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Vague Statements

The quantities we are interested in, are functions, depending on 

space (and time), that are associated to the phenomenon we are 

interested in.

Mathematically this means that there are some parameters and 

that we are thus interested in 

Here    is a parameter well suited to the problem

u(x, t;µ)

µ



Where to look for                   ?u(x, t;µ)

S = {u(x, t;µ), when µ varies in D}

A less vague statement



REDUCTION OF COMPLEXITY

Looking for a needle in a Haystack 
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REDUCTION OF COMPLEXITY

or looking for a needle in a needle cushion
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REDUCTION OF COMPLEXITY

Allow
s to 

use t
he kn

owledge o
f S



Kolmogorov n-width

Definition Let X be a normed linear space, S be a subset of X and Xn be a
generic n-dimensional subspace of X . The deviation of S from Xn is

E(S;Xn) = sup
u∈S

inf
vn∈Xn

ku− vnkX .

The Kolmogorov n-width of S in X is given by

dn(S, X) = inf
Xn

sup
u∈S

inf
vn∈Xn

ku− vnkX

The n-width of S thus measures the extent to which S may be approximated
by a n-dimensional subspace of X.





MATHEMATICAL ANALYSIS

Until recently there was very few analysis on this matter1 . . .

SWHY SHOULD      HAVE A SMALL KOLMOGOROV WIDTH ?

1 - Y. Maday, A.Patera, and G. Turinici. A priori convergence theory for reduced-basis approximations of single-

parameter elliptic partial differential equations Journal of Scientific Computing 17, 437-446, 2002.
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Kolmogorov widths under holomorphic mappings by Albert

Cohen and Ronald DeVore









An example



The two group diffusion equation in matrix notation reads

A(µ)ϕ =
1

keff
F (µ)ϕ

Where µ is the parameters set, e.g. D, Σ, νΣf . A and F are 2⇥2 matrix and
ϕ is a 2-element column vector:

A(µ) =

✓

−r ·D1
r+ (Σ1

a +Σ1→2

s ) 0
−Σ1→2

s −r ·D2
r+Σ2
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◆
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2

f
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2

f

◆

ϕ =

✓

ϕ1

ϕ2

◆

Where Di, i = 1, 2 is called the diffusion coefficient of each group; Σi
a, i =

1, 2 is the absorption cross section of each group; ϕi, i = 1, 2 is the neutron flux
of each group; Σ1→2

s is called the removal cross section from group 1 to group 2;
νΣ1

f , i = 1, 2 is the fission source term of each group; χi, i = 1, 2 is called the
fission spectrum of each group; finally keff is the effective multiplication factor,
also the eigenvalue of equation.



In 1D, this looks like



In order you are convinced that the Kolmogorov dimension is small
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Another example

less simple
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What is the manifold ?

One should align the position of the nuclei ….
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One should align the position of the nuclei ….

In QC how to represent the density
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Reduced basis method : approximation of a PDE

With such a ZN…

Perform a Galerkin approximation

With domain decomposition : Reduced basis element method

Much to say : off-line, on-line
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Reduced basis method : approximation of a PDE

With such a ZN…

Perform a Galerkin approximation

With domain decomposition : Reduced basis element method

Much to say : off-line, on-line

for on-line efficiency for non linear problems : a fundamental ingredient is … 
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Reconstruction from data .. only

and a background space ZN



EIM/GEIM

This approach allows to determine an “empirical” optimal set of interpola-
tion points and/or set of interpolating functions.

In 2013, with Olga Mula, we have generalized it (GEIM) to include more
general output from the functions we want to interpolate : not only pointwize
values but also some moments.

The Empirical Interpolation Method (EIM) 

proposed in 2004 with M. Barrault, N. C. Nguyen and A. T. Patera



recursive (greedy) definition of the functions and the interpolation points
if In−1 is defined by

In−1(u) =

n−1X

i=1

αiζi

so that
In−1(u)(xj) = u(xj)

then
µn = argmaxµku(µ)− In−1(u(µ))k

and
xn = argmaxx|u(x;µn)− In−1(u(µn))(x)|
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The algorithm tells you what points to choose in order to

interpolate with functions in 



GEIM

recursive (greedy) definition of the functions and the interpolation points
if Jn−1 is defined by

Jn−1(u) =

n−1X

i=1

αiζi

so that
σj [Jn−1(u)] = σj [u]

then
µn = argmaxµku(µ)− Jn−1(u(µ))k

and
σn = argmaxσ|σ[u(µn)− Jn−1(u(µn))]|
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Formula

suggests that Λn plays an important role in the result and it is therefore impor-
tant to discuss its behavior as n increases. First of all, Λn depends both on the
choices of the interpolating functions and interpolation points.

We have proven (YM-Mula-Patera-Yano) that Λn = 1/βn, where

βn = inf
ϕ∈Xn

sup
σ∈Span{σ0,...,σn−1}

hϕ, σiX ,X 0

kϕkX kσkX 0

.
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optimal placement of the sensors





Lebesgue constant for EIM — polynomial degree 12
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In a nutshell, in the case where we have a Hilbert framework, our result states
that

Theorem

If (Λn)
∞

n=1 is a monotonically increasing sequence then

i) if dn ≤ C0n
−α for any n ≥ 1, then τn ≤ C0β̃nn

−α, with

β̃n := 23α+1Λ2
n
, if n ≥ 2.

ii) if dn ≤ C0e
−c1n

α

for n ≥ 1 and C0 ≥ 1, then τn ≤ C0β̃ne
−c2n

−α

, with

β̃n :=
√
2Λn, if n ≥ 2.

(with O. Mula and G. Turinici)

Which allows to use the frame “weak greedy” of the papers by

• P. Binev, A. Cohen, W. Dahmen, R.A. DeVore, G. Petrova, and P. Woj-

taszczyk,

• and R. A. DeVore, G. Petrova, and P. Wojtaszczyk,

to analyse the convergence properties of our algorithm
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Kolmogorov n-width actual  deviation

Which allows to use the frame “weak greedy” of the papers by

• P. Binev, A. Cohen, W. Dahmen, R.A. DeVore, G. Petrova, and P. Woj-
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to analyse the convergence properties of our algorithm
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It is well recognized that one of the major difficulty in quantum chemistry is the correlation 

arising from the mutual repulsion of electrons. 

The singularity in Vee at ri = rj  leads to slow convergence with increase of basis set



Electronic Schrödinger equation

It is well recognized that one of the major difficulty in quantum chemistry is the correlation 

arising from the mutual repulsion of electrons. 

The singularity in Vee at ri = rj  leads to slow convergence with increase of basis set

The proposed idea is to change the interaction



Avoid the singularity Vee

joint work with E. Polack, J. Karwowski and A. Savin.

x = 2

x = 1/2

1/r

erf(xr)
r



The idea is thus to approximate this simpler system for 

finite values of    and derive the energy E(  ) or other 

quantities like excited states.

Then the idea is to extrapolate at infinity

Avoid the singularity Vee

H(x)Ψ(x) = E(x)Ψ(x)

H(x) = T + Vne + Vee(x)

Vee(x) =
NX

i,j=1

erf(x|ri − rj |)

|ri − rj |
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Then the idea is to extrapolate at infinity

Avoid the singularity Vee

Interpolation and extrapolation is a 

classical problem in approximation
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NX
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Classical ! but what is the model? 

what is the interpolant system?

Due to the behavior of E(x) for large x, namely proportional to x−2, and the
linear behavior with x when it approaches zero, we choose as basis (1+ ax2)−1,
with a ∈ [1, 50].
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with a ∈ [1, 50].



Interpolation and extrapolation is a 

classical problem in approximation

Classical ! but what is the model? 

what is the interpolant system?

Classical ?

but what are the interpolation nodes?

Due to the behavior of E(x) for large x, namely proportional to x−2, and the
linear behavior with x when it approaches zero, we choose as basis (1+ ax2)−1,
with a ∈ [1, 50].

The interpolation/extrapolation nodes are chosen by a greedy procedure
between 0 and a maximum value x0. This one is chosen so that the computation
of E(x) is “easy” for 0 < x ≤ x0.



Results : General behavior on the hydrogen molecule

Errors (in hartree) made by using extrapolation method, to approximate the
total electronic energy of the hydrogen molecule using an increasingly in size
basis set and associated set of interpolation points, as a function of the largest
interpolation point used, µ0. The yellow background covers the region where
the error is smaller than chemical accuracy (1 kcal/mol).
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Results : other examples

Errors (in hartree) made by using extrapolation method, to approximate the
total electronic energy of the hydrogen molecule using an increasingly in size
basis set and associated set of interpolation points, as a function of the largest
interpolation point used, µ0. The yellow background covers the region where
the error is smaller than chemical accuracy (1 kcal/mol).



Results : empirical error bars
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Remember the mollifier for different values of
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er
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1/r
µ = 1
µ = 2

µ = 1/2

For x = 1 or x = 2 the solutions are more easy to compute.. requires a

smaller basis set

erf(xr)
r



What if the data are polluted with noise



We want now to use the fact that In the 
previous approaches, we have mainly used the 
fact that XN has good approximation properties



This is the part of X1 of interest



This is the part of X2 of interest



And this is actually where we should be looking at

X1 ∩X2



How can we do this ?





Remember the recursive formula
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and let us introduce

and remark qM is order 1, so that



IM [u(., µ)] = IM−1[u(., µ)] +
h

u(xM , µ)− IM−1[u(., µ)](xM )
i

qM (.)



IM [u(., µ)] = IM−1[u(., µ)] +
h

u(xM , µ)− IM−1[u(., µ)](xM )
i

qM (.)





IM [u(., µ)] = IM−1[u(., µ)] +
h

u(xM , µ)− IM−1[u(., µ)](xM )
i

qM (.)



IM [u(., µ)] = IM−1[u(., µ)] +
h

u(xM , µ)− IM−1[u(., µ)](xM )
i

qM (.){

This quantity is small



IM [u(., µ)] = IM−1[u(., µ)] +
h

u(xM , µ)− IM−1[u(., µ)](xM )
i

qM (.){

This quantity is small
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or again

where the αn are going to zero as n → ∞

with every qn of order 1.



So we want to use this information that 

the αn are going to zero as n → ∞

This gives rise to the Constrained Stabilized (G)EIM

from J.P. Argaud, B. Bouriquet, H. Gong, Y. Maday, O. Mula (*)

(*) in Stabilization of (G)EIM in presence of measurement noise: application to nuclear reactor physics

https://arxiv.org/find/math/1/au:+Argaud_J/0/1/0/all/0/1
https://arxiv.org/find/math/1/au:+Bouriquet_B/0/1/0/all/0/1
https://arxiv.org/find/math/1/au:+Gong_H/0/1/0/all/0/1
https://arxiv.org/find/math/1/au:+Maday_Y/0/1/0/all/0/1
https://arxiv.org/find/math/1/au:+Mula_O/0/1/0/all/0/1


Constrained Stabilized EIM

We write
uN =

X

n

αnqn

so as to solve
min
αn

X

i

|uN (xi)− u(xi)|
2

under the constraint that
|αn| ≤ εn



Constrained Stabilized GEIM

We write
uN =

X

n

αnqn

so as to solve
min
αn

X

i

|σi(uN )− σi(u)|
2

under the constraint that
|αn| ≤ εn



The main interest is with noisy data

Assume that u(xi) (or the σi(u)) are polluted with some (random) noise ηi

The the CS approximation allows to minimize the effect of the noise





The data are polluted with noise

∀i = 1, . . . , n, σi(Jn[u]) = σi(u) + εi

this leads to a polluted reconstruction

Jn[u, ε] =

nX

j=1

β̃j ϕj , such that ∀i = 1, . . . , n, σi(Jn[u, ε]) = σi(u) + εi

And of course now, the error, scales like

ku− Jn[u, ε]kX  (1 + Λn) inf
vn∈Xn

ku− vnkX + ΛN max
i=1,...,n

|εi|

This is what we see here





Now a mixed of data and model …



Incorporating the model error : 

Parametrized-Background Data-Weak (PBDW) formulation 

with A.T. Patera, J. D. Penn and M. Yano

The PBDW formulation integrates a parametrized mathematical model and
M experimental observations associated with the configuration C to estimate
the true field utrue[C] as well as any desired output lout(utrue[C]) ∈ C for given
output functional lout.

We first introduce a sequence of background spaces that reflect our (prior)
best knowledge,

Z1 ⊂ · · · ⊂ ZNmax
⊂ U ;

here the second ellipsis indicates that we may consider the sequence of length
Nmax as resulting from a truncation of an infinite sequence. Our goal is to
choose the background spaces such that

In words, we choose the background spaces such that the most dominant physics that 

we anticipate to encounter for various system configurations is well represented for a 

relatively small N.
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The PBDW formulation integrates a parametrized mathematical model and
M experimental observations associated with the configuration C to estimate
the true field utrue[C] as well as any desired output lout(utrue[C]) ∈ C for given
output functional lout.

We first introduce a sequence of background spaces that reflect our (prior)
best knowledge,

Z1 ⊂ · · · ⊂ ZNmax
⊂ U ;

here the second ellipsis indicates that we may consider the sequence of length
Nmax as resulting from a truncation of an infinite sequence. Our goal is to
choose the background spaces such that

In words, we choose the background spaces such that the most dominant physics that 

we anticipate to encounter for various system configurations is well represented for a 

relatively small N.

✏Z > 0!!



Incorporating the model error : 

Parametrized-Background Data-Weak (PBDW) formulation 

with A.T. Patera, J. D. Penn and M. Yano



We first associate with each observation functional `o
m

∈ U
0 an observable

function,





So now let us assume that the data are polluted with noise

and propose a CS version of the PBDW approximation

There are two ways : the Tikhonov and Ivanov approaches

min
⇥

k⌘N,Mk2 +
X

m

|`om(utrue)− `om(uN,M )|2
⇤

under the constraints that

• ⌘N,M belongs to UM

• uN,M = zN,M + ⌘N,M

• zN,M 2 ZN , zN,M =
P

n ↵nqn

• |↵n|  "n



So now let us assume that the data are polluted with noise

and propose a CS version of the PBDW approximation

There are two ways : the Tikhonov and Ivanov approaches

min
∥

∥⌘N,Mk2

under the constraints that

• ⌘N,M belongs to UM

• uN,M = zN,M + ⌘N,M

• zN,M 2 ZN , zN,M =
P

n ↵nqn

• |↵n|  "n

• 8m, |`om(utrue)− `om(uN,M )|  noise



Ivanov with noise level is 10-2 (in collaboration with Gong and Mula)



Tikhonov with noise level is 10-1 (in collaboration with Taddei) 



For some µ in a chosen parameter set D :

L(u(., µ);µ) = 0



For some µ in a chosen parameter set D :

L(u(., µ);µ) = 0
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Once we have such a candidate XN 

We can solve a new PDE
- either by a Galerkin method, or another 

discrete approach
- the error between the exact solution and the 

Galerkin approximation is then “optimal”
- optimal meaning that it has the size

sup
u∈S

inf
vn∈Xn

ku− vnkX .

Question : is that small enough ?



A Posteriori Analysis

Numerical analysis can be developed and provide

a computable estimator : εn(µ)

εn(µ) ⌘ ku(µ)− un(µ)k

… when such an a posteriori estimator is available

you can get an other approach to SVD/POD



Greedy algorithm

The POD/SVD is expensive since it is based on the 

preliminary evaluations of many solutions

that scan     well enough

u(µ)

S

The greedy algorithm builds the space recursively



Greedy

Start with one parameter value and compute

u(µ1)

This gives a first space X1 

and a first Galerkin method

and a first a posteriori estimator ε1(µ)

µ2 = argmax
µ
ε1(µ)

then the solution         is computedu(µ2)

.. this gives a second space X2 …

and a second a posteriori estimator



Application to Kohn-Sham : the wave functions









Hartree Fock model



S

Conclusion

We have presented various use of the reduced framework

These approaches are already useful per se
- EIM
- GEIM
- PBDW
- Reduced basis …

But you can go further by getting your space XN through data mining and classification to 

get a sense of the right elements in 
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Important I think with further  
data assimilation tools…
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post doc and PhD Positions @ ERC
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Thanks

Questions/remarks ??
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