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Wasserstein gradient flows

e domain Q € RY convex, bounded open
® energy £ : LY(Q;R,) — [0, +00], convex
o p0 e YR, E(P°) < +o0

de0 = V- (eV5[el) =0 in Qr=Qx(0,7),
QV&[Q]"’:O on szaQX(O, T)7
o(-,0) = p° in Q.



JKO scheme

® T time discretization step

Pr =P
pi € argmin, 5= W3 (p, p7 ") + E(p)-
dynamical formulation

|nf / /p]v\ dxdt + E(p(t™)),

with the constraints (p > 0)
Oep+V-(pv) =0 inQx ("1 "),

pv-n=0 on 9Q x ("1, t"),
p(t" ) =pt  inQ



Inf-Sup problem

[ ] m:pv

® ¢ is the Lagrange multiplier for the continuity equation

i “[ mp? £
inf,sup /tn_l /Q o, dxdt+ /t . /Q (p0r + m - V)dxdt
+ / [p(t" 1) — p(t™)p(t")]dx + E(p(t™)).
Q

minimize in m, m = —pV¢.

t" 1
supinf/ /(8t¢ — 2|V pdxdt
(;5 14 tn—=1JQ 2

4 [ 1878t = olepleldx + E(o().
Q



Dual problem

dual problem

aup [ty ot () - [ oe)n(ea]

subject to the constraints

06+ 5[ VOP <0 inQx (+771,17),
1)
RSt
o) = S ple) ae



Saddle point

® Monotonicity of the initial value of HJ (second membre — final
condition)

® Saturation of the inequalities
Optimality conditions :
e — %|v¢>|2 Z0, inQx (£L, 1)
Oep—V - (pV @) =0, inQx (t" 1 t")
with
p(t™ 1) = L, in Q

¢(t") = =—[p(t")], InQ



weighted H~! distance

1 1/2
(o) =yt ([ plvPax)
2 4 Q
with the constraints
p+V-(pv)=0 inQ
pv-n=20 on 09

dissipation

duality D(p; &) = (D*(p; )"

lo = pll g =

1 1/2
1l = ( [ ovupax) " =pie)

(D
D(p:p—u)zé

with 1 solution to
p—p—V-(pV) =0 inQ,
Viy-n=0 on0dS.



Linearized inf-sup problem

LJKO scheme

" — -1 € > 1.
p argfpr?é?THp o g FEG),

Change of variable (p,¢) — (p,m = —pV1))

2 n—1 _ .
- +V-m=20 Q,

inf ] ———dx+E&(p), subject to: ppr "

m |o 2Tp m-n=20 on 09Q.
saddle point

2

inf sup il dx—/(p—p;’_l)qﬁdx—i-/m-V¢dx+€(p),
pm 4 Jo 2Tp Q



Linearized optimality conditions

saddle point
sup [ g odx +inf [ (<0 JVoP)odx + (o).
o Ja rJa 2

optimality conditions

T o0&
o+ 21V = o,
5IVonE = i
n n—1

Pr=lr v (p2ver) =0,

T

monotonicity of discrete HJ equation = saturation constraints



Space discretization

Classicale finite volume mesh (ex: Cartesian grids, Delaunay
triangulations or Voronoi tessellations.)

e triplet (7, %, (xk)ker)

e cell K € T measure mk > 0.

® face 0 € ¥ measure m, = H9 (o) > 0.

* KeT, Xk of Xsuch that 0K = U,c5, 9. Uker Tk = .

e cell-centers (xx)ke7 orthogonal to K|L face of K,L € T,
same orientation as nk; outward w.r.t. K.

® Yot = {0 C 90N} are not involved (no boundary fluxes)
e Nk the neighboring cells of K
® d, = |xk — x|, diamond cell A,

® measure ma, = myd,/d, transitivity a, = m,/d,



Upstream weighted dissipation potentials

[2(R7) scalar product

<h7¢>T: ZhK¢KmK7 vh:(hK)Ke’]V(f):(¢K)Ke7‘7
KeT

%HﬁbHi’l dissipation,
P

D,}k_(p, ¢) = 1 Z Ao Po (¢K - ¢L)2 > O’

2
oEXL
o=K]|L
if
B S
pL if ok < &,

not symmetric D7-(p; @) # D3(p; — @)



Upstream weighted dissipation potentials Il

= {h = (h«)ker €R” | (h,1)7 =0}
Fr = {F = (Fio+ Fio)prjiex € B | Fo + FLo = 0}

discrete dissipation

>0, Vh e R],

mfZ(

oEX

subject to (continuity equat|0n)

hkmk =Y moFks,  VKET.
O'GZK

(F-)? _]o if F; =0and p, =0,

200 |+oo ifF,>0and p, =0,

upwind choice

po = pk if Fke >0, ppif Fiz >0,



Discrete duality

duality

Dr(pih) = supth. ¢)7 — Di(pi ). Vhe R{.

Dr(p:h) = Di(p: 9) = 5(h. &)
with (identification)

thK = Z 30Pa(¢K - ¢L)7 VK ¢ 7—7

oEY K
o=K]|L

Ok — PL
d, ’

or

Fo = po Vo =K|LeX.



Discrete JKO

Pr={peRL | {p,1)r = (p°,1)7} = (b° +R]) NRL.
convexity of p — Dr(p; u — p)
Dr(p;pn—p) = sipw - p, )7 — Dr(pi $).
discrete JKO
p" € a/r)gegn%DT(p: p" M —p)+Er(p), n>1

direct existence uniqueness (of p") and energy estimates



Inf-Sup problem

¢ Lagrange multiplier for

mK(p"_1 —p)= Z Mo Fko, VK eT.

oEYX K

minimize in Fx,, Fke = po ¢K ¢L

sup inf, (" —p,b); — % > aopo(dk — 1) + Er(p)-

oEL
o=K]|L



Optimality conditions

up inf (P"t—p, b)), - % > aopo(dk — 1) + Er(p)-

oEL
o=K]|L

Unique saddle point

_oer

- apK(p )7

Mo+ 5 Y an((9k — o))’

oEX K
(Pk — Pk Mk +7 > aspl (o — ¢7) =0
TEY K

up-winding leads saturation of the constraints



Monotonicity

the inverse of the operator ¢ — ¢ + 5|V ¢|? is monotone.

Gk (@) == ¢k + ﬁ Z ar (oK — ¢L)+)27 VK e T.

oEY K
o=K|L

min ¢ implies |[V¢|?> = 0

lemma
f € R7, there exists a unique solution to G(¢) = f, and it satisfies

minf < ¢ < maxf.
let ¢, (?) be the solutions corresponding to f and f then

fF>f = ¢>é.



Proof: f > f let K* be the cell such that
PKr — Prr = ;pelg (6K — bk)-
Prr — P < PL— b = Pk — b < bk — 1
- . 2
2mi > e (ke —o)h) < ﬁ > e ((W* - ¢L)+> ‘

PK > DK

® uniqueness of the solution ¢ of G(¢p) = f
® maximum principle

® Existence



Saturation of the constraints

the inf-sup rewrites supy inf >0

(p" 1 —p,d), — g Z a0po(dK — ¢1)* + E7(p)

oEYL

o=K]|L
= E7(p) + (p" =P b)r — 5D D aopk ((9k —00)*)’
K o€Xyg
o=K]|L

=&r(p)+(p" 1, b) — (. G())1-
at p", @" is optimal in

sup Er(p") + (p" . ¢) — (0", G()) -



Energy estimates

direct estimate
1 _ _
Er(p") + —Dr(p": ot = ") < Ex(p" )
improved estimate

Er(p") + 7D (p":0") + 705 (7 8") < Er(p™),

p" solution of classical backward Euler

(Fr—pk mx+7 > aepp(dk—d7) =0, Sk =—5"—(p")
O'GZK



Convergence

_oer

T 2
medk +5 > a((0k — D))" = 7—=(p"),
K®PK 2 UGZXK K L a,OK
(P = pic mk +7 Y a0pl(dk — ¢]) =0

oEX K

® weak solution of d;p — V - (QV%[Q]) =0
e Fokker-Planck, non linear diffusion without drift

PK
Er(p) = Z my [pK log o Vi
KeT

- pPK + e_VK]

e difficulty : 5|V ¢|? — 0 everywhere



Numerical simulations

Newton method u™k+1 = u™k 1 d*, d* = (dé,, df,)

ro= [ e 1)

ff; and ff, . discrete HJ and continuity equations at u™k. when
JX  diagonal, Schur complement.
p.p 4138

k k k =1 gk k k k k \—1 gk
[Jcb,cb o Jcb,p (Jp,p) ' Jp,qb] d¢ = ffb o J¢>,p (Jp,p) fp’

and dj = (J5 )7L (Fl— JK 5 db).



Numerical simulations, test cases

Stable and efficient for more energies

¢ Fokker-planck (gravity)
_ P -V
E(p) —/[plog—v —p+e T]dx.
Q e

Oro=0p+ V- (oVV) inQr,
with no-flux boundary conditions and initial condition.

® null zone: Porous medium

1
= L VvV
E(p) w1 TPV

Oip = Ap™ +V - (pV V),

® System : salinity intrusion



Fokker-planck (gravity)

T =3,7=0.01, h = 0.1493
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Fokker-planck (gravity) Il

T =3,7 = 0.0063, h = 0.0373

Dissipation
Dissipation
g

g
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time

024



Fokker-planck (gravity) Il

T = 3,7 =0.0001, h = 0.1493
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Porous medium
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Salinity intrusion

Of =V - (vfV(f+g+b))=0 inQx(0,T)
0ig —V-(gV(vf+g+b)=0 inQx(0,T)

with no-flux boundary conditions
Vf-n=Vg-n=0 ondQ x(0,T),

v = % is the ratio between the constant mass density of the fresh
and salt water. Wasserstein gradient flow with respect to the
energy

S(f,g):/ﬂ(%(f+g+b)2+1_TV(g+b)2)dx-



Salinity intrusion




Thank you for listening!



