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Motivation 1: Monge-Kantorovich Quantiles

I Given µ ∈ Prob(R), there exists a unique nondecreasing Tµ ∈ L1([0, 1])

satisfying Tµ#ρ = µ, with ρ = Lebesgue measure on [0, 1].
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I Tµ : spt(ρ)→ Rd is monotone: 〈Tµ(x)− Tµ(y)|x− y〉 ≥ 0.
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isovalues of MK depth
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(
minγ∈Γ(µ,ν) ‖x− y‖p d γ(x, y)

)1/p
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)
= ‖Tµ − Tν‖Lp([0,1])

In particular, (Probp(R),Wp) embeds isometrically in Lp([0, 1]) !

The previous embedding is false in higher dimension: (Probp,Wp) is curved.
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� W2,ρ(µ, ν) := ‖Tµ − Tν‖L2(ρ) −→ [Ambrosio, Gigli, Savaré ’04]
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−→ Embedding family of probability measures by family of functions in L2(ρ).

Possibility to apply the standard ”linear” statistics toolbox.

the space of (square-integrable) gradients of convex functions on X.

Riemannian geometry Optimal transport

point x ∈M µ ∈ Prob2(Rd)
geodesic distance dg(x, y) W2(µ, ν)

tangent space TρM TρProb2(Rd) ⊆ L2(ρ,X)
inverse exponential map exp−1

ρ (x) ∈ TρM Tµ ∈ TρProb2(X)
distance in tangent space ‖ exp−1

ρ (x)− exp−1
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What amount of the Wasserstein geometry is preserved by the embedding µ 7→ Tµ?



8 - 1

Motivation 3: numerical analysis of optimal transport

Theorem (Brenier, McCann) Given ρ ∈ Probac(Rd) and µ ∈ Prob(Rd),

∃! ρ-a.e. Tµ : Rd → Rd such that Tµ#ρ = µ and Tµ = ∇φ with φ convex.
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I Approximate µ by a discrete measure, for instance

µk =
∑
i1≤...≤ik µ(Bi1,...,ik)δ(i1/k,...,ik/k)

where Bi1,...,ik is the cube [(i1 − 1)/k, i1/k]× . . . [(id − 1)/k, id/k]
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2. Continuity of µ 7→ Tµ.
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I The Hölder exponent is terrible, but inequality holds without assumptions on µ, ν!



12 - 4
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Then, ‖∇ψµ −∇ψν‖2L2(Y ) ≤ C W1(µ, ν)α with α = 1
2d−1

Corollary: ‖Tµ − Tν‖2L2(ρ) ≤ C W1(µ, ν)α with α = 1
2d−1(d+2)

I The Hölder exponent is terrible, but inequality holds without assumptions on µ, ν!

I Proof of Berman’s theorem relies on techniques from complex geometry.
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2. Global, dimension-independent,
Hölder-continuity of µ 7→ Tµ.
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5 <

1
2 .

I The constant C(X,Y ) . diam(X)d+1 diam(Y ).

The exponent 1
5 is certainly not optimal...

I First global and dimension-independent stability result for optimal transport maps.



14 - 5

Main theorem

Thm (M., Delalande, Chazal ’19): Let X convex compact with |X| = 1 and

ρ = LebX , and let Y be compact. Then, there exists C s.t. for all µ, ν ∈ Prob(Y ),

‖Tµ − Tν‖L2(X) ≤ C W2(µ, ν)1/5.

I Gap between lower-bound and upper bound for Hölder exponent: 1
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I Proof relies on the semidiscrete setting, i.e. the bound is established in the case

µ =
∑
i µiδyi , ν =

∑
i νiδyi .
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The exponent 1
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I First global and dimension-independent stability result for optimal transport maps.
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Hessian of Φ and strong convexity

Proposition: I If ρ ∈ C0(X) and (yi)1≤i≤N is generic, then Φ ∈ C2(RN ) and

∀i 6= j, ∂Gi
∂ψj

(ψ) = 1
‖yi−yj‖

∫
Γij(ψ)

ρ(x) dx where Γij = Vi(ψ) ∩ Vj(ψ).

∀i, ∂Gi
∂ψi

(ψ) = −
∑
j 6=i

∂Gi
∂ψj

(ψ)

y1

y2

y2

y4

y5

Γ
15 (ψ)

(Recall that Gi(ψ) =
∫
Vi(ψ)

d ρ, ∇Φ = −(G1, . . . , GN ), DG = −D2Φ)
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I Consider the matrix L = DG(ψ) and the graph H:

I If Ω is connected and ψ ∈ E, then H is connected
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Corollary: Global convergence of a damped Newton algorithm.

[Kitagawa, M., Thibert 16]

NB: if Vi(ψ) = ∅, then 1{yi} ∈ Ker(D2Φ(ψ))

Proof:

Proposition =⇒ local strong convexity of Φ, albeit non-quantitative.
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Proof ingredients

I Proof gives a better Hölder exponent ( 1
3 -Hölder) for µ 7→ φν (no upper bound).

Thm (M., Delalande, Chazal ’19): Let X convex compact with |X| = 1 and

ρ = LebX , and let Y be compact. Then, ∃C s.t. for all µ0, µ1 ∈ Prob(Y ),

‖Tµ1 − Tµ0‖L2(X) ≤ C W2(µ1, µ0)1/5.
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3 -Hölder) for µ 7→ φν (no upper bound).

I Strategy of proof: let µk =
∑
i µ

k
i δyi for k ∈ {0, 1}, assume all µki > 0.

Consider ψk ∈ RY s.t. G(ψk) = µk, and ψt = ψ0 + tv with v = ψ1 − ψ0. Then,

Thm (M., Delalande, Chazal ’19): Let X convex compact with |X| = 1 and

ρ = LebX , and let Y be compact. Then, ∃C s.t. for all µ0, µ1 ∈ Prob(Y ),

‖Tµ1 − Tµ0‖L2(X) ≤ C W2(µ1, µ0)1/5.



18 - 4

Proof ingredients

I Proof gives a better Hölder exponent ( 1
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Combining a) and b) we get ‖ψ1 − ψ0‖2L2(µ0) . |〈µ
1 − µ0|ψ1 − ψ0〉|

≤ Lip(ψ1 − ψ0) W1(µ0, µ1)
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.W2(µ0, µ1)
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A toy application
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Example: k-Means for MNIST digits
MNIST has M = 60 000 images grayscale images (64× 64 pixels) representing digits.
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T ` = Tµ` ∈ L2([0, 1],R2) [OT map from ρ = Leb[0,1]2 to µ`]

Each cluster Xk ⊆ {0, . . . ,M} yields an average transport plan Sk = 1
|Xk|

∑
`∈X T

`,

and Sk#ρ is the ”reconstructed measure”.

S3
#ρ
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Summary

Optimal transport can be used to embed of Prob(Rd) into L2(ρ,Rd), with

possible applications in data analysis. Computations can be easily performed using

https://github.com/sd-ot
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Summary

Optimal transport can be used to embed of Prob(Rd) into L2(ρ,Rd), with

possible applications in data analysis. Computations can be easily performed using

Thank you for your attention!

https://github.com/sd-ot

The analysis of this approach relies on the stability theory for µ 7→ Tµ,

both with respect to W2, which has many open questions.

(Perspective: using φµ instead of Tµ = ∇φµ could give a better stability properties?)
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Numerical example

ψ0 = 1
2‖ · ‖

2

Source: ρ = uniform on [0, 1]2,

Target: µ = 1
N

∑
1≤i≤N δyi with yi uniform i.i.d. in [0, 1

3 ]2
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Numerical example

ψ0 = 1
2‖ · ‖

2

Source: ρ = uniform on [0, 1]2,

Target: µ = 1
N

∑
1≤i≤N δyi with yi uniform i.i.d. in [0, 1

3 ]2

ψ1 = Newt(ψ0) ψ2 = Newt(ψ1)

Convergence is very fast when spt(ρ) convex: 17 Newton iterations for N ≥ 107 in 3D.

NB: The points do not move.
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Kantorovich duality

= minφ⊕ψ≥〈·|·〉
∫
φd ρ+

∫
ψ dµ

I Let ρ, ν ∈ Probac
1 (Rd) and Γ(ρ, µ) = couplings between ρ, µ,

T (ρ, µ) = maxγ∈Γ(ρ,µ)

∫
〈x|y〉d γ(x, y)

= minψ K(ψ) + 〈ψ|µ〉
Legendre-Fenchel transform:

ψ∗(x) = maxy〈x|y〉 − ψ(y)

Kantorovich duality

where K(ψ) =
∫
ψ∗ d ρ.

I Relation to the Brenier map.

d
d tK(ψ + tv) =

∫
v dµ[ψt]

K(ψ + tv) =
∫
ψ∗ d ρ =

∫
(ψ + tv)∗(∇ψ∗) dµ[ψ]

The quantitative continuity µ 7→ arg minψ K(ψ) + 〈µ|ψ〉 is related
to the strong convexity of K.

Lemma: ∇K(ψ) = µ[ψ] where µ[ψ] = ∇ψ∗|# ρ.

I.e. ψ minimizes K(·) + 〈·|µ〉 ⇐⇒ µ[ψ] = µ

⇐⇒ T = ∇ψ∗ is the Brenier map between ρ and µ.


