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S smooth proj. surface. py(S) = h°(S, Ks) > 0, H'(S,Z) =0
H ample line bundle on S

moduli space of rank r H-semistable sheaves

ME(r,ci,00) = -
s(r,ci,¢2) on S with Chern classes ¢y, ¢

& semistable <= ho(rf’(’;()”)) < ho(rf’é()”)) for all 7 c & for n>> 0.

& stable: < forF C &
Assume for simplicity stable=semistable)
M’S"(r, c1, C2) is projective, usually singular, expected dimension

vd = vd(r, ¢y, 6) = 2rc; — (r — 1)c2 — (r2 — 1)x(Os).
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Vafa-Witten invariants

Vafa and Witten (1994): explicit conjectural formula for
gen. function of "e(M(2, ¢1, ¢2))", in terms of modular forms
This generating function also contains other invariants

Recently Tannaka-Thomas defined Vafa-Witten invariants in
terms of moduli spaces of Higgs pairs on S.

(S, H) proj. surface with ample divisor
A Higgs pair on Sis a pair (&, ¢) with
@ & torsion free sheafon S
@ ¢: & — & ® Kg homomorphism with tr¢p = 0

N := NE(r, ¢, c2) := rank r H-stable Higgs pairs
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Vafa-Witten invariants

N := NE(r, ¢y, c2) := rank r H-stable Higgs pairs

N admits symmetric obstruction theory, T,(,ir virtual tangent
bundle
N is not compact, but has C*-action

and N©" is compact.
Then Tanaka-Thomas define invariants by formal virtual

localization 1

1 ::/ YR
[Nvir] [N(C*]vir e(c (VVlr)

vI' = moving part of Tyi| e
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Vafa-Witten invariants

Decomposition parametrized by partitions of r
A

NS parametrizes (£, ¢) with

& = @& weight decomposition, rk & = A;
with ¢ : & = Ei_y,  (dle,,, = 0)

The horizontal component is Nécr; with ¢ = 0

Thus Nécr; =MY(r.ci, o)

The vertical component is NEC*,)
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Vafa-Witten partition function:

fK (r,cq,C
ZSU(I‘) (q) — rf'l r S q 2;’ 2) 1)vd(r,c1,02) / 1
SH.e [NE(r.c1,co)]
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Vafa-Witten partition function

Vafa-Witten partition function:

su - % A0y v
Zs,H(,g(CI) =rlqg 2 q g (1) d(r’c1’02)/ 1
[INE(r,cq,c0)]
By definition

suU _
Zs,H(,rc)1 (@)=r" Zzg\,H,q (9)
)

with Zg ;, ,, contribution of N}~
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Vafa-Witten partition function

Moduli of sheaves ME(r, ¢1, ¢2) carries perfect obstruction
theory defined by Mochizuki of virtual dimension vd(r, ¢1, ¢)
Virtual tangent bundle T)I* € K9(M), virtual fundamental class
(M € Au(M) | |

Virtual Euler number e""(M) := f[M]\,ir cva(Ty")
Tanaka-Thomas:

e"ir(Mg’(r, 01’02)) — (71 )Vd(r,c1,cg)/ 1
[N(r) (r C1702)]
Thus
_X(O ’KS vd(r,cq,0) Vit
Zéf%,q (@)=""7 T2 ) qg = e"(ME(r.cr, )

Co

i.e. Vafa-Witten partition function contains generating function
of virtual Euler numbers of moduli of stable sheaves
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S-duality

Modular form of weight k: holomorphic function
f:H={reC|S(r)>0} — C satisfying

ar+b . k a b
f<07+d> = (cT + d)*f(7), (c d> € Sl(2,2),
1N (0 -1\ »
T_<O 1>g|vesTv—>T+1,S_<1 O)gIVGSTHT

Furthermore should have
f(r)=) _anq", ancC, qg=¢é""
n>0

A modular function is a quotient of two modular forms of the
same weight. Modular functions form a field

We also have modular forms for finite index subgroups of
SI(2,Z), e.q.

Fo(N) :={ <i Z) € Sl(2,7) ‘ c=0 mod N}.
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S-duality predicts the behaviour of Zssg,(g (q) under modular
transformations
Langlands dual partition function:

tsu SuU 2mi
Z5(q) = 3 erOZenma), er=e7
weH2(8,2)/(rH2(S,Z))

Conjecture (Vafa-Witten S-duality)
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e(S)
sy =1y 3 rT\ "z SLsu(r)
ZsHo(—) = (=fFes) (T) Zshar (1)




Introduction and Background

(o] ]

S-duality

S-duality predicts the behaviour of Zssg,(g (q) under modular
transformations
Langlands dual partition function:

tsu SuU 2mi
Z5(q) = 3 erOZenma), er=e7
weH2(8,2)/(rH2(S,Z))

Conjecture (Vafa-Witten S-duality)

Letq=€*"",reH={reC|S(r) >0} Then

e(S)
suin =1y _ )(0s) (IT\ 2 Stsu(n)
ZS’H”Q(?) _ (—1)(="x(©s) (T) ZS30(7)

interchanges contributions of Nécr; and Nﬁﬁ)

If r is prime Thomas shows that Z§7,1,7C1 =0for X #(r), (17)

Using S duality, if r prime, Zg;/),q (q) determines 25%(2 (9)
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®0

Structure formula

Laarakker: Structure formula for Zg ,3 ¢ (9)

1
n@)=q=[[0-9¢"),  A@) =n@*
n>0
1 1
) = alv—tav=ta)  pcyg =—(r,r—1,...,1
Ar,[(q) VEZZ, qz ; , 4a r+1 (r> r )

eta-function, discriminant modular form and theta function for
the A, lattice
(,) is defined on standard basis (e;); of Z" by the matrix

2 -1 0 ... 0 0
1 2 -1 .. 0 0
((ei &), =

o o o ... -1 2
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Structure formula

Laarakker: Structure formula for Zg ,3 ¢ ()

n(@) =g [[(1-q",  Aq) =n(q)?*

n>0

Oa.0(q) = > qelvtav-ta  ycy  g= rjr1(r,r —1,...,1)
vezr

eta-function, discriminant modular form and theta function for

the A, lattice

(,) is defined on standard basis (e;); of Z" by the matrix

2 1.0 ... 00

1 2 -1 .. 0 0
((ere)y=1 ..

0 0 0 .. -12

1 a—-berH?(S,7)

Fora,b e H*(S,Z) put 6,p = .
’ 0 otherwise
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Structure formula

Deal only with proj. surf. S with pg(S) > 0 and H'(S,Z) =0

Theorem (Laarakker)

Fix r > 0. There are Cy, (Cj)1<i<j<r—1 € Q((q%)) s.th for all (S, H)
polarized surface as above, ¢, € H*(S,Z) we have

Z.'glrj,q(Q) = <(r_A1()(;:)1 )X(Os) (W) —K2

x Co(q)"¢ S by H sw(g) [] Ci(q)**

BeH?(S,Z) " i<j
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Structure formula

Deal only with proj. surf. S with pg(S) > 0 and H'(S,Z) =0

Theorem (Laarakker)

Fix r > 0. There are Cy, (Cj)1<i<j<r—1 € Q((q%)) s.th for all (S, H)
polarized surface as above, ¢, € H*(S,Z) we have

@ e ()TN o, o)) I
2= () )
x Co(q)s Y mw,HSW ) I Ciq)?*

BEH?(S,Z) 1 i<

W(;) is Seiberg-Witten inv. of 8; € H?(S,Z). If S is minimal of
gen. type SW(0) = 1, SW(Ks) = (—1)X(©s), rest vanish
Have A(q) in the formulas because of the mvanants of K3 surface,
and theta functions for A,-lattice because of blowup formulas relating
the invariants of a surface and its blowup in a point
Put

0r5.0 (@) =Co(@ Y o H sws) I Ci(a)?™

BeEH?(S,7)—1 i<j
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¢r,S,c1 (9) = CO(Q)K§ Z 501 >, i6i H SW(3)) H Cij(q)ﬁiﬂ/

BeH?(S,z) " i<j

We have conjectural formulas for the ¢, s, (q) for r <5
For simplicity assume S is minimal of general type
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Formulas for vertical invariants

$r5e(@)=Co(@ Y G s H sw(s) [ Ci(q)*™

BEH2(S,Z)r—1 i<j

We have conjectural formulas for the ¢, s, (q) for r <5
For simplicity assume S is minimal of general type

Put ta, +(q) := 2(q), with

eA, Z:qvﬁavfa7 EEZ, a—=

vez’

1,1
r+1(r7r Y ) )

1 a—-berH?*(S,7)

Recall §,p =
ab {0 otherwise
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2
KS

K2 K2 K2
$3,.5,61 = Ocy ,OtAfA (X+ + X—S) + (501,Ks + 501,*Ks)(_1 )X(OS)tA:,1

With X.. the roots of X* — 4t5 X + 4ta, 4
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Formulas for vertical invariants

r=2

r=3
Conjecture (G-K)

2
KS

K2 K2 K2
$3,.5,61 = Ocy ,OtAfA (X+ + X—S) + (501,Ks + 501,*Ks)(_1 )X(OS)tA:A

With X.. the roots of X* — 4t5 X + 4ta, 4

Theta functions come from blowup formula, but already in case
r = 3 formula is more subtle.
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Formulas for vertical invariants

rank 4: Ramanujan’s octic continued fraction

v2gs _ V2n(q)n(g*)?
? UCOL

o) =
1+q A
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Formulas for vertical invariants

rank 4: Ramanujan’s octic continued fraction

u(q) = v2q: _ V2n(@n(a*)
T @

149+ T

1+‘72+1+q(73+

Z_ 71 K2 Z1_Z Ks
Sy 50 = 5c1,0{< — SN _1) "'( = 2\—4 ) }
tA372u(q ) -Z tAs,ZU(q ) -Z

1 2 -1 _ 2
a0 N (=) () )

o+ (Bou s + 8,16 G { (14 (@) )" + (1) (u( ) +1)€

where Z,Z ' rootsof Z —6u~* +Z ' =0.
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Formulas for vertical invariants

rank 5 Rogers Ramanujan continued fraction

(1—gon—1 o
(@) = 20 = @ lnso (==

6
iofi -5 5 _ (nq)
It satisfies r 11 —r = (n(qs))
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Formulas for vertical invariants

rank 5 Rogers Ramanujan continued fraction

5!7 1)(1 q5n 4)

r(q) = 1+q7 = q5 Hn>o W
1+1ff
6
iofi -5 5 _ ( n(q)
It satisfies r> — 11 —r°> = (n’(qs)) Put

Br = g5ta (3r°+2-8r°), 2= gita,2(8r° +2-3r%).

Conjecture

or o =5 [ PEE) L[ XEY2 + X2y2 + zxeye\?
5,5,c1 —Y%:;,0 B4 Ba Z 51 B2 7515 515
2 2 2
+ (8cy ks + 501,_,(8){ 1Ks + (—1)x(0s) (st + st)}

4 (501,2KS a4 5017_2KS){ﬂ2 ( ) (Os)(yfg + Yfé)}

28
%8
%8

lev
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Formulas for vertical invariants

rank 5 Rogers Ramanujan continued fraction
. q 5!7 1)(1 q5n 4)
@) = 75 = ¢ Moo frgrrii—g)

1+1ff

iafi -5 5 n(q) 6
It satisfies r>—11 —r° = (n(qs)) Put
Br = gsta1(3r°+2-8r%), fo = j5la 2(8r°+2-3r°).

Conjecture

or o =5 [ PEE) L[ XEY2 + X2y2 + zxeye\?
5,5,c1 —Y%:;,0 B4 Ba Z 51 B2 7515 515
2 2 2
+ (8cy ks + 501,_,(8){ 1Ks + (—1)x(0s) (st + st)}

+ (50172/(8 + 5017—2Ks){52 ( )X(OS)(Yfg + Yfé)}v
Xy, Yy, Z,Z7 " roots of
G~ $in(Aiay —1) (6> DX+ 888G 1) <o,
$B2(Batz, — 1) (1 - 3r%) Y + $83(1 — 8r%) =0,
zf 2—65(8r*5— 13 -8r5) +Z~1 =0.

28
%8
%8

lev
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Formulas for vertical invariants

In all these cases Cp and the Cj; are modular functions, in a
finite algebraic extension of the field of modular functions on
Fo(r)

We also have partial results in ranks 6, 7, expressing (some of)
the Co, Cj in terms of the t4,_, , and the Hauptmodul
(generator) for I'y(r) by algebraic equations.



Horizontal Vafa-Witten inv.
[1e]

Structure conjecture

We conjecture a similar structure formula to Laarakker’s
formula also for the horizontal Vafa-Witten invariants (virtual
Euler numbers of moduli spaces of sheaves)



Horizontal Vafa-Witten inv.
[1e]

Structure conjecture

We conjecture a similar structure formula to Laarakker’s
formula also for the horizontal Vafa-Witten invariants (virtual
Euler numbers of moduli spaces of sheaves)

The A/ lattice is defined as Z" with bilinear pairing (-, )"
determined by the inverse of the matrix defining (-, -)

A,\/,f Zezﬂ/ve ,0,. 7)> q < > , KGZ’
vezr
©av.0(q)

ay.o(q) = Oav ¢(q)
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Structure conjecture

Conjecture

Given r > 03 Dy, (Dj)1<i<j<r—1 € C[[qz]] s.th. for all (S, H, ¢1)
e""(MH(r, ¢, c2)) is coefficient of qzr*4(r¢1:02)~2x(Os)+5KE of

__ K2
r2+K&-x(0s) 1\ (enr 0@\ ¢
A(gr)z n(q)’

<Do(@)¢ > J[Pesws) ] b)”

Berr(Szy 1 i i<
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Structure conjecture

Conjecture

Given r > 03 Dy, (Dj)1<i<j<r—1 € C[[qz]] s.th. for all (S, H, ¢1)
e""(MH(r, ¢, c2)) is coefficient of qzr*4(r¢1:02)~2x(Os)+5KE of

o —K2
r2+KE=x(0s) 1 Ko 4y ,0(q) ’
A(gr)z n(q)"

<Do(q)$ Y [ sws) 1o

BeH?(S,z) =" i i<j

We put , ' s
Yrse =Do(@)s > [P sw)]] ;"

BEH2(S,Z) =1 i i<j
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and the Dy are related to Co and the C; by a modular
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Putq = €*™'", r € H. Then
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S-duality

S-duality is more or less equivalent to the conjecture that Dy
and the Dy are related to Co and the C; by a modular
transformation

Putq = €*™'", r € H. Then

Do(r) = Go( =), Dy(r) = Gy )
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BeH2(SZ)—1 i i<
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BeH2(S,z)—1 i i<j

Assume the above conjecture holds. Then i, s ¢, (q) is
obtained from ¢, s ¢, (q) by replacing

lKsc
o 501,€K3 bygf' s 17
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Assume the above conjecture holds. Then i, s ¢, (q) is
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S-duality

Urse = Do(@ Y [P sws) [ Dj”

BeH2(S,z)—1 i i<j

Assume the above conjecture holds. Then i, s ¢, (q) is
obtained from ¢, s ¢, (q) by replacing

Q ¢, ks by e,
Q ts_,.0(q) by tar  «(q).

1
Q forr = 4 replacing u(g?) by M92)n@°)7
n(g#)3
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S-duality

Urse = Do(@ Y [P sws) [ Dj”

BeH2(S,z)—1 i i<j

Assume the above conjecture holds. Then i, s ¢, (q) is
obtained from ¢, s ¢, (q) by replacing
o 501 ,ZKS b.y Ef'KSC1 b
Q 4, ,(9) by tar (),
1 1
Q forr = 4 replacing u(q?) by M92U9®)S
n(q#4)®

, 1— ,
Q forr =5 replacing r(q) by frr((g)) with o = 145
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Nﬁt) param. (E, ) with
E=®E, rk(E)=1, ¢:E—E 1®Ks

i.e. E = lz®L;, Z € SI"l = Hilb"(8), L; € Pic(S), with Lj_y ® LY ® Ks
effective
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NG, param. (E, ¢) with
E = @E;, rk(Ei) =1, ¢:E—-E_ 1®Ks

ie.Ei=ly®L;, Zec Snl = Hilb"(S), L; € Pic(S), with Li_1 ® LY ® Ks
effective
For il = (Mo, ..., nry) € Z%,, and B € H?(S,7)" " effective define

r—1 r—1
S =T[s™. 151=T] 8

i=0 i=1
and the nested Hilbert scheme

ST = {0, Z1,Ctr o, Cra) | I2(=C)) € lz, } € ST x| B
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NG, param. (E, ¢) with
E = @E;, rk(Ei) =1, ¢:E—-E_ 1®Ks

ie.Ei=ly®L;, Zec Snl = Hilb"(S), L; € Pic(S), with Li_1 ® LY ® Ks
effective
For il = (Mo, ..., nry) € Z%,, and B € H?(S,7)" " effective define

r—1 r—1
s =T s, [8]=]]s
i=0 i=1

and the nested Hilbert scheme

STV = (Zo,.. 21, Crr. . Coy) | I2(~C)) € I,y © ST x| ]
Kl

o . : Ny
U, NE(r, c1, cg)((%,) is isomorphic to a union of certain S% ]
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Putting

'/+Z 2r ’2

Q(a1,...,a,_1)::—

i<j

NE(r, ¢, 02)83 is isomorphic to the union of the stable Sg]

such that
r—1
¢ =) i(Ks—p;) mod rH*(S,Z)
i=1

|Tf|+ C1+Q(Ks—ﬁ1,---,Ks—ﬁr_1)
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Gholampour-Thomas: define virtual fund. class on S[g],

coinciding with that on N from virtual localization
Write Z; pullback of i universal ideal sheaf to S x Sl x | 7,
7:8x S x [F] = 8T x [F]
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Gholampour-Thomas: define virtual fund. class on S[g],

coinciding with that on N from virtual localization

Write Z; pullback of i universal ideal sheaf to S x Sl x | 7,
7:8x S x [F] = 8T x [F]

Then the pushforward of [Sgl]Vir to SI71 x |3 is

r—1

[1sW(B)e(RT(S,05(8)) ® O — RHom(Ti—1,Z(5)))

i=1

ﬂ[S[mxptx...xpt].
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For effective F consider line bundles Ly, ..., L,_4 with

Ks — Bi = ¢i(Li—1) — (L) and Y] ¢ (Li) = ¢4

On S x Sl x | | have line bundles £; = L; © Kf_, 0}, (1)
Puté =0 @ L x

Get tautological equivariant Higgs pair ¢ : £ —: £ ® Kg
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For effective F consider line bundles Ly, ..., L,_4 with
Ks— Bi = ci(Li—1) — (L) and 3729 ¢ (Li) = ¢4

On S x Sl x | | have line bundles £; = L; © Kf_, 0}, (1)
Puté =0 @ L x

Get tautological e%uivariant Higgs pair ¢ : £ —: £ ® Ks
Contribution of S[?] C NEC{:) is

1
/[\3[?]]vir e(VVir| [ )
Gl S5

' movin rt of TYIr
g part of Ty |s[;1
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For effective F consider line bundles Ly, ..., L,_4 with
Ks— Bi = ci(Li—1) — (L) and 3729 ¢ (Li) = ¢4

On S x Sl x | | have line bundles £; = L; © Kf_, 0}, (1)
Puté =0 @ L x

Get tautological e%uivariant Higgs pair ¢ : £ —: £ ® Ks
Contribution of S[?] C NEC{:) is

1
/[\3[?]]vir e(VVir| [ﬁ] )
El S5

vt moving part of Ty|
El
Laarakker shows

TX/“\sgl = R*Hom (£, ® Ks ® t) — R"Homx (&, €).
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Alltogether

rX(O rK r—1
ZSHq(q) e Z Ocy, 5 iad CE] HSW(a, / 3 A, t)

=1 S(

T(?, T, t) explicit equivariant class on SI71 with constant term

_qyr—1 X(OS) _ _ 2 e\ &id)
T(?) - (%) /(=11 (7) ? [i<icjcr (I(Sr_i,)e) I
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Alltogether

2
K. S

r—1
™~(Os)
Zo(@) =a “FE S 6 2@ [[sWia) [ 1(3, A
wE

"
=1 strl

T(?, T, t) explicit equivariant class on SI71 with constant term

_qyr—1 X(OS) _ _ 2 e\ &id)
T(?) = (%) H/(=11 (7) ? [i<icjcr (I(Sr_i,)e) I

Normalized generating series

G s(0) = 5y L9 [, 7370

Sl

? T, t) expressed in terms of Chern classes of tautological
sheaves universal ideal sheaves and a;. By cobordism invariance,
fsm ﬁ t) is universal polynomial in x(Os), K , @iKs, a;a;
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5 T L
(S1u82)[ = H SE 1]><S£ k = GS1|—|52,?1U?2 = GS1 A 632732
?14—#2:7
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" "
(81\—‘82)[?] = H Sg 1]XS£ 1] = GSNJSQ,?HJ?Z = GS1 ,g1 GSg,jg
?14—#2:7

This gives there are universal power series s.th.

Gs2(q) =Aq )X(©s)B(q Ks H Ei(q)¥*s H Ej(q)®

i<j
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" "
(81\_‘82)[?] - ? g ﬁ Sg 1]XS[ 1] = GSNJSQ,?HJ?Z = GS1 ,g1 GSg,jg
1+ ne=

This gives there are universal power series s.th.
Gs.2(q) = A(q)(©9B(q)"¢ H E(q)™* [ Ex(a)™®

i<j

Compute Gg (q) for ("5') + 1 tuples (S;, d /) of toric surfaces and
toric line bundles such that vectors of numbers x(Os), K3, aiKs, a;a;
are linearly independent
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Ll "
(81\—‘82)[?] = H Sg 1]XS£ 1] = GSNJSQ,?HJ?Z = GS1 ,g1 GSg,?g
?14—#2:7

This gives there are universal power series s.th.

Gs.2(9) = A@)¥“9B(q KSHE )45 T Ex(a)™®

i<j

Compute Gg=(q) for ("3") + 1 tuples (S;, @) of toric surfaces and
toric line bundles such that vectors of numbers x(Os), K3, aiKs, a;a;
are linearly independent

The S,m have C*-action with finitely many fixpoints param. by tuples
of partitions

Contribution of each fixpoint given by the combinatorics of partitions
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Ll "
(81\—‘82)[?] = H Sg 1]XS£ 1] = GSNJSQ,?HJ?Z = GS1 ,g1 GSg,?g
?14—#2:7

This gives there are universal power series s.th.

Gs.2(9) = A@)¥“9B(q KSHE )45 T Ex(a)™®

i<j

Compute Gg=(q) for ("3") + 1 tuples (S;, @) of toric surfaces and
toric line bundles such that vectors of numbers x(Os), K3, aiKs, a;a;
are linearly independent

The S,m have C*-action with finitely many fixpoints param. by tuples
of partitions

Contribution of each fixpoint given by the combinatorics of partitions
With this use a Pari/GP program to compute normalized Co, C;; for

r < 7 modulo O(q'®)
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O0000e

Ll "
(81\—‘82)[?] = H Sg 1]XS£ 1] = GSNJSQ,?HJ?Z = GS1 ,g1 GSg,?g
?14—#2:7

This gives there are universal power series s.th.

Gs.2(9) = A@)¥“9B(q KSHE )45 T Ex(a)™®

i<j

Compute Gg=(q) for ("3") + 1 tuples (S;, @) of toric surfaces and
toric line bundles such that vectors of numbers x(Os), K3, aiKs, a;a;
are linearly independent

The S,m have C*-action with finitely many fixpoints param. by tuples
of partitions

Contribution of each fixpoint given by the combinatorics of partitions
With this use a Pari/GP program to compute normalized Co, C;; for

r < 7 modulo O(q'®)

Find relations between these power series until they are determined
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Let (S, H) be a smooth polarized surface with H;(S,Z) = 0,
andletr >0, ¢; € H*(S,Z), ¢, € H*(S,Z). N := N§(r, ¢y, ¢2)
has virtual structure sheaf O} € KT (N). We put

O = Op' @ (Kn")2,



Refinement
[ Jelele]ele)

Let (S, H) be a smooth polarized surface with H;(S,Z) = 0,
andletr >0, ¢; € H*(S,Z), ¢, € H*(S,Z). N := N§(r, ¢y, ¢2)
has virtual structure sheaf O} € KT (N). We put

AVir vir viry+
N = ON ® (Ky")z,
Thomas introduces K-theoretic Vafa-Witten invariants

O, @ (K2 e
/\_1 (l/vir)\/

=

XN, O} = x (N°°, ) € QUy?).
y = el with t = 01 " (¢) the equivariant parameter of the C*
scaling action



Refinement
[ Jelele]ele)

Let (S, H) be a smooth polarized surface with H;(S,Z) = 0,
andletr >0, ¢; € H*(S,Z), ¢, € H*(S,Z). N := N§(r, ¢y, ¢2)
has virtual structure sheaf O} € KT (N). We put

AVir vir viry+
N = ON ® (Ky")z,
Thomas introduces K-theoretic Vafa-Witten invariants

. .1

o L OVt (Kv1r)§‘ -
viry __ C NC N N

X(N> ON ) - X(N ’ /\_1 (l/vir)\/ ) < Q(y

=

).

y = el with t = 01 " (¢) the equivariant parameter of the C*
scaling action

The contribution from the Gieseker-Maruyama moduli space
M := M{(r,ci,co) is

(—1)y~Ex(M),  vd = vd(M).
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K-theoretic SU(r) Vafa-Witten partition function

SU(r X(O ) ’K v v i
ZS Hc1(q’ y)=r tar qu, d(r,c, C‘/z —1) d(r,cr,c2) (Ns (r,ci,Co), )

CEZL

Again we have

SU(r
ZSHC1 q.y)= 1ZZSHC1 qv
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K-theoretic SU(r) Vafa-Witten partition function

(o )IK o~ .
Zmo@y)=rq EE 3 gi e (1) eI (NG(r. o1, c2). O

CEZL

Again we have
Su(r
ZSHC1 q.y)= 123231-/(;1 (9.y

Theta functions:

O u(qy) = Y gl vy M D) >\=H1_1(r,r71’_“71)
VEZ’
© ;

tAr/(q)y) = (M? l S Zv

where (-, -) is the symmetric bilinear form of the A, lattice and Mj, is
the corresponding symmetric matrix
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] ] o0 1— m2 1— —1 4n\2
¢—2,1(q7y) = (yé _y7§)2H ( yq(1)_(qn).4}_/ g ) )
n=1

Theorem (Laarakker)

For any r > 1, there exist Co, {Cj}1<i<j<r—1 € Q(y2)((g#)) with the
following property. For any smooth polarized surface (S, H) satisfying
Hi(S,Z) =0, pg(S) > 0, and ¢1 € H?(S,Z), we have

o —K:
Z5ne (@) (—1)" O (04 0l@y)
(y2 —y 2)XOs)  \¢_1(q,y)2A(q")2 (q)"
XCquKsZGHZSZ)r 15C1216,HSW51HCU y)%ih.

i<j
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o0 _ m2 _ y—=1m2
¢>_2,1(q7y):(y%—y*%)ZH(1 yq(1)_(1qn)i/ i

n=1

Theorem (Laarakker)

For any r > 1, there exist Co, {Cj}1<i<j<r—1 € Q(y2)((g#)) with the
following property. For any smooth polarized surface (S, H) satisfying
Hi(S,Z) =0, pg(S) > 0, and ¢1 € H?(S,Z), we have

o —K:
Z5ne (@) (—1)" O (04 0l@y)
(y2 —y 2)XOs)  \¢_1(q,y)2A(q")2 (q)"
XCquKsZGHZSZ)r 15C1216,HSW51HCU y)%ih.

i<j

Put
0r5.0(a.Y)=Co(a.y) > b5 ,ﬁ,st 80 T] Cita.y)"*

BEH?(S,Z)—1 i<j
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br.5.0,(0,y) = Co(q, y)'S S besyis [[SWB) ] Cila y)*?
BeH2(8,2)—1 i i<j

r=2

2
¢2,S,C1 = 601 ,0 + 601,Ks(_1 )X(OS) tA1 1 (q7 .y)KS
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0r50(@Y)=Co(@ S S s H sw() ] Ci(a.y)*"
BEH?(S,Z)—1 i<j

r=2

¢2 S,ci — 501 o+ 501 ( )X(OS)tA 1(q }/)

r=3

Conjecture

2 2 2 2
¢)3,S,C1 - 501 ,0 tA2,1 (qv }/)KS (st +Xi<s) + (601 ,K3+5C1 ,—Ks) (_1 )X(OS) tA271 (q7 y)KS

With X the roots of

X — tA2,1 (q’ y)(tA271 (qv y) +3tA2,1 (qa 1))X+ tay .1 (q, y)+3tA2 (qv ) =
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iy ﬁ 1-yg"*(1 -y "q")?
- (1—g7* ’

21( % y?)d-21(q8, y*)? .

—2,1(9% ¥y2)2p_21(q*, y*)

¢ 21(q,y) = (y% —

u(g®)*
4

J(a,y) =
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oo g _y—=1,m2
o-e1(@y) =yt -y P11 yq(1)(qn)i/ T,

n=1
U@ d_21(9P, ¥¥)p—2,1(q8, y*)?
Jay =4 b—2.1(q%, ¥2)2h_2,1(G*, y*)’

—_zZ! Z -1 _ K§
P50 = a0 {(,%122‘,_12_2_1)’(+(;2J_1_Zz) }

s (EFS) (D))
’ 3,

2 K2
+ (501,Ks + 5017—Ks) tAsJ (1 + J71 )7 )KS + (_1 )X(OS) (tA3,1 (J + 1)) S}’
where Z,Z~" roots of

Z2 - (JE+J72 +2J(g,1)2 +2J(q,1)"2)Z+1=0
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Analoguously to the nonrefined case the horizontal refined
Vafa-Witten invariants are again determined from the vertical
ones via S-duality. With notations similar to the nonrefined case
we have

With g = €™, y = €™ with (1, z) € $ x C we have

Do(r,z) = Co(—1/7,2/7), Dj(7,2) = Cj(—1/7,2/7).




	Introduction and Background
	Moduli of sheaves
	Vafa-Witten invariants
	Vafa-Witten partition function
	S-duality

	Vertical Vafa-Witten inv.
	Structure formula
	Formulas for vertical invariants

	Horizontal Vafa-Witten inv.
	Structure conjecture
	S-duality

	Computation of vertical inv.
	Refinement

