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Multiple zeta values are given by the following iterated series:

1
M e
m1 ...mk

C(m,...,nk): Z

my>-->mi>0

@ The nj’s are positive integers.

@ The series converges provided ny > 2. It makes also sense for
ny,...,Nk € Z provided:

m+---+n>jforanyje {1,... k}. (2)

@ The integer k is the depth, the sum w := ny +--- + ni is the
weight.
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Word description of the quasi-shuffle relations

The Multiple zeta function is given by the same iterated series:

1
C(zh"'vzk): Z Z1 Zk? (3)

21
my>-->mg>0 my= -« my
where the z's are complex numbers.

Theorem (S. Akiyama, S. Egami, Y. Tanigawa, 2001)

The series (3) converges provided:
Re(zi+---+2z)>jforanyje {1,... k}. (4)

It defines a holomorphic function of k complex variables in this
domain, which can be meromorphically extended to CX. The
Subvariety of singularities in given by:

Sk:{(z1,...,zk)€(Ck,z1 = 1or
Z1+2o € {2,1,0,—2,—4,...} or
Jje{8,....k},z1+---+2z € Zgj}.
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Quasi-shuffle relations
The product of two MZVs is a linear combination of MZVs!
For example:
1 1 1

my>mp>0 me>my>0 "1 2 m=my>0

= §(m,n2) +(n2,n) +(m + np).
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The most general quasi-shuffle relation displays as follows:

C(n1,....np)C(Nptts - Npyq) = Z Z &(ng, ... Npiqr)-

r=z0  ceqsh(p,q;r)

@ Here gsh(p, g; r) stands for (p, g)-quasi-shuffles of type r.
They are surjections

6:{1,ept ) —» {1cp g1}

subjectto 61 <--- < Gpand Gpyy <+ < Opigq-
e n? stands for the sum of the n,’s for 6(r) = j.
@ The sum above contains only one or two terms.
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Integral representation and shuffle relations
MZVs have an iterated integral representation:

dti  dip—1 dln  dlnginc i+t D1 dly
b f—1 1= 1n, by ey 1 tw—1 1—1y

c(m,...,nk):/

0<ty<--<t <t

As a consequence, there is a second way to express the product of
two MZVs as a linear combination of MZVs: the shuffle relations.
Example:

dty di dis diy
hl-tbb1—t

(@i = |

0<to<t; <1
0<ty<t3<1

= 4((3,1)+2¢(2,2).
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Regularization relations

A third group of relations can be deduced from a natural extension of
the preceding ones: the regularization relations. The simplest one is:

6(2,1) =&(3),

obtained as follows:

S8 = £(1,2)+8(2,1)+(3)
£(1.2)+2¢(2,1).
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Regularization relations

A third group of relations can be deduced from a natural extension of
the preceding ones: the regularization relations. The simplest one is:

6(2,1) =&(3),

obtained as follows:

C(1)8(2) = L2 +8(2,1)+E(3)
= LA2)+2¢(2,1).
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Regularization relations

A third group of relations can be deduced from a natural extension of
the preceding ones: the regularization relations. The simplest one is:

6(2,1) =&(3),

obtained as follows:

C(1)E(2) = L)L) +5(3)
= L2 +25(2,1).
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These three groups of relations constitute the so-called
double shuffle relations.

It is conjectured that no other relations occur among multiple zeta
values. Only tiny (though crucial!) steps have been done in that
direction (R. Apéry, T. Rivoal, W. Zudilin).
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Historical remarks

@ Double zeta values were already known by L. Euler, as well as
almost all known relations relating double and simple ones.

@ MZVs in full generality seem to appear for the first time in the
work of J. Ecalle (Les fonctions résurgentes, Univ. Orsay, 1981).

@ Growing interest since the works of D. Zagier and M. Hoffman
(early 90’s).

@ Integral representation attributed to M. Kontsevich (D. Zagier,
1994), starting point of the modern approach (periods of mixed
Tate motives...).

@ Recent breakthrough by F. Brown (2012):

Any MZV is a linear combination, with rational coefficients, of
MZVs with arguments equal to 2 or 3.
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Multiple polylogarithms (in one variable)
For any t € [0,1],

ah A, 1 _Cltn, Oy 4y +1 dty—1 dity
h 1 1=l oo+ tw—1 1—tw

Lin, .n () =
0<ty<--<ti <t

tm

m Nk *
my>>my>0 M my
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x(t) =1, y(t) = .

Three operators on the space of continuous maps f: [0,1] — R:

X[A() = x(t
Y[f|(t) = y(t

RIA() = /Otf(u) du.

= Concise expression of the multiple polylogarithm:

o= (RoX)"Vo(RoY)o-0(RoX)" "o (Ro Y)[1].

-----
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R is a weight zero Rota-Baxter operator:

RIfIRlg] = R[RI[flg+ RIg]].

We have of course for any positive integers ny, ... ng with ny > 2:

Lin1,<..,nk(1) ={(m,...,n).
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Multiple zeta values

Word description of the quasi-shuffle relations

Introduce the infinite alphabet Y := {y1, 2, ¥s,...}.
Y* is the set of words with letters in Y.

Q(Y) is the linear span of Y* on Q.

Quasi-shuffle product on Q(Y):

R O (o)
U1...upu._lup+1...up+q__z Z U1...up+q_r’
r>0  oeqsh(p,q;r)

where u? is the internal product of the u’s with 6(r) = j. The
internal product is given by y; ¢ y; = yi1,. For later use, the
shuffle product is defined by:

P (o) (o)
Uy Upllpg -+ Upyq i= Z us - Upiq-
o€qsh(p,q;0)
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Example
Youtlysyr = Yo¥ay1 +Yayey1+ Yayiye +ysy1 + Yaya,
Yolllysyr = Yo¥aY1 +YaYey1+ Yayi)ye.
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@ Notation: Y = Y*\ y1 Y*.

@ Forany word yp, -« yn, in Y2 we set:

conv

Cm (Ym "'J/nk) = C(n17"'7nk)'
@ Extend £, linearly.

niversité Cler Multiple zeta values and their g-
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Word description of the quasi-shuffle relations

@ Notation: Y = Y*\ y1 Y*.
@ Forany word yp, -« yn, in Y2 we set:

Cm (Ym o 'J/nk) = C(n17' . '?nk)'
@ Extend £, linearly.
@ The quasi-shuffle relations are rewritten as follows: for any
uveyr

conv?

Cir (U)Cn (v) = G (LLer v). (5)
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@ Notation: Y = Y*\ y1 Y*.
@ Forany word yp, -« yn, in Y2 we set:

G (Y ¥ ) 7= G, 1)

@ Extend £, linearly.
@ The quasi-shuffle relations are rewritten as follows: for any

uveYr o
G (U)Cus (V) = Qi (U1 v). (5)
@ example:
Co (02)Ci (yay1) = Qi (yortiyay)

= G (Voyayr + yayoyi + yayiye + Vsy1 + ¥ays),
hence:

£(2)¢(3,1) =¢(2,3,1)+¢(8,2,1) +(3,1,2) + £(5,1) + £(8,3).
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Extension to arguments of any sign

Extension to arguments of any sign

The quasi-shuffle product obviously extends to Q(Z), where Z is the
infinite alphabet {y;, j € Z}.

Theorem (S. Paycha-DM, 2010)
There exists a character

¢:(Q(2),w) —C (6)

such that
o ¢(v)=C.(v)foranyve Y

@ ForanyVv=yp, - Yo € Z* such that(;(m,...

nk) can be defined
by analytic continuation, then ¢(v) = {(ny,.

.nk). In particular,
Bny
o ¢(—n)=¢(—n) = _T foranyne€ Z..

o ¢(—n,—n")=(—n,—r)= %(1 +8 /)M

= for an
Tt +1 4

n,n’ € Z, withn+n' odd.
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Extension to arguments of any sign

{(—a,—b) | a=0 a=1 a=2 a=3 a=4 a=5 a=6

b—0 3 1 7 1 11 1 1

B 8 12 720 120 2520 252 224
b1 1 1 1 19 1 41 1

B 24 288 240 10080 504 20160 480
b—2 7 1 0 1 113 1 307

- 720 240 504 151200 480 166320
b—3 1 1 1 1 1 281 1

- 240 840 504 28800 480 332640 264
b—4 1 1 113 1 o 1 117977

- 2520 504 151200 480 264 75675600
b—5 1 103 1 1 1 1 691

- 504 60480 480 1232 264 127008 65520
b—6 1 1 307 1 117977 691 0

- 224 480 166320 264 75675600 65520
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Extension to arguments of any sign

Sketch of proof: through regularisation and renormalisation.

e H:=(Q(Z),11,A) is a connected filtered Hopf algebra, where
A stands for deconcatenation:

k
A(ym ...ynk) — Zym ...ynj®ynj+1 Y
j=0
o H :=(Q(C),ss,A) where:

C:={y,teC}.

o H, = (Q(C),w,A), H,, = (Q(Z2),w, D).
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Extension to arguments of any sign

Sketch of proof: through regularisation and renormalisation.
e H:=(Q(Z),11,A) is a connected filtered Hopf algebra, where
A stands for deconcatenation:

k
A(ym ...ynk) — Zym ...ynj®ynj+1 Y
j=0

o H :=(Q(C),.1,A) where:

C:={y,teC}.
o = (Q(C),w,A), Ho, = (Q(Z),w, D).
o R:H, — Maps((C,?[M) defined below respects Li.

R(YH "‘Ytk) ::yﬁ*Z“'y[ku'
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Extension to arguments of any sign

o H,, =4 is a Hopf algebra isomorphism.
expy
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Extension to arguments of any sign

i |

%?[ is a Hopf algebra isomorphism.

° R : ?[ Maps(C, #) defined by:

RVt yy) = expyoR ology

respects L+1. The character

¢:(Q(2),w)
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Extension to arguments of any sign

i |

%?[ is a Hopf algebra isomorphism.
° R : ?[ Maps(C, #H) defined by:

R (Yt -+ ¥t) 1= expyoR ology,
respects L+1. The character

o :(Q(Z),t1) — Mero(C) (7)
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Extension to arguments of any sign

i |

%?[ is a Hopf algebra isomorphism.
ex
H -

° R : Maps(C, #) defined by:
Ryt -yt ) :=expyoR ology
respects L+1. The character

o :(Q(Z),t1) — Mero(C) (7)

is defined by ® = (., o‘]~{|ﬂ.
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Extension to arguments of any sign

Then use Birkhoff-Connes-Kreimer decomposition:
P=0"""xd,,

where x is the convolution product: ot 3 = mo (a® ) o A.
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Extension to arguments of any sign

@ ®_ and . are still characters of (Q(Z),1+1),
e ®_(v) €z 'C[z"] for any nonempty word v.
@ ¢ (v)is holomorphic at z= 0 for any word v.

e &1 =0d_0S8, ie. theinverse is given by composition on the
right with the antipode.
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Extension to arguments of any sign

®_(v) and & (v) are given by explicit recursive formulas wrt the
length of the word v (BPHZ algorithm): the commutative algebra
Mero(C) splits into two subalgebras:

Mero(C)=4_¢ 4.,

where 4 = z7'C[z""] and 4, is the subalgebra of meromorphic
functions which do not have a pole at z = 0 (minimal subtraction

scheme). Let  be the extraction of the pole part, i.e. the projection
onto A_ parallel to 4. Then:

O (W) = —n(¢(w)+(z)¢(w’)¢(w“)),
o (w) = (/—n)(¢(w)+(2)¢(W/)¢(W“)).
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Extension to arguments of any sign

Definition:
o(v) ==, (v)(2)

‘2:0.
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A general framework
The MZV renormalisation group

The renormalisation group

Now we want to describe all solutions to the problem, i.e. describe the
set of all characters of (Q(Z), .1 ) which extend multiple zeta
functions in the sense described above.
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A general framework
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The renormalisation group

The renormalisation group

Let H be any commutative connected filtered Hopf algebra, over some
base field k. Let 4 be any commutative unital k-algebra, and let G4
be the group of characters of # with values in 4. The product in G4 is
given by convolution. The coproduct is conilpotent, i.e.

AX) =10 x+x01+ A(x),

were A(x) = Y.(x) X' ®x" is the reduced coproduct, and AK(x)=0
for k > |x|.

Proposition

Let N be a right coideal with respect to the reduced coproduct, i.e.
A(N) C N@ H ande(N) = {0}. The set

Tq:= {(X € Gg, (X’N: 0}
is a subgroup of Gg.
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A general framework
The MZV renormalisation group

The renormalisation group

The unit e = ug o€ clearly belongs to T4. Now for any o, 3 € T4 and
for any w € N we compute:

axB ' (w) = ax(BoS)(w)
= ow)+PB(S(w))+ ) o(w)(BoS)(w")
(w)

— OL(W)—I—B(WZW/S( ”>+Zoc )(Bo S)(w")
= a(w)—B(w) +ZO€ B)(w)(BoS)(w")
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A general framework

N The MZV renormalisation gro
The renormalisation group renormalisation group

Definition

T4 is the renormalisation group associated to the coideal N.
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A general framework

N The MZV renormalisation gro
The renormalisation group renormalisation group

Definition

T4 is the renormalisation group associated to the coideal N.

Now let £ : N — 4 be a partially defined character, i.e. a linear map
such that {(1) = 14 and such that {(v){(w) = {(v.w) as long as v, w
and v.w belong to N. Now let:

Xea:={9€Ga, 0, =L}

Dominique Manchon LMBP, CNRS-Université Clermont-Auvergne On Multiple zeta values and their g-analogues



A general framework
The MZV renormalisation group

The renormalisation group

Definition
T4 is the renormalisation group associated to the coideal N.

Now let £ : N — 4 be a partially defined character, i.e. a linear map
such that {(1) = 14 and such that {(v){(w) = {(v.w) as long as v, w
and v.w belong to N. Now let:

Xea:={9€Ga, 0, =L}

Theorem (K. Ebrahimi-Fard, DM, J. Singer, J. Zhao)
X 4 is a Ta-principal homogeneous space. More precisely, the left
action:

T.qXXC,/q — XC,/q
(a,0) — ax@

is free and transitive.
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A general framework

it The MZV renormalisation grot
The renormalisation group renormalisation group

Proof.
Forany o€ Tq, ¢ € X; 4 and w € N we have:

owrp(w) = o(w)+e(w) +(Z)0t(W’)<P(W”)

= G(w),

hence oux @ € X; 4. Freeness is obvious. For transitivity, pick two
elements @,y in X¢ 4 and proceed as in the previous proof. O
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A general framework
The MZV renormalisation group

The renormalisation group

We apply this general framework to k = Q, H = (Q(Z*), .1, A) and
A = C. The right coideal N is the linear span of non-singular words,
i.e. W=Yypn - ¥Yn € Z"NNif and only if

Q n #1,
Q@ nm+nmn¢{21,0-2-4,...1}
Q@ n+--+n¢Zforanyje{3,... k}.
N is obviously a right coideal for deconcatenation.
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A general framework
The MZV renormalisation group

The renormalisation group

We apply this general framework to k = Q, H = (Q(Z*), .1, A) and
A = C. The right coideal N is the linear span of non-singular words,
i.e. W=Yypn - ¥Yn € Z"NNif and only if

Q n #1,

Q@ nm+nmn¢{21,0-2-4,...1}

Q@ n+--+n¢Zforanyje{3,... k}.
N is obviously a right coideal for deconcatenation. Moreover it is stable
by contractions, like:

.yn1 Yng}’ng}’m}/ns}’ne}’m — Yn1 Yn2+n3+n4J/n5}/n6+n7 .
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A general framework
The MZV renormalisation group

The renormalisation group

We apply this general framework to k = Q, H = (Q(Z*), .1, A) and
A = C. The right coideal N is the linear span of non-singular words,
i.e. W=Yypn - ¥Yn € Z"NNif and only if

Q n #1,
Q@ nm+nmn¢{21,0-2-4,...1}
Q@ n+--+n¢Zforanyje{3,... k}.
N is obviously a right coideal for deconcatenation. Moreover it is stable
by contractions, like:
Y YnoYng YnaYnsYneYn, 7 Yoy Yno+ns+nsYnsYng+ny -

We denote by ¥ = Z*\ (Z* N N) the set of singular words, and by
> « the set of singular words of length k. With the notations of the
Introduction we have:

Zk = {yn1 "’Yn;m (n17"~7nk) 65[(}
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A general framework
The MZV renormalisation group

The renormalisation group

The partially defined character { is given by

C(ym o '}’nk) = C(nh' . '7nk)>

for any non-singular word yp, - - - v, , the RHS being the ordinary MZV
or the value obtained by analytic continuation.
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A general framework
The MZV renormalisation group

The renormalisation group

Thus, the set of all solutions to our initial problem is

Xc’(c = T(C-(P,

where @ is one particular solution (which is known to exist).
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A general framework
The MZV renormalisation group

The renormalisation group

Thus, the set of all solutions to our initial problem is

Xc’(c = T(C-(P,

where @ is one particular solution (which is known to exist).

The renormalisation group T¢ is big (infinite-dimensional).
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The Jackson integral
Multiple g-polylogarithms
Ohno-Okuda-Zudilin g-MZVs
Double g-shuffle relations

g-multiple zeta values

g-analogues of multiple zeta values
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The Jackson integral
Multiple g-polylogarithms
Ohno-Okuda-Zudilin g-MZVs
Double g-shuffle relations

g-multiple zeta values

The Jackson integral is defined by:

a0 = [ 16) gy = ¥ (6"t~ o ().

n>0

niversité Cler Multiple zeta values and their g-



Outline
Multiple zeta values

Extension to arguments of any sign
The renormalisation group
g-multiple zeta values




The Jackson integral
Multiple g-polylogarithms
Ohno-Okuda-Zudilin g-MZVs
Double g-shuffle relations

g-multiple zeta values

@ Here q is a parameter in 0, 1].

@ When g 1 the Riemann sum above converges to the ordinary
integral.

@ g can also be considered as an indeterminate: The Jackson
integral operator J is then a Q[[qg]]-linear endomorphism of

A= t@[[t7 q]]

Dominique Manchon LMBP, CNRS-Université Clermont-Auvergne On Multiple zeta values and their g-analogues



The Jackson integral
Multiple g-polylogarithms
Ohno-Okuda-Zudilin g-MZVs
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A weight —1 Rota-Baxter operator
The Q[[q]]-linear operator P, : A — A defined by:

Palfl(t) == Y #(q"t) = £(t) + F(qt) + (1) + F(GPt) + - -

n>0

satisfies the weight —1 Rota-Baxter identity:

Pyl f1Pglgl = Pq[Pqlflg + fPqla] — fo].

Operator Py is invertible with inverse:

Pq ' [1(t) = Dq[f](t) = £(t) — (at).
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The g-difference operator D, satisfies a modified Leibniz rule:
Dylfg] = Dy[flg + D4g] — Dy[f]Dylg]-

We end up with three identities:

PolflPglg] = Pq[Pglflg+ fPqlg] —1g], (9)
Dq[f]Dglg] = Dqlf]lg+ Dglg] — Dqlfg], (10)
Dylf]P4lg] = Dq[fPglgl] + Dylflg —fg. (11)

Note that (9), (10) and (11) are equivalent.
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Multiple g-polylogarithms

@ Introduce the functions:
1
1—t

t

—
~

Note that y is an element of 4.
@ Introduce X, Y, Y, multiplication operators by x, y, resp.
@ Recall:

Lip, .n=(RoX)" "o(RoY)o---0(RoX)® To(RoY)[1].
@ Analogously:
= (JoX)" To(JoY)o---o(JoX)*  To(JoY)1].

:q
L1”1 yeees Tk
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Ohno-Okuda-Zudilin g-multiple zeta values
(Yasuo Ohno, Jun-Ichi Okuda, Wadim Zudilin, 2012)

@ Recall:
C(n1 yoee )nk) = Lin17--~7nk(1)'

@ By analogy define:
dq(m,....nk) :=Lig _ (q).

@ Some straightforward computation shows:

(AR e
3q(N1,. ., k) = —_
. I My >->mg [’771]21 ”'[mk]gk
with usual g-numbers:

1_qm m—1
[m]q:ﬁ:1+q+---+q :
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@ For any positive integers ny, ... nx with ny > 2, the g-MZV
3q(M,...,nk) makes sense for any complex g with |g| < 1, and

we have:
lHm 3q(n1,...,n) =C(n1,...,Nk).
qM

@ Here, g /1 means g — 1 inside an angular sector :

T 3n
Arg(g—1) €[= +€, == —¢].
re(a—1) €5 +e

On Multiple zeta values and their g-analogues
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@ An alternative description in terms of the operator P, will be very
convenient:
gq(nh"'vnk) = (1_ ) (n'la 7nk)

q™
(1 — g™ )

my>->m>0 (1 —q” )

= Py oYo---0 Pyt 07[1](t)’t:

where we recall that Y is the operator of multiplication by

On Multiple zeta values and their g-analogues
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Other models of gMZVs
@ Schlesinger model (2001):

1

S . :q
N,...,Ng) = ——— =1Li 1).

Qq( 1 ) m1>-§mk21 [m1 31 [mf]gk n1,...,nk( )
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Other models of gMZVs
@ Schlesinger model (2001):

y
Cs(m,...,nk) = —— =Li7 (1)
q m1>_§mk21 [m1 31 ...[mr]gk Ny N
@ Zhao-Bradley model (2003)
(k = 1: Kaneko, Kurokawa and Wakayama).

Colm,oom) = ),

my>--->me>1 [m1]g1 [mr]Zk

qm1 (I’)1 71)+~~+mk(nkf1)
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Other models of gMZVs
@ Schlesinger model (2001):

Cg(m,...,nk) =

1

=Lid ().
my>-->m>1 [m1 31 te [m,]gk I ERTLS

@ Zhao-Bradley model (2003)
(k = 1: Kaneko, Kurokawa and Wakayama).

qm1(n171)+~~+mk(nk71)
Co(ni,...,nk) =
I m1>-~;mk21 [m1]g1 [mr]Zk

@ Multiple divisor functions (Bachmann-Kihn, 2013):

1 n1—1 nk—1 i

Vit ey q.
(n1_1)!"'(nk_1)!/§3 m1>~~z>’mk>1_
mVi-- Mg Vik=]j

[M,...,n] =
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Extension to arguments of any sign

@ The iterated sum defining 34(ny,. .., nk) makes perfect sense in
Q[[q]] for any n4,...,nx € Z.

@ moreover it also makes sense when specializing g to a complex
number of modulus < 1:

5g(m, o)l < lal* (1 —lal) ™",
with w’ =YX, |nj].

o Forany ny,...,nx € Z we still have (with P, ' = D,):

Zq(m,...,nk) = Pg‘ oYo---0 Pg‘ 07[1](t)|t:q'
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q>0 1-q
k
- q
0,..,00 = (—/—) ,
3q( ) g
k
2
_ q q
3(—1) = q"(1-q") = ——
o(—1) ng,o ( ) g 1
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Double g-shuffle relations

@ The gMZVs described above admit both g-shuffle and
g-quasi-shuffle relations.

@ Double g-shuffle relations have been also settled recently (2013)
by Yoshihiro Takeyama in the Bradley model.
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g-shuffle relations

@ Let X be the alphabet {d,y,p}.
@ Let W be the set of words on the alphabet X, ending with y and
subject to
dp=pd =1,

where 1 is the empty word.
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g-shuffle relations

@ Let X be the alphabet {d,y,p}.
@ Let W be the set of words on the alphabet X, ending with y and
subject to

dp=pd =1,
where 1 is the empty word.

@ Any nonempty word in W writes uniquely v =p™y---py,
with nq,...,ng € Z.
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g-shuffle relations

@ Let X be the alphabet {d,y,p}.
@ Let W be the set of words on the alphabet X, ending with y and
subject to
dp=pd =1,
where 1 is the empty word.

@ Any nonempty word in W writes uniquely v =p™y---py,
with nq,...,ng € Z.

@ Now define:

3g (PMy - p™y) i=5g(me, . k)

and extend linearly.
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@ g-shuffle product recursively given (w.r.t. length of words) by
1wV = vl = v and:

(W)wu=vu(y) = y(viw),
pviipu = p(viupu)+p(pviuu) — p(viuu),
dviudu = viudu+ dviou — d(viow),
dviupu = puidv = d(vipu) + dviou — viou.

forany u,v e W.
@ The product LU is commutative and associative.
@ The g-shuffle relations write:

3q (U)zg (v) =34 (uv).
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g-quasi-shuffle relations

Y = alphabet {z,, n € Z}, with internal product z; ¢ z; = z;;.
Let Y* be set of words with letters in Y.
Let * be the ordinary quasi-shuffle product on Q(\N/).

Let T be the shift operator defined for any word u by:

T(zpu) := (2n— zp—1)uU.

The g-quasi-shuffle product 1+ is (uniquely) defined by:

T(uwv) = Tux*Tv.
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o Define 3,7 (zn, -+ Zn,) := 3q(m,. .., nk) and extend linearly.

@ the g-quasi-shuffle relations write:

for any words u,v € Y*,
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o Define 3,7 (zn, -+ Zn,) := 3q(m,. .., nk) and extend linearly.

@ the g-quasi-shuffle relations write:

for any words u,v € Y*,
@ Example of g-quasi-shuffle relation: for any a,b € Z,

gq(a)gq(b) = gq(aa b) +3q(bv a) +gq(a+ b)
—gq(a,b—1)—3q(b7a—1)—3q(a+b—1).

@ Note that the weight is not conserved, contrarily to the classical
case.
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@ In terms on "non-modified” g-MZVs, the previous example
becomes:

3q(@)3q(b) = 3q(a b)+3q(b @) +34(a+b)
—(1-9)[39(a,b—1) +3¢(b,a—1)+34(a+b—1)].

@ Inthe limit g 1, the "weight drop term” disappears, and we
recover the classical quasi-shuffle relation.
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Important remark

There are no regularization relations in this picture. The swap

Y =W

is defined by:

n—1 ne—1

(20, 2n,) =

and the change of coding writes itself:

yo Py,

St s
3g =3q OF

in full generality.
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Summing up, the double g-shuffle relations write themselves as
follows:

for any u,v € Y* and for any u',v' € W,

3 (Wig (v) = 34 (uwiv),
30 (U357 (V) = 357 (dwv),
and we also have:
3g =3q OC
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An example of computation using double g-shuffle relations

@ Using g-quasi-shuffle:

gq(1 )gq(z) = gq(1 72) +3q(27 1 ) +gq(3) _gq(1 ’ 1 ) _3q(27 0) _gq(2)'
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An example of computation using double g-shuffle relations

@ Using g-quasi-shuffle:

gq(1 )gq(z) = gq(1 72) +3q(27 1 ) +gq(3) _gq(1 ’ 1 ) _3q(27 0) _gq(2)'

@ Using g-shuffle:

3q(1)3q(2) = gsu(pY)gsu(pp}/)

Dominique Manchon LMBP, CNRS-Université Clermont-Auvergne On Multiple zeta values and their g-analogues



The Jackson integral
Multiple g-p garithms

Ohno-Okuda-Zudilin g-MZVs
Double g-shuffle relations

g-multiple zeta values
An example of computation using double g-shuffle relations

@ Using g-quasi-shuffle:

gq(1 )gq(z) = gq(1 72) +3q(27 1 ) +gq(3) _gq(1 ’ 1 ) _3q(27 0) _gq(2)'

@ Using g-shuffle:

3q(1)3q(2) = gsu(pY)gsu(pp}/)
= 3q (Pyppy)
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An example of computation using double g-shuffle relations

@ Using g-quasi-shuffle:

gq(1 )gq(z) = gq(1 72) +gq(27 1 ) +gq(3) _gq(1 ’ 1 ) _3q(27 0) _gq(2)'

@ Using g-shuffle:
3q(1)3q(2) = g(;u(pY)gsu(pp}/)

3q (pyruppy)
= 34 (p(yruppy + pyLupy — yupy))
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An example of computation using double g-shuffle relations

@ Using g-quasi-shuffle:

3q(1)39(2) =34(1,2)+34(2,1) +34(3) =34(1,1) —34(2,0) —34(2)-

@ Using g-shuffle:

?‘Jiq(‘I )3q(2) gsu (pJ/)gsu (ppy)
= 34 (pyruppy)
= 34 (P(yrppy + pyLpy — yiupy))
= 3y (p yppy + p(2ypy — yy) — ypy))
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An example of computation using double g-shuffle relations
@ Using g-quasi-shuffle:

gq(1 )gq(z) = gq(1 72) +gq(27 1 ) +gq(3) _gq(1 ’ 1 ) _3q(27 0) _gq(2)'

@ Using g-shuffle:

3q(1)34(2)
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An example of computation using double g-shuffle relations

@ Using g-quasi-shuffle:

3q(1)39(2) =34(1,2)+34(2,1) +34(3) =34(1,1) —34(2,0) —34(2)-

@ Using g-shuffle:

34(1)34(2) g (Py)iq (pPY)

o (PyLuppy)

o (p(yppy + pyLupy — yiopy))
5 (p (vopy + p(2y0Y — YY) — YIY) )
. (

q

pyPpY + 2ppYPY — PPYY — PYPY)
q(1,2) +254(2,1) —3,4(2,0) —34(1,1).

—~

Il
ol ] o
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An example of computation using double g-shuffle relations

@ Using g-quasi-shuffle:

5q(1 5q(2 %q‘(Jﬂ'@"i_Z’q 2 1)+5q(3) 5q(1 1) 3q(270)_3q(2)'

@ Using g-shuffle:

?‘Jiq(‘I )3q(2) gsu (pJ/)gsu (ppy)
= 34 (pyruppy)
= 34 (P(yrppy + pyLpy — yiupy))
= 34 ( p(ypoy + p(2ypy — yy) — ypy))
= 34 (pyppy + 2ppPYPY — PRYY — PYPY)

= .5#,.2)—1—2%(2,1)—%(2,0) _gq(1 71)'
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An example of computation using double g-shuffle relations

@ Using g-quasi-shuffle:

5q(1 5q(2 %M'FM"’_ﬁq 3) 5q(1 1) 3q(270)_3q(2)'

@ Using g-shuffle:

?‘Jiq(‘I )3q(2) gsu (pJ/)gsu (ppy)
= 34 (pyruppy)
= 34 (P(yrppy + pyLpy — yiupy))
= 34 ( p(ypoy + p(2ypy — yy) — ypy))
= 34 (pyppy + 2ppPYPY — PRYY — PYPY)

= %M+23q(271)_3q(270) _gq(1 71)'
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An example of computation using double g-shuffle relations

@ Using g-quasi-shuffle:

3q(1)3¢(2) =372 +35k2)+34(3) =371 —34(2,0) —34(2)-

@ Using g-shuffle:

?‘Jiq(‘I )3q(2) gsu (pJ/)gsu (ppy)
= 34 (pyruppy)
= 34 (P(yrppy + pyLpy — yiupy))
= 34 ( p(ypoy + p(2ypy — yy) — ypy))
= 34 (pyppy + 2ppPYPY — PRYY — PYPY)

= g2 +234(2,1) = 34(2,0) — 3.
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An example of computation using double g-shuffle relations

@ Using g-quasi-shuffle:

39(1)34(2) =352 +35(21) +54(3) —3gd) —35(2-0) —34(2

@ Using g-shuffle:

?‘Jiq(‘I )3q(2) gsu (pJ/)gsu (ppy)
= 34 (pyruppy)
= 34 (P(yrppy + pyLpy — yiupy))
= 34 ( p(ypoy + p(2ypy — yy) — ypy))
= 34 (pyppy + 2ppPYPY — PRYY — PYPY)

= gk2) +230(2, 1) —3542-0) — 351
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Hence,

or equivalently,
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Hence,
gq(2, 1) = 3q(3) - 3q(2)>
or equivalently,
39(2,1) =34(3) — (1 — 9)34(2)
thus recovering Euler’s regularization relation
&(2,1) =¢(3)

in the limitg " 1.
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Hence,
gq(2, 1) = 3q(3) - 3q(2)>
or equivalently,

39(2,1) =3q(3) — (1 — 9)34(2).
thus recovering Euler’s regularization relation
§(2,1) =¢(3)
in the limitg " 1.

[W. N. Bailey, An algebraic identity, Proc. London Math. Soc. 11,
156-160 (1936).]
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Perspectives and open problems

@ Are the double shuffle relations the only ones among our gMZVs?

@ Combinatorial description of the g-shuffle product Lu. Find a
compatible coproduct.

@ Parameter q yields a regularisation of MZVs. What about
renormalization for g — 1?
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Thank you for your attention!
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