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Our aim: explain where resurgence comes from, using Ecalle’s inductive
construction of elementary non-trivial resurgent functions, for which
“mould formalism” is particularly efficient.

@ Ecalle’s moulds help elucidate the resurgent structure

@ they help establish the bridge equations behind the Stokes
automorphisms and the DDP formula

@ they also induce recursive constructions of n-point correlation
functions in the spirit of other recursions.
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O = PQb (sE)

originates with quantum mechanics: 1 = 1/h (or a complex variable ~ o0)
Q(x) € C[x] “energy — potential” (or @ = Qo(x) + 771 Q1(x) + -+ ).
Data: a meromorphic quadratic differential Q(x)dx? on P!, regular on
C = PU\{x1,...,xm, 0} where x;'s = turning points = zeroes of Q.
Complex curve C, := {(x,p) € C x C* | p?> = Q(x)}, double cover of ®
on which Ao := pdx is a square root of Q(x)dx>.
WKB method produces an h-extension of A\g: a formal 1-form on ((.:2
A=Px,n)dx, P(x,n) = QV2(x) + 7 P1(x) + n 2Pa(x) +
(Pdx invariant by change of coordinates, coeff. uniquely determined and
holomorphic on @2) [Definition recalled later.]
We want to study P(x,7) and its Borel transform w.r.t. parameter
ByeP = P(x,€) = QV2(x)5(&) + D, Pu(x)¢*/(k — 1)L,
k=1

Resurgence: convergent for |£| small enough and endlessly continuable
(isolated singularities).



——— =P QMX)Y (SE)

WKB formal solutions:
Pt =M QTHA(x) T (x,m), YT = e M QTVA(x) o™ (x,7)
with A(x) = ¢ Q"?(x') dx’ multivalued on C; and

E(m) =1+ eg () + 0 2ef () +
multivalued and determined up to a multiplicative x-independent factor.

We'll be interested in the Borel transforms w.r.t. parameter 7

Byoeot = ¢F(x,8) = 6(8) + > i (x)€¥/k!

k=0
at least for certain choices of normalization.

Resurgence: convergent for || small enough and endlessly continuable
(isolated singularities).



Simplest example: one turning point of multiplicity m and nothing else
Q(x) = c2x™

(TP at x; = 0, pole at x5, = ). Then one finds

P = EMIQTA(x) ot (x,m)
with A(x) = cx™ (choosing xo = 0), Q" ¥4(x) = ¢~ ¥2x~™/* and
—p—1 " p —p—1, - " n
B[” Hpt] = r(5+1) (1 - 2iA£(><)) ) 3[77 ] = F(,§+1)(1+ 2iA£(x))

Resurgence: The singularity of By™ at & = 2iA(x) is proportional to
By~ and vice-versa [blackboard].
Exercise in alien calculus:

Doiap™ = 2isin(mp) =, A _siapgp” = 2isin(mu) o7

[Ecalle 1981, Vol. 2]

Airy m = 1 ~> Stokes const S = —i. Harm. osc. m =2 ~ S = —i/2.
I



Associated Riccati equation
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Set P = Lo, log. Since inP = &L = indP = &L — (in)2P?,

= (in)°Q (SE) — P? = Q(x) +in~tosP (RE)

Pi(x,m) = £Q"2(x) + §1 "0 log Q) £ 172 (5 G — 153 ) + -+
from which we recover all WKB formal solutions to (SE):
vt = Cn)exp (in(Z) 7 Px) = C(n) et AW QHAE,
A =Pdx ? Define “h-extended momentum” P := (P, — P_).
Py =4P + 3(Py + P_) = P — 5.0x log P.
Help to handle normalization choices:



The coefficients of Py are uniquely determined and holomorphic on C,
their Puiseux expansions at the x;'s and at x,; = 00 do not contain the
term (x — x;) L.
Choice of normalization for ¢+
= selection of termwise primitive w.r.t. x for Py (x,n)
= selection of termwise primitive w.r.t. x for P(x,n)
(:/)2

P=QY(1+ 1Y), y__i(352(§?§’) —3 X2)+"'

Py = £P — 5-0clog P = £Q"?(x) — g-dclog P + £QY2Y

“xj-normalized solution” for j € {1,..., M, c0}:

wi — eiinA(X) P—1/2 exp ( + [%];1(01/23}))

J

51-1. S . .

where [£-]. indicates the primitive whose Puiseux expansion at x; does
J

not contain any constant term (equivalently: the average of the

primitives S;( for a varying along the positive cycle around x; in Cy).



Alternative notation: [i;]jlg(x) = f g(x')dx’

ox @

= %J g(x)dx if g(x*) = —g(x).

Vix

i = eHA) P2 exp ( iinf (A=X)), Ax) :J Ao-
©,

X0

Connection between different normalizations: “Voros coefficients”

U (xm) = et (am), v O m) = €T T (x,m)
(j k

Mjx(n) = Jg Ql/zy = % J (A = o) quantum period
7,

M x(m) = Nk(n) = N;(n), N;(n) =in J@(/\ — Xo)-

X0



For the x,-normalization, in view of the decay at oo of the coefficients of

1/2 F . X
QY2 one can replace [67]30 with usual Sm

1 1
Pr = +QY3(x) - max log Q(x) + %Ql/zyir
defines Yy = 7! YOi () + 72 (x) +

One gets Y = 2(Y, — Y_) and

X
PE = HAN QA o LE e j QY.
o0

ok and @7, are characterized by the vanishing at oo of all coefficients
except the 0 one
Yi _ Q 1/2'\ |0g50_



Why are Yy and the tp-i’s resurgent? Why is % resurgent?

We define a vector field ¢ on (Cz by the formula

0
._ —1/2
0= QU)o

(dual to the square root of the quadratic differential Q(x)dx?).

This way, under the change 1)t = e+1"A(X)Q*1/4<pi, (SE) becomes

?pT +2indpt = Kp* (SE)

with notation H = dlog Q"/? = 3 &% and K := J0H + 3 H*.

Correspondingly, under Py = +QY?(x) — ﬁéx log Q(x) + %01/2 Yy,

oYy £2inYy = -Y2 + K (RE)

and Y4 = 0log E. The “xy,-normalized solution” is % = exp(é’o_o1 Yi),
where 0,1 denotes the “x,.-based” right inverse to 0.



Compute o7 = ¢} and xt = dpZ (note that Y, = )—)

as well as ¢~ = ¢ and Y~ = (0 — 2in)p5, (then Y_ = X + 2ip)
by Neumann series:
opt . ot =1+ 07t

Pt +2indpT = Kot PN
(0+ 2in)x* = Ko™ xt = (0+2in) 'Ke"

with operators acting on O((.Cg)[[n_l]]: K = multiplication operator and

(0+2ip) ™t = > (—1)k(2in) <ok,

k=0

=Y (0 @+ 2i)TIK) "L, xT = D] (0 + 2in) (1 (@ + 2ip) THK) "1

n=0 n=0

Similarly ¢~ = —2in > (0 — 217})71((7501/@0 _ 217]),1)"1

and y~ = —21772 OHC(0 + 2in)~ 1)nl.
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A series of formal series in ™", each of which is resurgent.



Counterpart of (& + 2ien)~! in the Borel plane: when applied to
g =g(x)or G(x,n) =l gx(x)n~ %1, we find

B((0+2ien)Yg) = AB(Y (1) n " lokg) = £ Y A (5E) e
= sz exp (520)g = g(T % (x)),

where t +— Tt is the time-t flow map of 0.

B((0+2ien)6) = £ Y A (55)" « G (x,€)

f ! A
= if exp(gf8 (7)G(X,§—§’)d§'
0

3
=4+ i G(T=¢/%e(x),¢ — ¢') de’.



CLAIM: % and * are endlessly continuable, with only possible
singularities located at £ = w(x) determined by

TFOR2A () e {xq, ..., xm}.

Idea: The vector field @ = Q(x)~Y/2 < is straightened by the Liouville
transformation z = S; QV2(x)dx' = A(x) = x = x(2) = T?(x0).

TH(x(2)) = x(z + t).

z — TZ(xp) has periodic-multivalued (!) analytic continuation, singular
at a; = Srj Ao and at the replicas obtained by addition of classical
periods 2(ax — ). The function K is meromorphic on C, with poles at
the x;'s, hence in coordinate z it has endless analytic continuation with
singularities at & € {a; + >, 2my(ax — «;j)}: all the possible values of A
at the TPs. We get z Fw/2i = @, i.e.

w(x) = +2i(A(x) — &).



The condition 7=/ (x) € {xy,...,xm} for 3% comes from
ok = Z ((30_01(6 + 217])_11C)n1

involving B((0 + 2in)~1g) = g(T %% (x)) and B((0 + 2in)~1G) =
Similarly @5, ~> B(0 —2in) ™!~ TN/ (x) € {x,...,xm}

Next question: What are Azi(A,a.)gﬁ and A sia—a)p !

Azi(Afqujr =5/¢, A pa- )P = /99, with §; = —2isin(3 '2)-

= o M

0 (6, m) = e o (x,m), o5 (x,m) 7 (x,m)

A21(A QJ)SDOC = S e2|_|joo SOOO’ A21(A @J)SDOC — S —2M;j &

9000
One also gets formulas for Ayoia_a;) Y+

Next question: A et2Mo =7

w = 2i(ax — ay)... DDP formula...

We stop our comments on resurgence here, to move on to something else.



We obtained representations of pZ and x* as series of elementary

- : +
non-trivial resurgent series. Can we do the same for Y, = fjj and

Y. = if: + 2in?

p* = D (xH 0+ 2im) 7)1 — M

XF= o @42k (05 @+ 2i) T K)"L = Y M EH)

p~ = —2in(0—2i) 7t (K@ -2 "L = Y M

X = —2in Y (91K(0+ 2ip) )" = Yme
with

M? =1 and M= = (04 2in(er + -+ + &,)) . (bey M%)

where b, = K and b_ = 1. This defines a “mould” M.
Family of series indexed by words & = ;1 - - - £, on the alphabet {+, —}.

Here, only a slice of mould M: only alternate words...



M? =1 and M=% = (0 + 2in(ey + - +&,)) ) (bey M=)

=K.
Z M) o = Z M=) X~ = Z M+
—yzo%. Then
Zﬁ Mer 5,
e1-- s,

+¢&,=1and 0 else,

where b, =1 and b_

<P+ = ZM(_-HH’ X+ =

CLAIM: Define By = £ and B
Y+ - 2551 ErMEr"E,’

with 35 =B ---B.yifel +---

and 87 = (—1)r+16(t€1)_.( ., (zerounless £y + -+ + 2, = —1).

B., - -- B., is homogeneous of degree —(¢1 +--- +¢,), hence B . €Z
=0, etc.

Bi =1 5i+, =2 »Bf++ = ﬁi#
1

€1 & —

Remark: one can check Zﬂ{_el)_'_(_E,)M = m
I



Explanation: The key point is a certain family of quadratic relations.

An R-valued mould on ¢/ is just the collection of values
Vertan =y (a,...,an)

of a sequence of functions Vo, V1, ..., with V,: &/ — R.

Quadratic relations called “symmetrality”: Vo = 1g and, for all p, g,

Vo(by, ..., bp)Vqlct,. .. ¢q) = > Va((b,€)1,4)

Ic{1,...,n}
l=p, Ji={1,..., nh\/ the n-tuple a such that

agy =bandagyy =c
(with n:= p + q)

Example: V,(a1,...,a,) = (al+-~-+ag)(212+-~+a,)---a, with &7 = Z~ (or...)

Equivalently: V% = 1g and, for all words b, c, Vvbye = > Ve,
a e shuffle(b,c)

Our mould M on o = {+, —} is symmetral (easy proof by induction).



What symmetrality is good for... (SE) was written for ¢ in the form of
a system

0p = X

ox = =2inx + Ky
Equivalently, consider L := ¢ — 2177)/20%2 + by Yla% +b_ yzaiyl
operator acting in R[[y1, y2]], where R := O(Cy)[[n7]].

Let Lo = (?—Zinyga%, B, = yl(%, B_ = ygﬁ, so
L=1Lo+ by B, +b_B_.

All these are derivations. Consider the operator

©:= ) Mee B, ... B... The inductive definition of M says that
OL = LyO.

Because M is symmetral, © is an automorphism, thus ©f = f o 0 with
O(y1,y2) = (©y1,0Oy»). In fact

0(y1,y2) = (it + y207, yax™ + yax 7).



B+ =y1(—)iy2, é_ = yzaiyl, 6:=ZM€1“'€r,§Er...,§E

11

Oy1 =y1pT + 9, Oyo=yix" +yax".

Now the general solution to (RE’) is

_oxt A o_e Ay~ _xt+ oe 2y~ _0 —2ip _ oo
+ —2in, ,— + —2i — RE(UG )7 o o
orpT +o_e My pT +oe My +
+ —
X" t+yXx
0 =272 =2,
RE(Y) ot Ty Y=y

Because © is an automorphism (symmetrality),

+ 4 YN
CXTHYXT Oy

HRE(y) - SOJF T %()07_ @yl = @(%) :ZM51...E,Bsr Bgl(%)

We get §+(%) =1=B,yand E_(i—i) = —(f)z = B_y, and since
B. ---B.,y = B.y 1t te)+1 we find

Yy = Ore(0) = >, M= =3



Food for thought... Yy = ) 3F M. Recursive definition of M~

M® = (04 2in(er + - +2,)
be, (04 2in(en + -+ +,)
coobe, (04 2ing,) b)) -

using 0;' whenever a suffix ¢; - - - £, of £ has vanishing sum.

“Resonance level”: ¢(¢) = n number of zero-sum suffixes
~+> M?* involves an n-fold integration from oo.

Group together the words with the same resonance level:

Wit = Zz(g):n BEME is the “n-point component” in Yy

Y, = Z WE > WKB solution ¢ = eFinAX) Q—1/4 o Vi
n



THANKS !



