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The pre-image problem
from a topological perspective

Steve Oudot




Preimage problem in data Sciences

Features f’f

feature design .

or learning . .

bag of words, word2vec
shape contexts, heat kernels

node2vec, Laplacian fact., rand. walks

dim. reduction, auto-encoders, etc.
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Preimage problem in data Sciences

feature design
or learning

Can the feature map be inverted?

- Right inverse (3 preimage): interpretable Al

- Left inverse (3! preimage): reliable interpretation

)

Features

Scenarios: feature interpretation, deep learning, inverse problems, etc.
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Topological Data Analysis ( TDA) pipeline
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Topological Data Analysis (T DA) pipeline
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Topological Data Analysis (T DA) pipeline
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Topological Data Analysis (TDA) pipeline

Vectorization

injectivity? injectivity

surjectivity? surjectivity BN
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Mathematical framework:

compact mspaces

mod isometries
(GH-distance)

_> discrete measures _> RKHS
-7 \(Wasserstein dist.)/ (inner-product)




Topological Persistence (in a nutshel)

Ra
X topological space

f: X — R (filter)

persistence

\/
Dgm f

signature: persistence diagram

encodes the topological structure of the pair (X, f)




Topological Persistence (in a nutshel)

Inside the black box:

o Nested family (filtration) of sublevel-sets f~!((—o0, a]) for o ranging over R

e Track the evolution of the topology throughout the family (homology)

R A
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Topological Persistence (in a nutshel)

Inside the black box:

o Nested family (filtration) of sublevel-sets f~!((—o0, a]) for o ranging over R

e Track the evolution of the topology throughout the family (homology)
e Finite set of intervals (barcode) encodes births/deaths of topological features




Topological Persistence (in a nutshel)

Inside the black box:

e Nested family (filtration) of sublevel-sets f~!((—o0, a]) for o ranging over R

e Track the evolution of the topology throughout the family (homology)
e Finite set of intervals (barcode) encodes births/deaths of topological features

e Equivalent representation as a discrete
measure in the plane (pers. diagram).




Topological Persistence (in a nutshel)




Example: distance function

f: X=RIR
T — mingep ||z — p||2




Example: distance

f: X=RISR
T — mingep ||z — p||2
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Example: distance function

f: X=RIR
T — mingep ||z — p||2
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Example: distance function

f: X=RIR
T — mingep ||z — p||2
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Example: distance function

f: X=RIR
T — mingep ||z — p||2
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Example: distance function

f: X=R*—=R
T — mingep ||z — p||2
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Example: distance function

f: X=R*—=R
T — mingep ||z — p||2




Example: distance function

f: X=R*—=R
T — mingep ||z — p||2




Vanilla pipeline
AT
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Vanilla pipeline

*w% H@“
™

metric space (P, d)

X =2\ {p

fZO':{p(),

Rips filtration R(P):

(geometry) *

Union of balls / Rips complex

. DR} 1<rflgx<kd(pz,pg)

Ri(P) == [~ ((—00,1])

—

(homology)

pers. barcode/diag.
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constructions, approximations)

Many variants (filters, topological
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density estimators projections

others:
e non-linear projections
® curvature measures
e PDE solutions (heat, wave)

® ctc.

single-source distances



Software

orér GUDHI Sy siszan™

http://gudhi.inria.fr/

» reference library in TDA (encompasses all aspects)
» 60k downloads in the last 12 months
» developers community, editorial board

» competitors (specialized on specific aspects of the TDA pipeline):

Dionysus, PHAT, DIPHA, RiIPSER, EIRENE



The problem

compact metric space persistence barcode/diagram

Lipschitz op (filter)

right inverse: realize barcode as the PH of some isom. class

left inverse: characterize isometry class uniquely



Right inverses for Topological Persistence

Fact: [Moore spaces] Any finitely generated Abelian group can be realized as
the (reduced) homology of some topological space.

bouquets of spheres

10



Right inverses for Topological Persistence

Fact: [Moore spaces] Any finitely generated Abelian group can be realized as
the (reduced) homology of some topological space.

Thm: Any locally finite point cloud in R? can be realized as the (extended)
persistence diagram of some function on a topological space.
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bouquets of spheres handlebody theory

10



Local right inverses

point cloud Rips filtration barcode

11



Local right inverses

S
SRy

point cloud Rips filtration barcode

nd 2m—+n
Pe) > @D

ordered point clouds ordered barcodes
with n points in R% with m bounded and
n unbounded intervals

(7 smooth structure on Bar)
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Local right inverses

48 t: #‘ “;:H.: .
&% - a% %@
PR N

point cloud Rips filtration

v E RQm—I—n

P c R™ |

A\

Thm: [Gameiro, Hiraoka, Obayashi '16]

(i) Generic point cloud = 3U > P in R™% over which the mapping P — v can
be extended to a function B : U — R*™ 1™ computing ordered barcodes.

(ii) For U small enough, B is of class C*°.

Observation: order of distances is constant in small enough U.
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Local right inverses

RZm—I—n
.............. >
3B Qumin
Local lift: e v
M= Filter(K = 200+ m\OH —— Bar

|
Rnd

Observation: order of distances is constant in small enough U.
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Local right inverses

Local lift:

I d,

@\ |- I12

Observation: order of distances is constant in small enough U.
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Local right inverses

|-l

(smooth) HB
Local lift:

M =~ Filter(K = 2{1- mM\{0}) 4:

ng
|
@\ lefeology theory push smooth
|-l struct. on R2m+” down to Bar

Thm: [Gameiro, Hiraoka, Obayashi '16]

(i) Generic point cloud = 3U > P in R™% over which the mapping P — v can
be extended to a function B : U — R*™ 1™ computing ordered barcodes.

(ii) For U small enough, B is of class C*°.

Observation: order of distances is constant in small enough U.
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Local right inverses

~

-““7
3B

RQm—I—n

Qm,n

Y

> Bar

M ? Filter(K)

Dgm
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Local right inverses

Applications:

Optimization / ML: (gradient back-propagation)

A
e

=

ALY
S
S5

£

ars
7AYAN
VAV

AVRATSS
WAV
S
5
k]
yd 4 S

WERE
74
(5755
N/

Ve,

A A

19 9%,

A
L5
vy
Wi

L

e

AN

KO

\f\ e
¥
£
7\

>
L
f—
f—
f—
f—
—
f—
f—
f—
—
f—
-
—
—
—
—
—
—
—

w(-)o(:)

w(-)o(:)

o [l = |

[Carriere et al. '19] [HJ

[

w()o() |

T

i =

o

-

L IF

11



Local right inverses

Applications:

Optimization / ML: (gradient back-propagation)
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| eft inverses?

e distance functions

a > /2

Dgm R(P) = {(0,+0c)} L {(0,1)} L {(0, 1)}

= diagrams for different values of « are indistinguishable
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| eft inverses?

e distance functions

Prop: For any metric tree (P, d):

DgmR(P) = 1(0, +00)}

= no information on the metric

X is O-hyperbolic

= metric balls are convex

—> geodesic triangles are tripods

12



| eft inverses?

e distance functions

= no information on the metric

e real-valued functions

= Invariance under homeomorphisms, not just isometries

12



Persistent Homolo

(X,dx) (compact)

J = {f’w}wEW

Transform (PHT

PHT(X)={Dgm fu, | w € W}

> PHT(X)

®
Dgm f,,

(discrete measures, W)

13



PHT for compact subanalytic sets in R

Focus: compact subanalytic sets in R“ gd—1

PHT: F = {fu},esa—1 where fi, = (-, w)
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Thm: [Boyer, Curry, Mukherjee, Turner 2014, 2018]
[Ghrist, Levanger, Mai 2018]

With F = {(:,w)},esa—1, PHT is injective on
the class of compact subanalytic sets in R¢.

Still true for a finite (O(2%)) set of directions if
we restrict to geometric simplicial complexes.
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PHT for compact subanalytic sets in R

Formalism: McRE A 1. :RE— 7

compact constructible
subanalytic

14



PHT for compact subanalytic sets in R

Formalism: MCR? A~ 1,,:RY 57

compact constructible
subanalytic A
CF(R%) T (S%! - Bar)
Ny
]].M ECT X
(S=1 — CF(R))

ECT(1x):| S* ' — CF(R)

v o—> <tl—>/]lM]lx.U§t dxzx(Mﬂ{zéRd|$°U§t})>
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compact constructible
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PHT for compact subanalytic sets in R

Formalism: MCR? A~ 1,,:RY 57

compact constructible
subanalytic A
CF(R%) T (S%! - Bar)
Ny
]lM ECT i 70
(S=1 — CF(R))

ECT(1x):| S* ' — CF(R)

Thm: For 15/,1x € CF(R%): ECT(1y) = ECT(1y) = 1y =1y

v o—> (tl—>/]lM]lx.U§t dxzx(Mﬂ{zéRd|$°U§t})>

14



PHT for compact subanalytic sets in R

Formalism: MCR? A~ 1,,:RY 57

compact constructible
subanalytic

PHT

CF(RY)
W Radon transform
i T CF(R%) — CF(AffGry)

(Sd_1 _ CF(R)) Inversion theorem
[Schapira 1995]

ECT(]IM) .

X(Mﬂ{xGRdlaz-vgt})>

Thm: For 15/,1x € CF(R%): ECT(1y) = ECT(1y) = 1y =1y
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PHT for compact length spaces

Focus: compact length spaces (X, dx)

PHT: F ={dx(-,z)}zex

15




PHT for metric graphs

Focus: compact metric graphs (1-dimensional stratified length spaces)

PHT: F ={dx(-,z)}zex

Thm (stability): [Dey, Shi, Wang 2015]
For any compact metric graphs X, Y,

du(PHT(X), PHT(Y)) < 18deu(X,Y).

Thm (density): [Gromov]

Compact metric graphs are GH-dense
among the compact length spaces.

Q: injectivity of PHT on metric graphs?

16



P

HT for metric graphs

Bad news: PHT is not injective on all compact metric graphs

PHT(X) = PHT(Y) while X 2 Y

16



P

HT for metric graphs

Bad news: PHT is not injective on all compact metric graphs

PHT(X) = PHT(Y) while X 2 Y

Note: Aut(X) is non-trivial, hence Vx : x — Dgmdx (-, x) is not injective

16



PHT for metric graphs

Let Injg = {X compact metric graph s.t. Ux is injective}

Thm: (injectivity) [O., Solomon '18]

e PHT is GH-/ocally injective on compact metric graphs.

e PHT is injective on Injy.

e Injy is generic among the compact metric graphs.

——) PHT is injective on a dense subset of the compact length spaces

16



PHT for compact metric measure spaces

Let (X,d, ) be a compact metric (Borel) measure space

Distance kernel operator:

D™ L*(X) —

/f d(z, y)dp(y

17



PHT for compact metric measure spaces

Let (X,d, ) be a compact metric (Borel) measure space

Distance kernel operator:

D™ L*(X) —
/ F)d(, y)du(y)
Hilbert-Schmidt op. = eigenvalues |A\1| > |A2| > ---, assumed simple wlog
Choose unit eigenfunctions ¢1, ¢2, - - -, such that {(¢;, |¢:]) > 0
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PHT for compact metric measure spaces

Let (X,d, ) be a compact metric (Borel) measure space

Distance kernel operator:

/f

D™ L*(X) —

d(z, y)du(

Y)

Hilbert-Schmidt op. = eigenvalues |A\1| > |A2| > ---, assumed simple wlog

, such that (¢, |¢i|) > 0

Choose unit eigenfunctions ¢1, ¢2, - - -

Mapping: &~ : X — C*=

X = (Vg1 VAzga, - -

P = @fék

)

note:
d(z,y) = > ;en Ni®i(x)di(y)
— ZiGN m¢z($)m¢z(y)

17



PHT for compact metric measure spaces

Let (X,d, i) be a compact metric (Borel) measure space

Thm: [Maria, O., Solomon '19] If u is strictly positive on open sets, then
d* : X — C* is a topological embedding

Thm: [Maria, O., Solomon '19] Let d,d’ be metrics on X, and let u, '
be strictly positive measures on X such that u is absolutely continuous
w.r.t. u’'. Then,

H(X-dn) (X) = (I)(X,d’,u’)(X) — . 4=

17



PHT for compact metric measure spaces

Let (X,d, i) be a compact metric (Borel) measure space

Thm: [Maria, O., Solomon '19] If u is strictly positive on open sets, then
d* : X — C* is a topological embedding

Thm: [Maria, O., Solomon '19] Let d,d’ be metrics on X, and let u, '
be strictly positive measures on X such that u is absolutely continuous
w.r.t. u’'. Then,

H(X-dn) (X) = CID(X’d/’“/)(X) — . 4=

Pb: the Euclidean PHT and ECT apply only to finite-dimensional spaces

17



PHT for compact metric measure spaces

Let (X,d, ) be a compact metric (Borel) measure space

Fix £k € N.

d* : X — C* ~ R?** may not be an embedding... but it doesn’'t matter
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PHT for compact metric measure spaces

Let (X,d, i) be a compact metric (Borel) measure space

Fix £k € N.

d* : X — C* ~ R?** may not be an embedding... but it doesn’'t matter

X — &~ may not be injective... but we can bound its fibers:

Thm: [Maria, O., Solomon '19] Assume ®; (X)) = ®; (Y), under the same
conditions as previously. Then, dgu(X,Y) < Ex ;. + Ey k, where Ex g
measures the sup-norm difference between d and its order-k eigenfunction

expansion (z,y) = >y Aigi(z)di(y).

Cor: [Maria, O., Solomon '19] Assume ®; (X) = ®; (Y), where X,Y are
finite or have finite non-zero spectrum. Then, under the same conditions
as previously, and for k large enough, X and Y are isometric.

17



Thank you



