


Here’s to the
crazy ones.

The misfits.
The rebels.
The troublemakers.
The round pegs in the square holes.
The ones who see things differently.
They're not fond of rules.
And they have no respect for the status quo.
You can quote them, disagree with them,
glorify or vilify them.
About the only thing you can't do is ignore them.
Because they change things.
They push the human race forward.
And while some may see them as the crazy ones,
we see genius.

Because the people who are crazy enough
to think they can change the world,
are the ones who do.
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Gauge Invariance and Mass. II*

JuriaAN ScHWINGER
Harvard University, Cambridge, M assachusells
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The possibility that a vector gauge field can imply a nonzero mass particle is illustrated by the exact
solution of a one-dimensional model.
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“I have
never
been a
quitter
...butas
president
I must
put the
interest
of Amenca
first.”

— Richard M. \lxon
Aug.
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* QCD, : one Regge trajectory 6.'t Hooft (1974)
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T = space of Quantum Field Theories
iIn D dimensions, with a given symmetry,
supersymmetry, ...

[F.Kuipers, U.Gursoy, Y.Kuznetsov]



Chapter One

2d (0,2) SQCD



Solving 2d /N = (0,2) SQCD




2N-N,+N;
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free fermions

linear model

: (SQED)

ﬁ/

SUSY

2N-Ny+N,

SUCTWI=T =29J17F

SUSY
breaking




New 2d /N = (0,2) dualities

2N -Ny+N;
N
I ) —
N, ® (N} - Ny hE 3
TNl,NQ,NS — TNg,Nl,NQ —= TNQ,Ng,Nl




Gr(k,N) =2 Gr(N —k,N)

S — GT(]C,N) = Q* i GT’(N—]C,N)
Q — Gr(k,N) =  S* — Gr(N-—kN)
where



HSEBNS D HQ@Nz

TN17N27N3 = \l’

Gr (Matha=Ns )
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2d = (0,2) SQCD

&

SU(2) vector

gauge anomaly: — N,



2d N'=(0,2) SQCD

&

SU(2) vector,
4 fundamental chirals

1
gauge anomaly: —2 + 4 X 5 = 0



2d /N =(0,2) SQCD N'=(0,2) LG model

& <5 6chirals P

1 Fermi W
SU(2) vector,
4 fundamental chirals J = UP{(P)



2d /N =(0,2) sSQCD N =(0,2) LG model

o < 5 6chirals O

1 Fermi W
SU(2) vector,
4 fundamental chirals J = UP{(P)

Classical space of vacua = "complex cone” on
V®4//U(2) — GI'(Q, 4) — {@12@12 - @13@24 —|— @23@14 — O}
in CP°> =C°//U(1)
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o < 5 6chirals O

1 Fermi W
SU(2) vector,
4 fundamental chirals J = UP{(P)

Classical space of vacua = "complex cone” on
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Chapter Two

Topological Twists



ADS
superpotential
Ne-1—+
Ne T | Manifold of _
vacua w. TBB
Ne+1 1 _
A Ne+2—+ |
IR — free
Stronger magnetic Stronger
electric theory magnetic
coupling coupling
IR
fixed
point
3N T -
IR — free
electric
v theory




4d !N =1 4d !N =1
electric @ «——— > @ magnetic

| |
cZ
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O «—F 77— @
2d N'=(0,2) 2d N'=(0,2)

electric magnetic



4d N = 1 vector

" vector,

g adjoint chirals



4d N =1 chiral

I
7
° HY(K"®? ® L(m)) chirals
2d N =(0,2) «

HY(K'? @ L(—m)) Fermi

.




4d N =1 chiral

" 1-R chirals (if R<1),

_R-1 Fermi (if R>1)



4d N =1 SQCD 4d /N =1 mesons
SU(Q) @ —mmx«— > o o=———@
Nf:3 ‘ ‘ Mij“%b@?@?

l l

O «—F—7—-—7>> @
2d /N =(0,2) sSQCD N =(0,2) LG model

SU(2) with N, =4 J = UP{(P)




4d N =1 SQCD 4d /N =1 mesons
SU(Q) @ —mmx«— > o o=———@
Nf:3 ‘ ‘ M@-jweaw?q;?

R=(1,1,0,0,0,0) R(Muizs) = R(Mayjz1) = 1

l

O «— > O

2d N'=(0,2)SQCD N =(0.2) LG model
| 1 Fermi W = M,
SU(2) with N =4 6 chirals ® = M;;
e

1,2



Non-Lagrangian
@ o 4d !N =2
l IR ‘

o2d N'=(0,2)

\_\l

2d j\f (2,2)



4d N'=2 theoryon M, = St x M;

L—) 3d TQFT on Mj
Bethe)

O fadte MTC (vacua

ZAD S XM3 Z H 52 deg(v)TaU)\ H S)\,U/\fu

Ay vertices edges

[M.Dedushenko, S.6., H.Nakajima, D.Pei, K.Ye]



Fibonacci MTC

T 2

g _ 2 SlIl25 sin <& 5
W —

V5 \sin &t —sin £

FIGANACE] LEARNS To SOUWNT.

ZAD(Sl XM3 Z H 3.2 deg(v) )C\LS)\U H S)\w\fu

Ay vertices edges

[M.Dedushenko, S.6., H.Nakajima, D.Pei, K.Ye]



Chapter Three

2d (0,1) SQCD



+ scalar multiplet: d=0¢+0_9y,

5 [ (@07 +7,10 v.)

* Fermi multiplet: U=19_+0_F
1 2 ls 3 2

[C.Hull, E.Witten]

+ The (0,1) version of J-interaction:

/ 40U, (B) = FO W, () — e i

8gb@



+ scalar multiplet: d=0¢+0_9y,

5 [ (@07 +7,10 v.)

* Fermi multiplet: U=19_+0_F

1

= d2 PR B F2
2/ e (Y- y-+ F) [C.Hull, E:Witten]

» vector multiplet:

1 o
L=—;TeF, F* + %Tr)\lD A



2d N'=(0,1) SQCD

&

SU(2) vector

gauge anomaly: — - N¢



2d N'=(0,1) SQCD

&

SU(2) vector,

2 complex fundamental chirals

gauge anomaly: —) X % + 4 x % — ()



) LG model

= (0,2
<“—> 0
f—4 ‘

O «—F— > O

2d ’N'=(0,1) sQCD 2d N =(0,1)
SU(2) with Ng=2 5 free scalars



Classical space of vacua = cone on S7/SU(2) = §4

(C* @ C?) /SU(2)

O «——F—>> o
2d ’N'=(0,1) sQCD 2d N =(0,1)
SU(2) with Ng=2 5 free scalars



type | symbol | SO(n3) | SO(Ny) | SO(N2) | SO(N3)
scalar P vector vector singlet singlet
scalar P vector singlet vector singlet
Fermi v vector singlet singlet vector
Fermi r singlet vector vector singlet
Fermi > symmetric | singlet singlet singlet




TN17N27N3 = TN37N17N2 = TN27N37N1




generalized 0 € Hom (Qgpin(BG), U(l))

non-perturbative

anomaly € Hom (Tor QP (BG), U(l))

Z.-C.6u, M.Levin
A.Kapustin, R.Thorngren, A.Turzillo, Z.Wang

IFxample: G = Z, ™p Hom (Qgpin(BG),U(l)) ~ 7.s
NV scalar multplets and one Fermi

D (X (62 —r)
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e 3d gauge with N: —|-%h

3d N=1 |2d

e 3d gauge with D: —%h

e 3d level-k Chern-Simons: +k
e 3d fermion with dynamical ¥_ on the bdry (D): +1 or +17%x
e 3d fermion with dynamical 1, on the bdry (N): —% or —17g
e 2d left MW ¢_ (= (0,1) Fermi): +35 or 37k

e 2d right MW ¢ (as in (0,1) scalar): —% or —37Tg






3d N =1
SU(N)

Ny = N, 3d N = 2 fundamental chirals




Chapter Four
New Anomalies




T = space of 2d (0,1) theories

[F.Kuipers, U.Gursoy, Y.Kuznetsov]



Conjecture:
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770(7;1) = T4 (7:I<—|—7’L)

& oraded by

n = 2(cr — cr)

n o |...|-4] -3 -2 —1lo|l 1] 2| 3 |4

7T0(7;L) 7, 0 Z ZQ ZQ ZQ4 Z.



Conjecture:
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T3

T

n o |...|-4] -3, -2 —1lo| 1] 2] 3 |4




Conjecture:

T 7>
n —4]| =8, =2, —1 1|2 3
7T0(7;,J) Z 0 ZQ ZQ ZQ4




Conjecture:

W/D‘PZI P. Pu’rrov C Vafa

(dim ker ) mod 2 (dim ker Q|r—g) mod 2
n |...|—4| -3, =2, —1 L | 2 4

7T0(7;L) 7, 0 Z ZQ ZQ ZQ4 Z.
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