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1.1 2d Superconformal Field Theories (SCFT)

2d Euclidean SCFT (unitary)

o N = (2,2) worldsheet supersymmetry and spacetime supersymmetry at cen-
tral charge (¢c,c=c¢), c=3D,D € N

e space of states: H := HN> ¢ HR unitary C-vector space

e Jo, Jo, To = Lo — 3.Jo, To = Lo — 2 Jo commuting linear operators,
self-adjoint, diagonalisable with Ty > 0,7y > 0

e spec(Jp),spec(Jp) € § +Z on H”

e R partition function with elliptic and modular properties

Zg(t,2) = STrge(y” qLO‘ﬂ 7 qLO_ﬂ)
Trgns ((—1)707 %0 yo=5 ¢To Jo=5 g0 )
q = 627m7"y — 627mz:7 T2 € C, Im(T) >0
ZR(T,Z —+ 1) — ZR(T, Z) — SpeC(JQ — J:Q) c 7
Zp(T+1,2) = Zi(1,2) = spec(Ty —1Tp) € Z
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1.2 Conformal field theoretic elliptic genus

Ecrr(T,2) = Tryns ((—1)J0_j0_y']0_% g™ g™ ) Witten 1987
= Treq, ((-1)0770y754")

_TIHONS ( (—1)‘]0_']0 y’o~ s glo ), HYS < kerT,, generic space of states

CThe conformal field theoretic elliptic genus is an invariant of N = (2, 2) SCFTS]

A K3 theory is a 2d SCFT at central charge ¢ = 6 whose conformal field theoretic
elliptic genus given by

_ 192(7_72:)2 | % (7_72)2 | 194(7_72)2
gCFT(T, Z) —8{ 92 (1,0) | 1;33(7_’0) l 194(7_70)}

Eguchi, Ooguri, Taormina & Yang 1987

Non linear sigma models on K3 surfaces are examples of K3 theories



1.3 1/4 BPS states and Mathieu Moonshine
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1/4-BPS states in K3 theory: states which saturate the BPS bound for half of the
anti-holomorphic N = 4 worldsheet supersymmetries and which are massive w.r.t.

the holomorphic N = 4 SCA
Ecrr(T, 2) = (massless + massive ), X ( massless)
| |
1/4-BPS states encoded in A(T))A{é(T, 2)

AD) =Y A" n |1 2 3 4

A, | 90 462 1540 4554

. dimensions of representations of My Eguchi, Ooguri, Tachikawa (2010) )

HBPS . — b, (H, R HIV=%): space of 1/4-BPS states accounted for in £(T, 2)
HBPS < HYS generic space of states of all K3 theories

H,,: representation of the sporadic group My with dim H,, = A,, < o0,Vn  Gannon 2016
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2. Generic and non generic K3 theories

NLSM on K3 || pluses minuses
(Generic *no cancellations in Ecpr no known theory explicitly
Non generic e known explicit theories cancellations in Ecpr
e.g. Zs-orbifold CFTs
e same spectrum of generic states
for all Zs-orbifold CFT's *Wendland (2017); Song (2017)
é )

In non-generic K3 theories:
HEPS = @nl, (Ho @ Hy =) G HP =@, (Ho @ My )
space of all 1/4-BPS states in a K3 theory

_ y
dm H, =A,, dimH,=A, n | 1 2 3 4
A | 90 462 1540 4554
A | 102 466 1944 4614 ...  Zs-orbifold CFTs

r)[ZBPS .— 74BPS g H+7 Y+ . @2021 (H,,f[ R HN:4)

driver of cancellations?



3.1 Z5-orbifold SCFTs: N=4 free field representation

C=7T/Zy, T atoroidal SCFT atc=¢ =6
Construction induced by the Kummer construction of K3 surfaces:

TA/ZQ, Th = CCQ/A, A cCC?

2 Dirac fermions and conjugates: x%, a € {1,2}

bosonic superpartners: %, a € {1,2}

N=4, ¢c=06 FREE FIELD REPRESENTATION
1
J= oot 4+ axdxd ) JF ==+ xixt:
G* =V2{:xLjz :+:x3j% 3 G* =v2{:xtj2:—:x%jz:}
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3.2 Zs-orbifold SCFTs: generating functions for BPS states

spectral-flow:  ENS(7,2) = —¢Y*y Ecpr(r, 2 + THL)

partition function in NS sector 1 —1 1 —1
1 1 —1 —1
untwisted twisted

consider generic states: zero momentum and winding

ZNS,generic(zj 7 — _%Tl) _ ENS(T, Z) C7—1/4

ENS(1,2) = 2Up—y)o(7,2) — Upeo(7, 2)—16T—o(7, 2)

= 2P (T, 2) — QOXI;I/SQ (1,2) — S—QB(T) + C’(T)+16D(7')2§ZNS (7, 2)

=A(T):=)_27 1 Anq™

HBPS .= P> (H, @ HY=?) — H)S

n=1



.3 Zo-orbifold SCFTs: 1/4 BPS states

( Ansatz: HBFS = 1BPS @t = HL @yt o H T (space of all 1/4-BPS) j

HE =@p2 ((Hy @ Hy =), H™' =22 (Hp™ @ H)Y =)
H, = H: & Hre
HT =5 (Hf @ HY =)

dim H- = 15D,,, Ddias = prest 4 D+

dim H'* = C,, + (D,, — 2B,,)

A\ J/
~~

Drest >O
n —_—

dim H+ =2B,+ 2B,
~~
Dy

level 1 level 2
dim Hi- =15D; = 15 x 6 = 90 = 45 + 45 dim Hi = 15Dy = 15 x 28 = 420

dim HIt = ) + (DY —2B1) =0+ (6 —2x3) =0 dim Hi*' = Cy + (DY —2B,) = 16 + (28 — 2 x 1) = 42

dim H =2B1+2B;=2 x 3+2 x 3= 12 dim Hf =2B5+2By=2x 142 x 1= 4



3.4 Zs-orbifold SCFTs: 1/4-BPS states at level n = 1

look for a 45-dimensional vector space of states V3" ' that are generic to all Z-

orbifold CFTs on K3 and carry an action of Gy ciaq := Z5 X Ag C Moy
(symmetry surfing)

Taormina & Wendland (2012,..)

|Qdiag) == 3 Zﬁng |ag) is invariant under Goctad

Fdiag: Fock Space built on ’adiag>

( ™
A: orthogonal complement of F4128 in the space of twisted ground states
V' = spanc{WA: W e {x}j7 + X3}, xiil. x3ii}Ae A}

If deformation by
marginal operator
Tdiag, all BPS states

The states in VEFT and V,SFT are generic and both enjoy an action of Goepaq | 0 F28 lift off
Keller & Zadeh 2019

VEFT = W® A =3®15, 3 of SO(3) and 15of Aff(F2)

V't @ VETT = Hy Taormina, Wendland (2015)
Margolin (1993) y




3.5 Zs-orbifold SCFTs: action of octad group at levels n > 1

Ansatz:

HBPS —(HL @ prest)p H+ (space of all 1/4-BPS)

BPS NS
HETP — H
states remain 1/4-BPS against marginal deformation Tgiae built on |adiag)

1. Goctaq acts on 45-dim subspace H+ at level n =1

2. Goctad acts on H & H*est at all levels Gaberdiel, Keller, Paul 2017
H, = H,,f ® HES, n € N,n > 0 as representations of Goctag and Jo

3. under deformations to generic K3 theories, all 1/4 BPS states accounted for

-

-

by U,—_1 are lifted (2B;,) Wendland 2017
~
Which 1/4 BPS states partner with the states accounted for by Uf:% to form long
representations upon deformation?
W,




3.6 Zs-orbifold SCFTs: searching for generic space of states

-
2 Dirac fermions and conjugates: x%, a € {1,2} doublets of
bosonic superpartners: %, a € {1,2} geometric SU(2)

-

-
N=4, =6 FREE FIELD REPRESENTATION
1 +
J3:§{3X}FX1—:+3X1X2— :} JE =4 xixi
GE=v2 i+ 32 ) G= =V2{xkit— X33 )
2 E:
T = Z S I D —|—§{Z 05 G S, Gl i
a=1 a=1
\

(The geometric SU(2) action commutes with the N =4 SCA action)




3.7 Zs-orbifold SCFTs: excess states 2™ and SU(2) geometric

Ansatz:  HBPS = Y+ @ Hrest g T (space of all 1/4-BPS)

level n 1 2 3 4
B, 3,3 1,1 18,3 5" 15,13%5 untwisted sector (Uy—1/2)
Ch 0 16, 3% 52 8,12 3% 72,1234 5574 untwisted sector (Up—o)
D, 6,3° 28,1°3°5% 98,1°3°3°5°7% 282,1°1°3%3°5'0527109° one twisted sector (T;—o)
An, 90 462 1540 4554 dim H, (H"')
(D, —2B,)+C, | 0 42 70 324 dim HLSY (H™Y)
15D, 90 420 1470 4230 dim H;F (HF)
2B, + 2B, 6-+6 242 36+36 30430 dim H;F (H™)

Data on the number of 1/4-BPS states emerging from different sectors of Zs-orbifolds
CFTs on K3

(" . )
postulate: all untwisted states accounted for by U,—q (C,, ¥Yn) are generic

. but no means to prove this so far through the SU(2)geom action )




4.1 Refined Elliptic Genera

CFT
2d SCFT with space of states H

GEOMETRIC
X compact Calabi-Yau D-fold

gCFT (7-7 Z) — STrker To (yJO 6 qTO )

= STryps (y70~5¢"°)

EXiT2) =y~ 2 Yoo o X(Tem)(—y)" "

COMPLEX ELLIPTIC GENUS
Hirzebruch 1988; Witten 1988

Hodge
<c”CFT

v =e?™W e C ‘

(7_7 < w) — STrker To (yJO_% Ujo_% qTO)

gHodee (X 7 2 w)
= (1Y) % X0 S o X (Tem) (—y) 4",
X (Tem) = 3210 (—v) dimHI (X, Tym)

HODGE ELLIPTIC GENUS .
Kachru & Tripathi 2016

Egg%ge’o(ﬂ z,w) = STrys (yTo= G/ ¢To)

GENERIC CFT HODGE ELLIPTIC GENUS

gHodge,ch (X, T, 2, w)

_D D ;
= (vy)™ > ijo(_U)JTrH:i(X,Qg?)((_y)JOQTO)
QS?: chiral de Rham complex, Malikov et al 1999

CHIRAL HODGE ELLIPTIC GENUS ‘
Wendland 2017; Song 2017




4.2 Refined Elliptic Genera - K3 Theories

[ Assumption: the generic chiral algebra for all K3 theories is N=4 at c=6 j

Let X be a K3 surface. Then, Wendland 2017

1.

2.

gHodge.ch (X - > 1)) is independent of the complex structure

Hod Hod
Eama (2, T w) # Eqn® (2, T, w)

. Egg%ge’o(z,ﬂw) — EHOdge()A(; 2, T, W)

godeel(, ) = gHedeech( X 7 2 ) (see also Kapustin 2005, Song 2016)

existence of a space of (Ramond ground) states common to all K3 theories

that is protected by Sgg%ge’o(z, 7,w); this space, when spectral flowed, yields

the generic space of states HYS which is modelled by H* (X, Q‘}?)



Wrap up

The conformal field theoretic elliptic genus Ecpr(7,2) is an invariant of
N = (2,2) SCFTs that counts the BPS states in any such theory with signs,
according to their bosonic or fermionic nature.

~ ~

Ecrr (T, 2) = 20X4 (T, 2) — 2X1)5 (T, 2) + A(T)X (7, 2)
EcpT 1s governed by an action of My,

M, acts on a generic space of states, common to all K3 theories

the exact nature of this generic space of states is not known, and we have
approached it from the perspective of Zs-orbifold CFTs. We have provided a
strategy to earmark 1/4 BPS states that are not protected under a deformation
by the most symmetric marginal operator Tyi,e. This strategy uses a global
SU(2)geom C SO(4)|N = 4| symmetry as guiding principle.

the strategy provides a clear proposal for which states should lift off the BPS
bound under deformation at level 2, but there remains some ambiguity beyond
level 2. At level 1, our strategy has been confirmed by explicit deformation

calculations (Keller & Zadeh 2019)

clearly one needs a cleaner and more powerful approach, which involves the
sheaf cohomology of the chiral de Rham complex H*(X,Q%), X a K3 sur-
face.



HarrPYy BIRTHDAY SAMSON!

A VOTRE AGE ,
Vous COMMENQ/?QL 1
* DARTICIDER. ,
Sg élf”(/SE ENT AECHAUFFEMENT

DE LA
/ZANE 7=




