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Domino and Lozenge tilings

Domino or lozenge tilings of large geometric shapes:
they are a rich source of new statistical phenomena near
critical points.

They have sufficient complexity to have interesting fea-
tures and yet are simple enough to be tractable!

Models have been studied having the three phases:

• Solid phase

• liquid phase: correlations are decaying polynomially with distance.

• Gas phase: correlations are decaying exponentially with distance.

In this talk, we discuss models with solid and liquid phases only.



1. Domino tilings of Aztec diamonds of size n
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For n→∞?



a = 1

Arctic circle (n=100)

• Airy Process (stationary process version of the Tracy-Widom distrib.)

• GUE-minor process (interlacing spectra of the minors of GUE-matrix)

• Gaussian Free Field (courtesy Sunil Chhita)



a = 1 a = 1/2

Arctic circle (n=100) Arctic ellipse (n=100)

• Airy Process (stationary process version of the Tracy-Widom distrib.)

• GUE-minor process (interlacing spectra of the minors of GUE-matrix)

• Gaussian Free Field (courtesy Sunil Chhita)



Other geometries:



Rectangular Aztec diamond : Covering with domino’s

m1 = n + κ

m2

n

n = 8, m1 = 10, m2 = 3, κ = 2.

Imagine n, m1, m2 very large, keeping κ finite!



Example: two overlapping Aztec diamonds:
(creating such a geometry)

=⇒

m1 = n

m2

n



⇑ ↗
discrete tacnode process tacnode process (Pearcey process)

(Small overlap) (Big overlap) (even bigger overlap)



m1 = n + κ

m2

n

Proposition: an Aztec rectangle is tilable if

m1 ≥ 0, m2 ≤ n+ 1

There are two cases: either m1 ≥ n or m1 < n. In this talk
assume m1 ≥ n !



• Put a Weight a:

− vertical domino’s have weight 0 < a ≤ 1

− horizontal domino’s have weight 1

• Probability on tilings:

P(domino tiling T ) =
a#vertical domino’s in T∑

all possible tilings T

a#vertical domino’s in T



• Step 1. Random surface and its level lines, corresponding
to levels 1/2, 3/2, . . . , n+ 1/2, etc...⇔ Tiling.
• The point process of the intersections of the oblique lines
with the (red) level lines: Loss of information!
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h h h

h+ 1 h+ 1 h+ 1
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green blue yellow red

n = 100, m1 = n = 100, m2 = 97,



Courtesy Sunil Chhita

n = 100, m1 = n, m2 = 97
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ξ = 2m1

h h h

h+ 1 h+ 1 h+ 1

h h

h + 1 h

h + 1 h + 1

h h h

h h h

h h

h h + 1

h + 1 h + 1

green blue yellow red

• GOAL: find the correlation kernel Kred of the (red) point process :

Kred(ξ1, η1; ξ2, η2), ξi ∈ 2Z, ηi ∈ 2Z + 1

The correlation kernel enables one to compute the following probabilities:

P
(

a green or blue tile at (ξ1, η1)
& a green or blue tile at (ξ2, η2)

)

= det

(
Kred(ξ1, η1; ξ1, η1) Kred(ξ1, η1; ξ2, η2)
Kred(ξ2, η2; ξ1, η1) Kred(ξ2, η2; ξ2, η2)

)



Random surface and its level lines: two important num-
bers ρ and r.
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strip of
width ρρ = #

{
oblique lines with

minimal # of red dots

}
−1

= m1 −m2 + 1

= width of strip = 8

In this example n = 8, m1 = 10, m2 = 3



Random surface and its level lines: two important num-
bers ρ and r.
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ρ = #

{
oblique lines with

minimal # of red dots

}
−1

= m1 −m2 + 1

= width of strip = 8

r = #

{
red dots along the
ρ+ 1 oblique lines

}
= n−m2 + 1 = ρ− κ = 6,

m1 = n− r + ρ, m2 = n− r + 1

In this example n = 8, m1 = 10, m2 = 3

strip of
width ρ
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ξ = 2(m2 − 1)

ξ = 2m1 Keep r and ρ finite.

Asymptotics for n, m1, m2 →∞

with m1 = n+ ρ− r, m2 = n+ 1− r

ZOOM ABOUT THE STRIP !!

STEP 2. SCALING: For n→∞, xi ∈ Z and yi ∈ R,

new set of variables: (ξi, ηi)→ (τi, yi) ∈ Z× R

ξi := 2m1 − 2τi, ηi := n− 1 + yi
√

2n, a = 1 +
β
√
n
,

∆η

2
= dy

√
n

2



Step 3. Limiting kernel = “Discrete Tacnode Kernel”LdTac

For τi ∈ Z and yi ∈ R and n = 1
t2
→∞:

lim
t→0

√
2

1 + a2
(−a)

η1−η2
2 (at)

ξ1−ξ2
2 Kredn (ξ1, η1; ξ2, η2)

∆η2

2
= LdTac(τ1, y1; τ2, y2)dy2



For xi, τi ∈ Z and yi ∈ R: (recall ρ = m1−m2+1, r = n−m2+1, a = 1+βt)

LdTac(τ1, y1; τ2, y2)

:=− Hτ1−τ2(
√

2(y1 − y2))

+
∮

Γ0

dV

(2πi)2

∮
↑L0+

dZ

Z − V
V ρ−τ1

Zρ−τ2

e−
V 2
2 +(β+y1

√
2)V

e−
Z2
2 +(β+y2

√
2)Z

Θr(V, Z)

Θr(0,0)

+
∮

Γ0

dV

(2πi)2

∮
↑L0+

dZ

Z − V
V τ2

Zτ1

e−
V 2
2 +(β−y2

√
2)V

e−
Z2
2 +(β−y1

√
2)Z

Θr(V, Z)

Θr(0,0)

+
∮
↑L0+

dV

(2πi)2

∮
↑L0+

dZ
V −τ1

Zρ−τ2

e−
V 2
2 −(β−y1

√
2)V

e−
Z2
2 +(β+y2

√
2)Z

Θ+
r−1(V, Z)

Θr(0,0)

−
∮

Γ0

dV

(2πi)2

∮
Γ0

dZ
V ρ−τ1

Z−τ2

e−
V 2
2 +(β+y1

√
2)V

e
Z2
2 −(β−y2

√
2)Z

Θ−r+1(V, Z)

Θr(0,0)

where

Γ0 = small circle about V = 0 or Z = 0,

↑ L0+ = upgoing vertical line in C to the right of Γ0



where

Hm(z) :=
zm−1

(m− 1)!
1z≥01m≥1, (Heaviside function)

Θr(V, Z) := 1
r!

 r∏
1

∮
↑L0+

eW
2
α−2βWαdWα

2πiW ρ
α

(
Z−Wα

V−Wα

)∆2
r (W1, . . . ,Wr)

Θ±r∓1(V, Z) := 1
(r∓1)!

×

r∓1∏
1

∮
↑L0+

eW
2
α−2βWαdWα

2πiW ρ
α

((Z−Wα) (V −Wα))±1


× ∆2

r∓1(W1, . . . ,Wr∓1).

∆r =Vandermonde



This enables one to compute:

1. The distribution and joint distribution of blue and green tiles

along oblique lines:

2. The cusp-Airy probability near the cusp with inside two colors

of tiles



1. The distribution and joint distribution of blue and green tiles

along oblique lines:



Courtesy Sunil Chhita
n = m1 = 100, m2 = 97, ρ = r = 4

ρ



Courtesy Sunil Chhita
n = m1 = 100, m2 = 97, ρ = r = 4

ρ



1. The distribution and joint distribution of blue or green tiles along

oblique lines:

• Nτ = #{blue or green tiles along the oblique line τ}= (τ − ρ)>0 + r

• x(τ) ∈ RNτ

Theorem (distribution and joint distribution of the blue or green tiles)

P
(
x(τ) ∈ dx

)
= D(τ,x; τ,x)dx, for τ ≥ 0

P
(
x(τ1) ∈ dx and y(τ2) ∈ dy

)
= D(τ1,x; τ2,y)Vol(C(τ1,x; τ2,y))dxdy

for 0 ≤ τ1 < τ2 ≤ ρ or ρ < τ1 < τ2

Vol(C(τ1,x; τ2,y)) = Volume of polytope (Gibbs property!)

where (≺=:interlacing)

C(τ1,x; τ2,y) :=
{
x = z(τ1) ≺ z(τ1+1) ≺ · · · ≺ z(τ2−1) ≺ z(τ2) = y,

}



Theorem (distribution and joint distribution of the blue or green tiles)

P
(
x(τ) ∈ dx

)
= D(τ,x; τ,x)dx, for τ ≥ 0

P
(
x(τ1) ∈ dx and y(τ2) ∈ dy

)
= D(τ1,x; τ2,y)Vol(C(τ1,x; τ2,y))dxdy

for 0 ≤ τ1 < τ2 ≤ ρ or ρ < τ1 < τ2

where

• D(τ1,x
(τ1); τ2,y

(τ2)) :=



C∆̃Nτ1,τ1
(x + β

2)∆Nτ2
(y)

Nτ2∏
i=1

e−y
2
i

√
π


for ρ < τ1 < τ2

C′∆̃Nτ1,τ1
(x + β

2)∆̃Nτ2,ρ−τ2
(−y)

for 0 ≤ τ1 ≤ τ2 ≤ ρ

• ∆Nτ(y) = Vandermonde of size Nτ = #(blue or green tiles ∈ level τ)



• For N := (τ − ρ)>0 + r, define:

∆̃N,τ(x) =



det



1 . . . 1
x1 . . . xN
... ...

x
τ−ρ−1
1 . . . x

τ−ρ−1
N

Φτ−1(x1) . . . Φτ−1(xN)
...

Φτ−r(x1) . . . Φτ−r(xN)


, for ρ < τ

det

 Φτ−1(x1) . . . Φτ−1(xN)
...

Φτ−r(x1) . . . Φτ−r(xN)

 , for 0 ≤ τ ≤ ρ



with

Φk(η) :=
1

2πi

∫
L

ev
2+2ηv

vk+1
dv

=
e−η

2

2−k
√
π
×



∫ ∞
0

ξk

k!
e−ξ

2+2ξηdξ , k ≥ 0

H−k−1(−η) , k ≤ −1



2. The cusp-Airy probability near a cusp bordering a frozen region

with two colors of tiles for ρ = 0, obtained as a scaling limit of the

discrete tacnode kernel LdTac

The cusp-Airy kernel is given by: for all τ1, τ2 ∈ Z, except for τ1 ≥ 0 and

τ2 ≤ 0

lim
r→∞(−r

τ1−τ2
6 )LdTac(τ1, θ1; τ2, θ2)

∣∣∣∣
θi=2

√
r+

ξi

r1/6

= −Hτ1−τ2(ξ1 − ξ2) + (−1)τ2

∫ ∞
0

A−τ1(ξ1 + λ)A−τ2(ξ2 + λ)dλ

=: Cusp-Airy kernel

where Aτ(u) =
∮
↖
↗

zτdz

2πi
e−

z3
3 +uz, τ ∈ Z (angles = π

3)



Lozenge tilings of an hexagon

II. Tiling of a hexagon with Lozenges

Three different types of Lozenges:



Percy Alexander MacMahon (1854, Malta -1929, UK)

P.A. MacMahon, Combinatory Analysis, Vol. 2, Cambridge UP, 1916
reprinted by Chelsea, New York, 1960.



MacMahon’s formula for the number of domino tilings an hexagon with

sides a, b, c: (other formula by MacDonald)

P (a, b, c) =
a∏

i=1

b∏
j=1

c∏
k=1

i+ j + k − 1

i+ j + k − 2
=
H(a)H(b)H(c)H(a+ b+ c)

H(a+ b)H(a+ c)H(b+ c)

where

H(n) = (n− 1)!(n− 2)! . . .1!0!



MacMahon’s formula for the number of domino tilings an hexagon with

sides a, b, c: (other formula by MacDonald)

P (a, b, c) =
a∏

i=1

b∏
j=1

c∏
k=1

i+ j + k − 1

i+ j + k − 2
=
H(a)H(b)H(c)H(a+ b+ c)

H(a+ b)H(a+ c)H(b+ c)

Statistical questions for large sizes ? Everything is known:

⇒ Arctic circle separates the frozen and liquid regions (as for the Aztec

diamonds)

• Gaussian Free Field in the liquid region

• Airy Process along the arctic circle

• GUE-minor process at the tangency points of the arctic circle





Lozenge tilings of an hexagon

(Courtesy of Antoine Doeraene)

What are the statistical fluctuations of blue tiles in the region between

the two cuts, when the size of the polygon and the cuts tends to infinity ?

CLAIM: same statistics as in domino tilings of Aztec rectangles:
The discrete tacnode process

...........................

...........................



n1 = 50 d = 20 n2 = 30

m1 = 20 d = 20 m2 = 60

b = 30

c = 60

width of strip = ρ := n1 −m1 + b− d = 40

#{paths connecting the 2 arctic ellipses } = r := b− d = 10



LdTac(τ1, y1; τ2, y2) is a master kernel, besides being uni-
versal

discrete-tacnode kernel LdTac

Dyson BM tacnode kernel

Pearcey

Airy

Cusp-Airy kernel

GUE-minor



THANK YOU !


