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Introduction

Invariances generate larger PCA latent spaces
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Symmetry transformations of a state get encoded

into different regions of the latent space
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Introduction

Invariances generate non-interpretable PCA modes
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Discrete invariances Continuous invariances

𝒙

𝒑(𝒙)

= ∑
PCA

modes

Snapshots

= ∑
PCA

modes

Holmes et. al. (2012). Turbulence, Coherent Structures, Dynamical Systems and Symmetry
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Sudden-Expansion
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Noise-driven Sudden-Expansion
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𝑹𝒆 = 𝟏𝟓𝟎

Snapshots

𝒖

𝒗

𝒖

𝒗

𝒚𝒄𝒑

𝒕

If (𝒖, 𝒗) 𝒙, 𝒚, 𝒕 is solution, then is

also (𝒖,−𝒗) 𝒙,−𝒚, 𝒕
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Noise-driven Sudden-Expansion

Representative of more complex flows

Mallat et al. (2021). Experimental study and passive control of the bistable dynamics of the

three-dimensional air-wake flow of a finite-width double backward-facing step
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Noise-driven Sudden-Expansion

Snapshots and PCA modes
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𝒊

𝒊 = 𝟏

𝒊 = 𝟐

𝒊 = 𝟑

𝒊 = 𝟒

𝒆𝒊

𝒖𝒙
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Noise-driven Sudden-Expansion

Architecture of Auto-Encoder (AE)

 Non-Linear AE (Fully connected, convolution, …)

 Linear AE

• E and D only matrices (without biases): ൝
𝑨 = 𝑾𝑬𝑿 = 𝚽∗𝐗
෡𝐗 = 𝐖𝐃𝐀 = 𝝓𝑨

• Equivalence AE PCA                                       AE      PCA

Milano et al.,Neural network modeling for near wall turbulent flow.,2002
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Noise-driven Sudden-Expansion

Architecture of Auto-Encoder

Mehr et. al. (2018). Manifold Learning in Quotient Spaces 

Same E and D in all branches
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Noise-driven Sudden-Expansion

s-PCA vs PCA
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s-PCAPCA

𝒙 𝒙

𝒚
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Noise-driven Sudden-Expansion

s-PCA vs PCA

𝒊

𝒆𝒊
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Noise-driven Sudden-Expansion

s-PCA vs PCA
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𝒊

𝒆𝒊

• Project s-PCA 

reconstruction with 4 

mode on PCA basis

• 4 s-PCA modes recover 5 

PCA modes



Beyond PCA

Noise-driven Sudden-Expansion

s-PCA, nlPCA, s-nlPCA vs PCA
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𝒊 𝒊 𝒊

𝒆𝒊

s-PCA nlPCA s-nlPCA

Project reconstruction with 4 mode on PCA basis
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Noise-driven Sudden-Expansion

Selection of Siamese branch 𝒍 by neural-net
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𝒕

𝒚𝒄𝒑
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Inviscid Burger’s equation
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𝝏𝒕𝒖 + 𝝏𝒙
𝒖𝟐

𝟐
= 𝟎,

BC: 𝒖 𝒙 + 𝟐𝝅, 𝒕 = 𝒖 𝒙, 𝒕

IC: 𝒖 𝒙, 𝒕 = 𝟎 = ቊ
𝟏 for 𝒙 < 𝝅
𝟐 for 𝒙 > 𝝅

𝒖
′
=
𝒖
−
𝟏
.𝟓

- Advection of compact structures

- If 𝒖 𝒙, 𝒕 is solution, then is also 𝒖 𝒙 + 𝒔, 𝒕 ∀𝒔
𝒙
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Inviscid Burger’s equation

PCA modes
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Fourier modes

Very dense

Not interpretable

𝒊

𝒆𝒊

𝑷𝑪𝑨
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Inviscid Burger’s equation

Architecture of Auto-Encoder

21Jaderberg et. al. (2015). Spatial Transformer Networks. 

𝑻(𝒔)𝑿 = 𝓕−𝟏 𝒆−𝒊𝒌𝒔𝓕 𝑿
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Inviscid Burger’s equation

PCA modes
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𝒊

𝒆𝒊

𝒙

PCA

s-PCA
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Inviscid Burger’s equation

Performance
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𝒊

𝒆𝒊

• Project

s-PCA reconstruction

with 1 mode on PCA basis

• 1 s-PCA mode recovers

30 PCA modes
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Inviscid Burger’s equation

s-PCA, nlPCA, s-nlPCA vs PCA
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𝒊 𝒊 𝒊

𝒆𝒊

s-PCA nlPCA s-nlPCA

Project reconstruction with 1 mode on PCA basis
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Inviscid Burger’s equation

Structure of STN
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𝒙 𝒕

𝒔

𝒅𝒔

𝒅𝒕
= −𝟏. 𝟓

STN extracts phase of first Fourier mode

𝒔 = atan2 −𝑾𝒔𝟐𝑿,𝑾𝒔𝟏𝑿

Budanur et al. 2015. Reduction of SO(2) symmetry for spatially extended dynamical systems.
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Kolmogorov Flow
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൞
𝝏𝒕𝝎+

𝝏𝒚𝝍

−𝝏𝒙𝝍
⋅ 𝛁𝝎 =

𝟏

𝑹𝒆
𝚫𝝎− 𝟒𝐜𝐨𝐬 𝟒𝒚

𝝎 = −𝚫𝝍

BC: 𝝎 𝒙+ 𝟐𝝅𝒏,𝒚 + 𝟐𝝅𝒎, 𝒕 = 𝝎 𝒙, 𝒚, 𝒕 ∀𝒏,𝒎

Laminar solution: 𝝎 = −
𝑹𝒆

𝟒
cos 𝟒𝒚

𝑹𝒆 = 𝟑𝟓: Chaotic, multiscale flow in 2D with rare events

If 𝝎 𝒙, 𝒚, 𝒕 is a solution then is also:

 𝝎 𝒙+ 𝒔, 𝒚, 𝒕 ∀𝒔 ⇒ 𝑻 𝒔
 𝝎 −𝒙,−𝒚, 𝒕 ⇒ 𝑷𝟎, 𝑷𝟏

 𝝎 −𝒙, 𝒚 +
𝝅

𝟒
, 𝒕 ⇒ 𝑺𝟎, 𝑺𝟏, ⋯ , 𝑺𝟕

Symmetry group:

𝑮 = 𝑷𝟎𝑺𝟎, ⋯ , 𝑷𝟎𝑺𝟕, 𝑷𝟏𝑺𝟎, ⋯ , 𝑷𝟏𝑺𝟕

𝑹𝒆 = 𝟑𝟓
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Kolmogorov Flow

Architecture of Auto-Encoder

28



Beyond PCA

Kolmogorov Flow

Population in symmetry group
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PDF of branches

Dataset not ergodic

𝒕

𝒔𝑵
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Kolmogorov flow

PCA vs s-PCA
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𝒊 = 𝟏 𝒊 = 𝟐 𝒊 = 𝟑 𝒊 = 𝟒

PCA

s-PCA

• s-PCA modes are not Fourier modes anymore

• better insight into dynamics

• 1st close to laminar solution

• 2nd and 3rd model vortex pair

𝒊

𝒆𝒊
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Kolmogorov flow

PCA vs s-PCA
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• Project s-PCA 

reconstruction with 2 

modes on PCA basis

• 2 s-PCA modes recover

100 PCA modes

𝒊

𝒆𝒊
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Kolmogorov flow

s-PCA, nlPCA, s-nlPCA vs PCA
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𝒊 𝒊 𝒊

𝒆𝒊

s-PCA nlPCA s-nlPCA

Project reconstruction with 2 modes on PCA basis
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Conclusions
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• s-(nl)PCA combines Siamese branches, STN and AE

• Larger compression

• s-PCA is more interpretable

More information in:
Kneer, S., Sayadi, T., Sipp, D., Schmid, P. & Rigas, G. (2021).

Symmetry-Aware Autoencoders: s-PCA ands-nlPCA. 

https://arxiv.org/abs/2111.02893
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Architecture and hyperparameters for PCA and s-PCA in 

Kolomogorov flow
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Architecture and hyperparameters for nlPCA and s-nlPCA in 

Kolomogorov flow


