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1. Elliptic genus of K3, 1/4 BPS states and Mathieu Moonshine

2. Generic and non generic K3 theories

3. Z2-orbifold CFTs: a quest for a generic space of states

4. Refined elliptic genera
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2d Euclidean SCFT (unitary)

• N = (2, 2) worldsheet supersymmetry and spacetime supersymmetry at cen-
tral charge (c, c̄ = c), c = 3D,D 2 N

• space of states: H := H
NS �H

R unitary C-vector space

• J0, J̄0, T0 = L0 � 1
2J0, T̄0 = L̄0 � 1

2 J̄0 commuting linear operators,
self-adjoint, diagonalisable with T0 � 0, T̄0 � 0

• spec(J0), spec(J̄0) 2 c
2 + Z on H

R

• R̃ partition function with elliptic and modular properties

ZR̃(⌧, z) = STrHR(yJ0 qL0� c
24 ȳJ̄0 q̄L̄0� c̄

24 )

= TrHNS( (�1)J0�J̄0 yJ0� c
6 qT0 ȳJ̄0� c̄

6 q̄T̄0 )

ZR̃(⌧, z + 1) = ZR̃(⌧, z) =) spec(J0 � J̄0) 2 Z

ZR̃(⌧ + 1, z) = ZR̃(⌧, z) =) spec(T0 � T̄0) 2 Z

ZR̃(⌧, z) = exp
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The conformal field theoretic elliptic genus is an invariant of N = (2, 2) SCFTs
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Non linear sigma models on K3 surfaces are examples of K3 theories
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H
NS
0 ,! ker T̄0, generic space of states
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A K3 theory is a 2d SCFT at central charge c = 6 whose conformal field theoretic
elliptic genus given by
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1/4-BPS states in K3 theory: states which saturate the BPS bound for half of the
anti-holomorphic N = 4 worldsheet supersymmetries and which are massive w.r.t.
the holomorphic N = 4 SCA
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<latexit sha1_base64="kE+sq4P6P30V0k20eILJvY7rbWk="></latexit>

space of all 1/4-BPS states in a K3 theory
<latexit sha1_base64="fGrHfJtkES3ffByHApFu95aj8PQ="></latexit>

⇤Wendland (2017); Song (2017)
<latexit sha1_base64="Rs2LiyKADdHzJqkgUb26cqpAscI="></latexit>

NLSM on K3 pluses minuses

Generic ⇤no cancellations in ECFT no known theory explicitly

Non generic • known explicit theories cancellations in ECFT

e.g. Z2-orbifold CFTs
• same spectrum of generic states
for all Z2-orbifold CFTs
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2. Generic and non generic K3 theories
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2 Dirac fermions and conjugates: �a
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C = T /Z2, T a toroidal SCFT at c = c̄ = 6

Construction induced by the Kummer construction of K3 surfaces:

T⇤/Z2, T⇤ = C2/⇤, ⇤ ⇢ C2
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<latexit sha1_base64="PMMVAj56CwSF/6ga4otp5Igdjpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeOmMrw==</latexit>

�1
<latexit sha1_base64="tfgNxvHXG7ZaX6c+rUDud2wirPM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5dev1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+IujOY=</latexit>

�1
<latexit sha1_base64="tfgNxvHXG7ZaX6c+rUDud2wirPM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5dev1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+IujOY=</latexit>

�1
<latexit sha1_base64="tfgNxvHXG7ZaX6c+rUDud2wirPM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5dev1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+IujOY=</latexit>

1
<latexit sha1_base64="PMMVAj56CwSF/6ga4otp5Igdjpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeOmMrw==</latexit>

�1
<latexit sha1_base64="tfgNxvHXG7ZaX6c+rUDud2wirPM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5dev1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+IujOY=</latexit>

1
<latexit sha1_base64="PMMVAj56CwSF/6ga4otp5Igdjpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeOmMrw==</latexit>

1
<latexit sha1_base64="PMMVAj56CwSF/6ga4otp5Igdjpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeOmMrw==</latexit>

untwisted twisted

consider generic states: zero momentum and winding
<latexit sha1_base64="VMvmnlDSmg59ZSdSidiWrtbesjI="></latexit>

partition function in NS sector
<latexit sha1_base64="AKF+GeEStVVySWwTMN+TngSUZYI="></latexit>

ZNS,generic(z, z̄ = � ⌧̄+1
2 ) = ENS(⌧, z) q̄�1/4

<latexit sha1_base64="7EhMzsf9Gg68sPfdUcFejLv73sY="></latexit>

spectral-flow: ENS(⌧, z) = �q1/4 y ECFT(⌧, z +
⌧+1
2 )

<latexit sha1_base64="IJS+dWSE+N0gFBTLn4a4lLXZxnM="></latexit>

3.2 Z2-orbifold SCFTs: generating functions for BPS states
<latexit sha1_base64="zKfoTt2+hg96HGXqfzDIAHx8OO4=">AAACqXicbVFNbxMxEHWWrxK+UjhysUgrIRGi3fRAQRyqVkLcSNWmjZqNorHX3lr1x8r2UkXW/ix+DOIK/wNvEiRomYP19GbmeeYNqaRwPk2/d5I7d+/df7D1sPvo8ZOnz3rbz8+cqS1lE2qksVMCjkmh2cQLL9m0sgwUkeycXB21+fOvzDph9KlfVmyuoNSCCwo+Uovel5ATjveGo3yQD3ZyBf6SkHDRLEY7b40lghtZ4JOjT6 fuAy6ZZjb26RLzWtNWwGFuLD4cn2DnwTPXLHr9dJiuAt8G2Qb00SbGi+3OYV4YWiumPZXg3CxLKz8PYL2gkjXdvHasAnoFJZtFqEExNw+rzRu8G5liNQM32uMV+3dHAOXcUpFY2a7mbuZa8n+5We35/jwIXdWeabr+iNcSe4NbG3EhLKNeLiMAakWcFdNLsEB9NLubF4zHg6zGiaMaSWTUbYItSROiG4NoSbbfvnvvm12Q0lw7DFaAXKu3y7guzm10/JoapUAXIeeghFxGaailb0Lu+B8cXc9uenwbnI2GWbz08ah/8HHj/xZ6iV6h1yhD79AB+ozGaIIo+oZ+oJ/oV/ImOU6mycW6NOlsel6gfyKhvwHpsdHe</latexit>

ENS(⌧, z) = 2U`=1/2(⌧, z)� U`=0(⌧, z)�16T`=0(⌧, z)

= 2�NS
0 (⌧, z)� 20�NS

1/2(⌧, z)� (�2B(⌧) + C(⌧)+16D(⌧))| {z }
=A(⌧):=

P1
n=1 Anqn

e�NS(⌧, z)

<latexit sha1_base64="dH7VZWP3//CfcUPrWj18/44wwtI="></latexit>

H
BPS :=

L1
n=1 (Hn ⌦H

N=4
n ) ,! H

NS
0

<latexit sha1_base64="AB/NZD39sKUr4eZ549FcaPzlD/Y="></latexit>



Ansatz: bHBPS = �H
+ = �H

+ (space of all 1/4-BPS)
<latexit sha1_base64="X1lM+3emCo7vuOp85dnsQo9DCQk="></latexit>

H
BPS

<latexit sha1_base64="VLEP3JJvkq619/zeOBoZNm4j4l0="></latexit>

H
?
�H

rest
<latexit sha1_base64="G/AnALGD/0gwgoK1kXzbD3MXfzo="></latexit>

dim H
?
2 = 15D2 = 15⇥ 28 = 420

dim H
rest
2 = C2 + (Ddiag

2 � 2B2) = 16 + (28� 2⇥ 1) = 42

dim H
+
2 =2B2+ 2B2= 2⇥ 1+2⇥ 1= 4

<latexit sha1_base64="OMeQVueXjkDOiijy2whT13cD4t0="></latexit>

dim H
?
1 = 15D1 = 15⇥ 6 = 90 = 45 + 45

dim H
rest
1 = C1 + (Ddiag

1 � 2B1) = 0 + (6� 2⇥ 3) = 0

dim H
+
1 =2B1+ 2B1= 2⇥ 3+2⇥ 3= 12

<latexit sha1_base64="heBZ2kA84SzXPVj62dgrE6cQuKI=">AAAD5XicdVLJbtswEJXtLqm7Je2xF6J2gRRKBFG2YvsgIGhyyDEF6iSA6RoURTlEqAUk1dYQ+Am9Fb0W/az+TSlvqO2UgITBzLx5D28mzDmTynX/1OqNBw8fPd570nz67PmLl/sHr65kVghChyTjmbgJsaScpXSomOL0JhcUJyGn1+HdWVW//kKFZFn6Sc1yOk7wNGUxI1iZ1OSg9hulGUsjmioQsQS0LybwM8qpyEEAkKLf1J </latexit>

3.3 Z2-orbifold SCFTs: 1/4 BPS states
<latexit sha1_base64="n5UYJ0frNFlgzQkWnKL08+J3CK0="></latexit>

dim H
?
n = 15Dn, D

diag
n = D

rest
n +D

+
n

dim H
rest
n = Cn + (Dn � 2Bn)| {z }

Drest
n �0

dim H
+
n =2Bn+ 2Bn|{z}

D+
n

<latexit sha1_base64="+zWUoxu4MivjcgG21dzSyzvjUs4="></latexit>

level 1
<latexit sha1_base64="SXGhxEe56ST7Txa2gjd9eGCt78M="></latexit>

level 2
<latexit sha1_base64="1gRfMuz4f4SxQ1efdC6+qwXFvWg="></latexit>

H
? = �

1
n=1(H

?
n ⌦H

N=4
n ), H

rest = �
1
n=1(H

rest
n ⌦H

N=4
n )

Hn
⇠= H

?
n �H

rest
n

H
+ = �

1
n=1(H

+
n ⌦H

N=4
n )

<latexit sha1_base64="sQjstr9Uxdx9ZT2KahugoX0DQMA="></latexit>



Fdiag: Fock space built on |↵diagi
<latexit sha1_base64="6qRmNtMoydTRfeh0S22zmxDceNQ="></latexit>

|↵diagi := 1
4

P
�2F4

2
|↵�i is invariant under Goctad

<latexit sha1_base64="UZuCi7ZiNWOTCrNvv6PzwSFQAIw="></latexit>

(symmetry surfing)
<latexit sha1_base64="MJImAWbfzuD1cjvyauXV1iqneKI="></latexit>

Taormina & Wendland (2012,..)
<latexit sha1_base64="O0uo2EQMGMD3yPlR9RdJh4yNaT0="></latexit>

If deformation by
marginal operator
Tdiag, all BPS states
in Fdiag lift o↵
Keller & Zadeh 2019

<latexit sha1_base64="LqEplLJ140kClcpUEV8u/wrq2YE="></latexit>

V CFT
45 := spanC{WA : W 2 {�1

+j
2
+ + �2

+j
1
+, �1

+j
1
+, �2

+j
2
+}, A 2 A}

<latexit sha1_base64="pKxrEDDn26yedUSYjVywdddYwCk="></latexit>

V
CFT
45 = W ⌦A = 3⌦ 15, 3 of SO(3) and 15 of A↵(F4

2)
<latexit sha1_base64="EQMdTNKscrPk8JPrdbc492G4rOQ="></latexit>

A: orthogonal complement of Fdiag in the space of twisted ground states
<latexit sha1_base64="IoEuwiOfBCQYNw8IPHIPtz0sngI="></latexit>

The states in V CFT
45 and V CFT

45 are generic and both enjoy an action of Goctad
<latexit sha1_base64="fcKfF7NCVuLszHvy5gj8w+g0Lrs="></latexit>

V
CFT
45 � V

CFT
45 := H

?
1

<latexit sha1_base64="rIBQBB3WiUMqzBw/Bx82Xk7ZMZY="></latexit>

Taormina, Wendland (2015)
<latexit sha1_base64="/SUwDsBEjSLeYjuarDORDXRJJYE="></latexit>

Margolin (1993)
<latexit sha1_base64="nC5ZGCHefadLPQKKiZlUU4S2E5o="></latexit>

look for a 45-dimensional vector space of states V CFT
45 that are generic to all Z2-

orbifold CFTs on K3 and carry an action of Goctad := Z4
2 oA8 ⇢ M24

<latexit sha1_base64="LavF9ERfSk2MKheqHGWRGZf5RNk="></latexit>

3.4 Z2-orbifold SCFTs: 1/4-BPS states at level n = 1
<latexit sha1_base64="/JX7cgqWkiqh+pFut7b88jCm2gs=">AAACjXicbVFbaxNBGJ1svdT10rQ++jKYCIJp3E0qVqlSLKj4FGnTFrMhzMx+mw6dyzIzWwnD/id/jeCT/hRn0wja+sEMh/Nd5nxnaCm4dUnyoxWt3bh56/b6nfjuvfsPNtqbW8dWV4bBmGmhzSklFgRXMHbcCTgtDRBJBZzQ84Mmf3IBxnKtjtyihKkkc8ULzogL1Kz9yWe0wMP+Ds56Wa+bSeLOKPVf6tmgu60N5YUWOT48eH 9kX+P0+c72u9Ehto44sJg4LOACBO6qN2m3nrU7ST9ZBr4O0hXooFWMZputZ1muWSVBOSaItZM0Kd3UE+M4E1DHWWWhJOyczGESoCIS7NQvl67xk8DkuNAmHOXwkv27wxNp7ULSUNksZa/mGvJ/uUnlit2p56qsHCh2+VBRCew0bhzEOTfAnFgEQJjhQStmZ8QQ5oLPcZZDEf5iKSdI1YKKMLf2Zk5rH9zoBUvS3eYevqpjnBlQ8JVpKYnKfVYQycUijCCVcLXPbPEHx8He9KqZ18HxoJ8O+4PPg87+3srodfQIPUZPUYpeon30EY3QGDH0DX1HP9GvaCN6Ee1Fby9Lo9aq5yH6J6IPvwHop8PQ</latexit>



Ansatz: bHBPS = H
?
�H

rest
�H

+ (space of all 1/4-BPS)
<latexit sha1_base64="sSbjqLGQtHIjmcQfhTI4D743p78="></latexit>

Which 1/4 BPS states partner with the states accounted for by U`= 1
2
to form long

representations upon deformation?
<latexit sha1_base64="SHBlufA3blu2S0jLHkXUAfts8uE="></latexit>

H
BPS ,! H

NS
0

<latexit sha1_base64="l9vYqLYij4438NsRlEgGnBtXAfY="></latexit>

states remain 1/4-BPS against marginal deformation Tdiag built on |↵diagi
<latexit sha1_base64="LsmYvHk8dMHSka898uMOJT4m/wg="></latexit>

Hn
⇠= H

?
n �H

rest
n , n 2 N, n > 0 as representations of Goctad and J0

<latexit sha1_base64="ZwdMjMgey3bSMYuXk6ejnHeCBg8="></latexit>

Wendland 2017
<latexit sha1_base64="1z25HX1sJp7Xzs194T9cCAYgfGo="></latexit>

Gaberdiel, Keller, Paul 2017
<latexit sha1_base64="0Vwi2zPsq/d1CYO2Hq26jm6MrfI="></latexit>

1. Goctad acts on 45-dim subspace H
? at level n = 1

2. Goctad acts on H
?
�H

rest at all levels

3. under deformations to generic K3 theories, all 1/4 BPS states accounted for
by U`= 1

2
are lifted (2Bn)

<latexit sha1_base64="NGB2np6XucK8FdOQdVpPdT8wO9A="></latexit>

3.5 Z2-orbifold SCFTs: action of octad group at levels n > 1
<latexit sha1_base64="lz6mtO+HZGkuE5tUyGgG+JasW1I="></latexit>



doublets of 
geometric SU(2)

2 Dirac fermions and conjugates: �a
±, a 2 {1, 2}

<latexit sha1_base64="DpIOtCIkQOq+kTK90LI9FYx931A="></latexit>

bosonic superpartners: ⌘a±, a 2 {1, 2}
<latexit sha1_base64="cW+WtdugeqRygxUgovoA1Rn8wTw="></latexit>

J3 =
1

2
{: �1

+�
1
� : + : �2

+�
2
� :}

<latexit sha1_base64="DQEXpZ42KhvABesEyGzLJC9yvZM=">AAACIXicbZDLSsNAFIYnXmu9RV26CRZBKJYkFSxFoeBGXFWwF2jSMJlO2qGTCzMToYS8ihtfxY0LRboTX8ZpGkFbDwzz8/3nMHN+N6KEC13/VFZW19Y3Ngtbxe2d3b199eCwzcOYIdxCIQ1Z14UcUxLgliCC4m7EMPRdijvu+Gbmdx4x4yQMHsQkwrYPhwHxCIJCIket3fWr15bHIEqMNDFTK6lbaEScct/I7vO+US//IDNHZt1KHbWkV/SstGVh5KIE8mo66tQahCj2cSAQhZz3DD0SdgKZIIjitGjFHEcQjeEQ96QMoI+5nWQbptqpJAPNC5k8gdAy+nsigT7nE9+VnT4UI77ozeB/Xi8WXs1OSBDFAgdo/pAXU02E2iwubUAYRoJOpICIEflXDY2gjEvIUIsyBGNx5WXRNitGtWLeX5QaV3kcBXAMTsAZMMAlaIBb0AQtgMATeAFv4F15Vl6VD2U6b11R8pkj8KeUr2868KGp</latexit>

J± = ± : �1
±�

2
± :

<latexit sha1_base64="Em365MtDLMfjIs/eQD59oiF8s6E=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARXJWkCkpRKLgRVxXsBZo0TKaTduhMEmYmQgnduvFV3LhQxK1v4M63cdIG0dYfDnz85xxmzu/HjEplWV9GYWl5ZXWtuF7a2Nza3jF391oySgQmTRyxSHR8JAmjIWkqqhjpxIIg7jPS9kdXWb99T4SkUXinxjFxORqENKAYKW15JrzpOTG/1FVz8JB6Gnr2D1VrJc8sWxVrKrgIdg5lkKvhmZ9OP8IJJ6HCDEnZta1YuSkSimJGJiUnkSRGeIQGpKsxRJxIN51eMoFH2unDIBK6QgWn7u+NFHEpx9zXkxypoZzvZeZ/vW6ignM3pWGcKBLi2UNBwqCKYBYL7FNBsGJjDQgLqv8K8RAJhJUOLwvBnj95EVrVin1Sqd6elusXeRxFcAAOwTGwwRmog2vQAE2AwQN4Ai/g1Xg0no034302WjDynX3wR8bHN+73mS0=</latexit>

G± =
p
2 {: �1

± j1⌥ : + : �2
± j2⌥ :}

<latexit sha1_base64="zOUlnnPOSLPGmQohJ86L8ZdzGmw="></latexit>

G0± =
p
2 {: �1

⌥ j2⌥ : � : �2
⌥ j1⌥ :}

<latexit sha1_base64="chjpd3c8ZKpFzbEdmxmRkGhOT9s="></latexit>

T =
2X

a=1

: ja+j
a
� : +

1

2
{

2X

a=1

: @�a
+�

a
� : + : @�a

��
a
+ :}
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N=4, c=6 free field representation
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The geometric SU(2) action commutes with the N = 4 SCA action
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3.6 Z2-orbifold SCFTs: searching for generic space of states
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Data on the number of 1/4-BPS states emerging from di↵erent sectors of Z2-orbifolds
CFTs on K3

<latexit sha1_base64="/UEUIAso3AS3B0aUL/6q9RydhAs="></latexit>

Ansatz: bHBPS = H
?
�H

rest
�H

+ (space of all 1/4-BPS)
<latexit sha1_base64="sSbjqLGQtHIjmcQfhTI4D743p78="></latexit>

postulate: all untwisted states accounted for by U`=0 (Cn 8n) are generic

but no means to prove this so far through the SU(2)geom action
<latexit sha1_base64="++0xPZr7VTNau3Ev2M4mPDIUfvM="></latexit>

3.7 Z2-orbifold SCFTs: excess states H
+ and SU(2) geometric

<latexit sha1_base64="858mE25HasPut48uTsE/jXPWhic="></latexit>

level n 1 2 3 4

Bn 3, 3 1, 1 18, 3 53 15, 1 33 5 untwisted sector (U`=1/2)

Cn 0 16, 32 52 8, 12 32 72, 12 34 56 74 untwisted sector (U`=0)

Dn 6, 32 28, 12 32 54 98, 12 36 32 56 76 282, 16 12 38 36 516 52 710 98 one twisted sector (T`=0)

An 90 462 1540 4554 dim Hn (HBPS)

(Dn � 2Bn)+Cn 0 42 70 324 dim H
rest
n (Hrest)

15Dn 90 420 1470 4230 dim H
?
n (H?)

2Bn + 2Bn 6+6 2+2 36+36 30+30 dim H
+
n (H+)
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2d SCFT with space of states H X compact Calabi-Yau D-fold

ECFT(⌧, z) = STrker T̄0
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6 q
T0) E(X; ⌧, z) = y
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`=0
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�(T`,m)(�y)mq

`

= STrHNS
0
(yJ0� c

6 q
T0) complex elliptic genus

Hirzebruch 1988; Witten 1988

EHodge

CFT
(⌧, z, w) = STrker T̄0
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6 v
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6 q

T0) EHodge(X; ⌧, z, w)
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�
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P
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j=0
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j(X, T`,m)

hodge elliptic genus

Kachru & Tripathi 2016

EHodge,0

CFT
(⌧, z, w) = STrHNS

0
(yJ0� c

6 v
J̄0� c

6 q
T0) EHodge,ch(X; ⌧, z, w)

= (vy)�
D
2
P

D

j=0
(�v)jTr

Hj(X,⌦
ch
X )

((�y)J0q
T0)

⌦ch
X : chiral de Rham complex,Malikov et al 1999

generic CFT Hodge elliptic genus chiral hodge elliptic genus

Wendland 2017; Song 2017
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4.1 Refined Elliptic Genera
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4.2 Refined Elliptic Genera - K3 Theories
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Assumption: the generic chiral algebra for all K3 theories is N=4 at c=6
<latexit sha1_base64="J6iN/FNsdUC9m020ENzq8xGw/xQ="></latexit>

Let bX be a K3 surface. Then, Wendland 2017

1. EHodge,ch( bX; ⌧, z, w) is independent of the complex structure

2. EHodge,0
CFT

(z, ⌧, w) 6= EHodge

CFT
(z, ⌧, w)

3. EHodge,0
CFT

(z, ⌧, w) 6= EHodge( bX; z, ⌧, w)

4. EHodge,0
CFT

(z, ⌧, w) = EHodge,ch( bX; ⌧, z, w) (see also Kapustin 2005, Song 2016)

existence of a space of (Ramond ground) states common to all K3 theories
that is protected by EHodge,0

CFT
(z, ⌧, w); this space, when spectral flowed, yields

the generic space of states HNS

0
which is modelled by H

⇤( bX,⌦ch

bX
)
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Wrap up
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• The conformal field theoretic elliptic genus ECFT(⌧, z) is an invariant of
N = (2, 2) SCFTs that counts the BPS states in any such theory with signs,
according to their bosonic or fermionic nature.

ECFT(⌧, z) = 20�
eR
0 (⌧, z)� 2�

eR
1/2(⌧, z) +A(⌧)e�R̃(⌧, z)

• ECFT is governed by an action of M24

• M24 acts on a generic space of states, common to all K3 theories

• the exact nature of this generic space of states is not known, and we have
approached it from the perspective of Z2-orbifold CFTs. We have provided a
strategy to earmark 1/4 BPS states that are not protected under a deformation
by the most symmetric marginal operator Tdiag. This strategy uses a global
SU(2)geom ⇢ SO(4)[N = 4] symmetry as guiding principle.

• the strategy provides a clear proposal for which states should lift o↵ the BPS
bound under deformation at level 2, but there remains some ambiguity beyond
level 2. At level 1, our strategy has been confirmed by explicit deformation
calculations (Keller & Zadeh 2019)

• clearly one needs a cleaner and more powerful approach, which involves the
sheaf cohomology of the chiral de Rham complex H⇤( bX,⌦ch

bX
), bX a K3 sur-

face.
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Happy Birthday Samson!
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