
Minimal models for graphs-related operadic algebras∗

Jovana Obradović
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The fundamental feature of Batanin-Markl’s theory of operadic categories [1] is that the objects
under study are viewed as algebras over (generalized) operads in a specific operadic category. Thus, for
instance, ordinary operads arise as algebras over the terminal operad 1RTr in the operadic category RTr

of rooted trees, modular operads are algebras over the terminal operad 1ggGrc in the operadic category
ggGrc of genus-graded connected graphs, &c. Our aim is to construct explicit minimal models for the
(hyper)operads governing modular, cyclic and ordinary operads, and wheeled properads. According to
general philosophy [5], algebras for these models describe strongly homotopy versions of the corresponding
objects whose salient feature is the transfer property over weak homotopy equivalences. This might be
compared to the following classical situation.

Associative algebras are algebras over the non-Σ operad Ass. Algebras over the minimal model of Ass
are Stasheff’s strongly homotopy associative algebras, also called A∞-algebras. This situation fits well
into the framework of the current work, since Ass is the terminal non-Σ operad or, which is the same, the
terminal operad in the operadic category of finite ordered sets and their order-preserving epimorphisms.

We begin with the particular case of the operadic category Grc of connected graphs. Algebras for the
terminal operad 1Grc in that category are modular operads without the genus grading. We explicitly define
a minimal Grc-operad MGrc = (F(D), ∂) and a map MGrc

ρ−→ 1Grc of differential graded Grc-operads.
Our main theorem states that ρ is a level-wise homological isomorphism, meaning that MGrc is a minimal
model of 1Grc. The proof of that theorem is a combination of the following facts.

On one hand, using the apparatus developed in [3], we describe the piece F(D)(Γ), Γ ∈ Grc, of the
free operad F(D) as a colimit over the poset gTr(Γ) of graph-trees associated to Γ, which are abstract
trees whose vertices are decorated by graphs from Grc and which fulfill suitable compatibility conditions
involving Γ.

On the other hand, to each Γ ∈ Grc we associate a hypergraph HΓ and to that hypergraph a poset
A(HΓ) of its constructs, which are certain abstract trees with vertices decorated by subsets of the set
of internal edges of Γ. We prove that the poset gTr(Γ) is order-isomorphic to the poset A(HΓ). The
results of [4] assert that A(HΓ) is in turn order-isomorphic to the face lattice of a convex polytope G(HΓ),
obtained by truncating the vertices, edges and other faces of simplices, in any finite dimension.

We prove that the polytope G(HΓ) satisfies the following ‘diamond’ condition.

Diamond. If a is a (k − 1)-dimensional face of G(H) such that a l e′, e′′, then there exists a (k + 1)-
dimensional face h of G(H) such that e′, e′′ l h.

A concise way to formulate the diamond condition is to say that the existence of e′ and e′′ with a ≺ e′, e′′
implies the existence of some h with e′, e′′ ≺ h, diagrammatically

e′

a

h

e′′

hence the name. It follows from the properties of abstract polytopes that e′ and e′′ are the only faces in
the interval [a, h], but the diamond condition need not be satisfied in a general polytope.
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Finally, by using the diamond property of G(HΓ), we prove an ‘ingenious’ lemma, stating that the
faces of G(HΓ) can be oriented so that the cellular chain complex of G(HΓ) is isomorphic, as a differential
graded vector space, to (F(D)(Γ), ∂). Since G(HΓ) is acyclic in positive dimension, the same must be
true for (F(D)(Γ), ∂). It remains to show that ρ induces an isomorphism of degree 0 homology, but this
is simple. The conclusion is that MGrc is indeed a minimal model of 1Grc.

In constructing the minimal models MggGrc, MTr and MWhe of the terminal operads 1ggGrc, 1Tr and
1Whe in the operadic categories ggGrc of genus-graded connected graphs, Tr of trees and Whe of ordered
(‘wheeled’) connected graphs, respectively, we use the fact observed in [2, Section 4] that these categories
are discrete operadic opfibrations over Grc. We prove that the restrictions along discrete operadic opfi-
brations preserve minimal models of terminal operads, which then delivers MggGrc, MTr and MWhe as the
restrictions of the minimal model for 1Grc along the corresponding opfibration map.

The situation of the terminal operad 1RTr in the operadic category RTr of rooted trees is different,
since this category is not an opfibration over Grc. It is, however, a discrete operadic fibration with finite
fibers, which provides another setting in which the transfer of minimal models of terminal operads works.

In a follow-up to this work we prove that the minimal models described here are the bar constructions
over Koszul duals of the (hyper)operads that they resolve, in the sense of [3], which by definition means
that those (hyper)operads are Koszul.
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