the patch creation algorithm
(higher is better)

γ =M(( length of shortest side of patch i
length of longest side of patch i

)i)
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