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What this is about

? This is about certain differential and integral equations that describe the

non-equilibrium dynamics of many body integrable systems.

? “Hydrodynamics” refers to the fundamental physical principles of hydrodynamics.

Applied to integrable systems we obtain what we call generalised hydrodynamics (GHD).

? This is not about hydrodynamic-type partial differential equations that are integrable

(although the GHD equations, it turns out, are integrable...).

? Technically, GHD morphs the thermodynamic Bethe ansatz (TBA) into a set of

hydrodynamic-scale equations.

? Despite the name, this TBA framework, and hence GHD, is extremely widely applicable:

quantum and classical field theories, chains or gases of all types. It is not really based on the

Bethe ansatz, rather on the scattering theory for many-body systems.
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Examples of models

Quantum Lieb-Liniger gas: point-like interactions in a Galilean invariant Bose gase

H =

∫
dx

(
1

2
∂xΨ†∂xΨ +

c

2
Ψ†Ψ†ΨΨ

)
, [Ψ(x),Ψ†(y)] = δ(x− y)

Classical Toda gas: exponential interaction in a classical gas

H =
∑
a∈Z

(
1

2
p2
a + e−ra + Pra

)
, ra = xa+1 − xa, {xa, pb} = δa,b

and many, many more...
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Examples of problems to solve

Non-equilibrium steady states and the Riemann problem (or partitioning protocol)

e��lHl
<latexit sha1_base64="/7olCdOHjqTCaYRqVAFuZqHyCU0=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4MeyKoMeglxwjmAck6zI76U2GzD6Y6Q2EJX/ixYMiXv0Tb/6Nk2QPmljQUFR1090VpFJodJxva219Y3Nru7RT3t3bPzi0j45bOskUhyZPZKI6AdMgRQxNFCihkypgUSChHYzuZ357DEqLJH7ESQpexAaxCAVnaCTftuEpv+wFgMyXtO7LqW9XnKozB10lbkEqpEDDt796/YRnEcTIJdO66zopejlTKLiEabmXaUgZH7EBdA2NWQTay+eXT+m5Ufo0TJSpGOlc/T2Rs0jrSRSYzojhUC97M/E/r5theOvlIk4zhJgvFoWZpJjQWQy0LxRwlBNDGFfC3Er5kCnG0YRVNiG4yy+vktZV1XWq7sN1pXZXxFEip+SMXBCX3JAaqZMGaRJOxuSZvJI3K7derHfrY9G6ZhUzJ+QPrM8f41aTKQ==</latexit><latexit sha1_base64="/7olCdOHjqTCaYRqVAFuZqHyCU0=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4MeyKoMeglxwjmAck6zI76U2GzD6Y6Q2EJX/ixYMiXv0Tb/6Nk2QPmljQUFR1090VpFJodJxva219Y3Nru7RT3t3bPzi0j45bOskUhyZPZKI6AdMgRQxNFCihkypgUSChHYzuZ357DEqLJH7ESQpexAaxCAVnaCTftuEpv+wFgMyXtO7LqW9XnKozB10lbkEqpEDDt796/YRnEcTIJdO66zopejlTKLiEabmXaUgZH7EBdA2NWQTay+eXT+m5Ufo0TJSpGOlc/T2Rs0jrSRSYzojhUC97M/E/r5theOvlIk4zhJgvFoWZpJjQWQy0LxRwlBNDGFfC3Er5kCnG0YRVNiG4yy+vktZV1XWq7sN1pXZXxFEip+SMXBCX3JAaqZMGaRJOxuSZvJI3K7derHfrY9G6ZhUzJ+QPrM8f41aTKQ==</latexit><latexit sha1_base64="/7olCdOHjqTCaYRqVAFuZqHyCU0=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4MeyKoMeglxwjmAck6zI76U2GzD6Y6Q2EJX/ixYMiXv0Tb/6Nk2QPmljQUFR1090VpFJodJxva219Y3Nru7RT3t3bPzi0j45bOskUhyZPZKI6AdMgRQxNFCihkypgUSChHYzuZ357DEqLJH7ESQpexAaxCAVnaCTftuEpv+wFgMyXtO7LqW9XnKozB10lbkEqpEDDt796/YRnEcTIJdO66zopejlTKLiEabmXaUgZH7EBdA2NWQTay+eXT+m5Ufo0TJSpGOlc/T2Rs0jrSRSYzojhUC97M/E/r5theOvlIk4zhJgvFoWZpJjQWQy0LxRwlBNDGFfC3Er5kCnG0YRVNiG4yy+vktZV1XWq7sN1pXZXxFEip+SMXBCX3JAaqZMGaRJOxuSZvJI3K7derHfrY9G6ZhUzJ+QPrM8f41aTKQ==</latexit><latexit sha1_base64="/7olCdOHjqTCaYRqVAFuZqHyCU0=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4MeyKoMeglxwjmAck6zI76U2GzD6Y6Q2EJX/ixYMiXv0Tb/6Nk2QPmljQUFR1090VpFJodJxva219Y3Nru7RT3t3bPzi0j45bOskUhyZPZKI6AdMgRQxNFCihkypgUSChHYzuZ357DEqLJH7ESQpexAaxCAVnaCTftuEpv+wFgMyXtO7LqW9XnKozB10lbkEqpEDDt796/YRnEcTIJdO66zopejlTKLiEabmXaUgZH7EBdA2NWQTay+eXT+m5Ufo0TJSpGOlc/T2Rs0jrSRSYzojhUC97M/E/r5theOvlIk4zhJgvFoWZpJjQWQy0LxRwlBNDGFfC3Er5kCnG0YRVNiG4yy+vktZV1XWq7sN1pXZXxFEip+SMXBCX3JAaqZMGaRJOxuSZvJI3K7derHfrY9G6ZhUzJ+QPrM8f41aTKQ==</latexit>

e��rHr
<latexit sha1_base64="UBcE/cho9THJh8Cktdlvp+uz1yI=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4MeyKoMeglxwjmAck6zI76U2GzD6Y6Q2EJX/ixYMiXv0Tb/6Nk2QPmljQUFR1090VpFJodJxva219Y3Nru7RT3t3bPzi0j45bOskUhyZPZKI6AdMgRQxNFCihkypgUSChHYzuZ357DEqLJH7ESQpexAaxCAVnaCTftuEpv+wFgMxXtO6rqW9XnKozB10lbkEqpEDDt796/YRnEcTIJdO66zopejlTKLiEabmXaUgZH7EBdA2NWQTay+eXT+m5Ufo0TJSpGOlc/T2Rs0jrSRSYzojhUC97M/E/r5theOvlIk4zhJgvFoWZpJjQWQy0LxRwlBNDGFfC3Er5kCnG0YRVNiG4yy+vktZV1XWq7sN1pXZXxFEip+SMXBCX3JAaqZMGaRJOxuSZvJI3K7derHfrY9G6ZhUzJ+QPrM8f9aqTNQ==</latexit><latexit sha1_base64="UBcE/cho9THJh8Cktdlvp+uz1yI=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4MeyKoMeglxwjmAck6zI76U2GzD6Y6Q2EJX/ixYMiXv0Tb/6Nk2QPmljQUFR1090VpFJodJxva219Y3Nru7RT3t3bPzi0j45bOskUhyZPZKI6AdMgRQxNFCihkypgUSChHYzuZ357DEqLJH7ESQpexAaxCAVnaCTftuEpv+wFgMxXtO6rqW9XnKozB10lbkEqpEDDt796/YRnEcTIJdO66zopejlTKLiEabmXaUgZH7EBdA2NWQTay+eXT+m5Ufo0TJSpGOlc/T2Rs0jrSRSYzojhUC97M/E/r5theOvlIk4zhJgvFoWZpJjQWQy0LxRwlBNDGFfC3Er5kCnG0YRVNiG4yy+vktZV1XWq7sN1pXZXxFEip+SMXBCX3JAaqZMGaRJOxuSZvJI3K7derHfrY9G6ZhUzJ+QPrM8f9aqTNQ==</latexit><latexit sha1_base64="UBcE/cho9THJh8Cktdlvp+uz1yI=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4MeyKoMeglxwjmAck6zI76U2GzD6Y6Q2EJX/ixYMiXv0Tb/6Nk2QPmljQUFR1090VpFJodJxva219Y3Nru7RT3t3bPzi0j45bOskUhyZPZKI6AdMgRQxNFCihkypgUSChHYzuZ357DEqLJH7ESQpexAaxCAVnaCTftuEpv+wFgMxXtO6rqW9XnKozB10lbkEqpEDDt796/YRnEcTIJdO66zopejlTKLiEabmXaUgZH7EBdA2NWQTay+eXT+m5Ufo0TJSpGOlc/T2Rs0jrSRSYzojhUC97M/E/r5theOvlIk4zhJgvFoWZpJjQWQy0LxRwlBNDGFfC3Er5kCnG0YRVNiG4yy+vktZV1XWq7sN1pXZXxFEip+SMXBCX3JAaqZMGaRJOxuSZvJI3K7derHfrY9G6ZhUzJ+QPrM8f9aqTNQ==</latexit><latexit sha1_base64="UBcE/cho9THJh8Cktdlvp+uz1yI=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4MeyKoMeglxwjmAck6zI76U2GzD6Y6Q2EJX/ixYMiXv0Tb/6Nk2QPmljQUFR1090VpFJodJxva219Y3Nru7RT3t3bPzi0j45bOskUhyZPZKI6AdMgRQxNFCihkypgUSChHYzuZ357DEqLJH7ESQpexAaxCAVnaCTftuEpv+wFgMxXtO6rqW9XnKozB10lbkEqpEDDt796/YRnEcTIJdO66zopejlTKLiEabmXaUgZH7EBdA2NWQTay+eXT+m5Ufo0TJSpGOlc/T2Rs0jrSRSYzojhUC97M/E/r5theOvlIk4zhJgvFoWZpJjQWQy0LxRwlBNDGFfC3Er5kCnG0YRVNiG4yy+vktZV1XWq7sN1pXZXxFEip+SMXBCX3JAaqZMGaRJOxuSZvJI3K7derHfrY9G6ZhUzJ+QPrM8f9aqTNQ==</latexit>

eiHt
<latexit sha1_base64="nBa9ky8BlAAlzINkvvk/webX8ZI=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix66bGC/YA2ls120y7dbOLupFBCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKwecJJwP6IDJULBKFrJ549Z1tUREdMaTnulsltx5yCrxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+bTYTQ1PKBvRAe9YqmjEjZ/Nj56Sc6v0SRhrWwrJXP09kdHImEkU2M6I4tAsezPxP6+TYnjjZ0IlKXLFFovCVBKMySwB0heaM5QTSyjTwt5K2JBqytDmVLQheMsvr5LmZcVzK979Vbl6m8dRgFM4gwvw4BqqUIM6NIDBEzzDK7w5Y+fFeXc+Fq1rTj5zAn/gfP4A7JKSLw==</latexit><latexit sha1_base64="nBa9ky8BlAAlzINkvvk/webX8ZI=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix66bGC/YA2ls120y7dbOLupFBCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKwecJJwP6IDJULBKFrJ549Z1tUREdMaTnulsltx5yCrxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+bTYTQ1PKBvRAe9YqmjEjZ/Nj56Sc6v0SRhrWwrJXP09kdHImEkU2M6I4tAsezPxP6+TYnjjZ0IlKXLFFovCVBKMySwB0heaM5QTSyjTwt5K2JBqytDmVLQheMsvr5LmZcVzK979Vbl6m8dRgFM4gwvw4BqqUIM6NIDBEzzDK7w5Y+fFeXc+Fq1rTj5zAn/gfP4A7JKSLw==</latexit><latexit sha1_base64="nBa9ky8BlAAlzINkvvk/webX8ZI=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix66bGC/YA2ls120y7dbOLupFBCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKwecJJwP6IDJULBKFrJ549Z1tUREdMaTnulsltx5yCrxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+bTYTQ1PKBvRAe9YqmjEjZ/Nj56Sc6v0SRhrWwrJXP09kdHImEkU2M6I4tAsezPxP6+TYnjjZ0IlKXLFFovCVBKMySwB0heaM5QTSyjTwt5K2JBqytDmVLQheMsvr5LmZcVzK979Vbl6m8dRgFM4gwvw4BqqUIM6NIDBEzzDK7w5Y+fFeXc+Fq1rTj5zAn/gfP4A7JKSLw==</latexit><latexit sha1_base64="nBa9ky8BlAAlzINkvvk/webX8ZI=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix66bGC/YA2ls120y7dbOLupFBCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKwecJJwP6IDJULBKFrJ549Z1tUREdMaTnulsltx5yCrxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+bTYTQ1PKBvRAe9YqmjEjZ/Nj56Sc6v0SRhrWwrJXP09kdHImEkU2M6I4tAsezPxP6+TYnjjZ0IlKXLFFovCVBKMySwB0heaM5QTSyjTwt5K2JBqytDmVLQheMsvr5LmZcVzK979Vbl6m8dRgFM4gwvw4BqqUIM6NIDBEzzDK7w5Y+fFeXc+Fq1rTj5zAn/gfP4A7JKSLw==</latexit>

⇠ = x/t
<latexit sha1_base64="BIqrEE5VOydumV2GF/Tdq0Gzrhs=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4qokIehGKXjxWsB/QhrLZbtqlm03YnUhL6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDholTzXidxTLWrYAaLoXidRQoeSvRnEaB5M1geDf1m09cGxGrRxwn3I9oX4lQMIpWanZG4mZ0jt1S2a24M5Bl4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFLspIYnlA1pn7ctVTTixs9m507IqVV6JIy1LYVkpv6eyGhkzDgKbGdEcWAWvan4n9dOMbz2M6GSFLli80VhKgnGZPo76QnNGcqxJZRpYW8lbEA1ZWgTKtoQvMWXl0njouK5Fe/hsly9zeMowDGcwBl4cAVVuIca1IHBEJ7hFd6cxHlx3p2PeeuKk88cwR84nz//2Y9V</latexit><latexit sha1_base64="BIqrEE5VOydumV2GF/Tdq0Gzrhs=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4qokIehGKXjxWsB/QhrLZbtqlm03YnUhL6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDholTzXidxTLWrYAaLoXidRQoeSvRnEaB5M1geDf1m09cGxGrRxwn3I9oX4lQMIpWanZG4mZ0jt1S2a24M5Bl4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFLspIYnlA1pn7ctVTTixs9m507IqVV6JIy1LYVkpv6eyGhkzDgKbGdEcWAWvan4n9dOMbz2M6GSFLli80VhKgnGZPo76QnNGcqxJZRpYW8lbEA1ZWgTKtoQvMWXl0njouK5Fe/hsly9zeMowDGcwBl4cAVVuIca1IHBEJ7hFd6cxHlx3p2PeeuKk88cwR84nz//2Y9V</latexit><latexit sha1_base64="BIqrEE5VOydumV2GF/Tdq0Gzrhs=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4qokIehGKXjxWsB/QhrLZbtqlm03YnUhL6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDholTzXidxTLWrYAaLoXidRQoeSvRnEaB5M1geDf1m09cGxGrRxwn3I9oX4lQMIpWanZG4mZ0jt1S2a24M5Bl4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFLspIYnlA1pn7ctVTTixs9m507IqVV6JIy1LYVkpv6eyGhkzDgKbGdEcWAWvan4n9dOMbz2M6GSFLli80VhKgnGZPo76QnNGcqxJZRpYW8lbEA1ZWgTKtoQvMWXl0njouK5Fe/hsly9zeMowDGcwBl4cAVVuIca1IHBEJ7hFd6cxHlx3p2PeeuKk88cwR84nz//2Y9V</latexit><latexit sha1_base64="BIqrEE5VOydumV2GF/Tdq0Gzrhs=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4qokIehGKXjxWsB/QhrLZbtqlm03YnUhL6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDholTzXidxTLWrYAaLoXidRQoeSvRnEaB5M1geDf1m09cGxGrRxwn3I9oX4lQMIpWanZG4mZ0jt1S2a24M5Bl4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFLspIYnlA1pn7ctVTTixs9m507IqVV6JIy1LYVkpv6eyGhkzDgKbGdEcWAWvan4n9dOMbz2M6GSFLli80VhKgnGZPo76QnNGcqxJZRpYW8lbEA1ZWgTKtoQvMWXl0njouK5Fe/hsly9zeMowDGcwBl4cAVVuIca1IHBEJ7hFd6cxHlx3p2PeeuKk88cwR84nz//2Y9V</latexit>

Hamiltonians Hl and Hr are for the system on half-lines R− and R+ respectively (with some

boundary condition at 0), and evolution is with full hamiltonian H on R.

Quantum: 〈O〉ξ = lim
t→∞

1

Z
Tr e−βlHl−βrHrO(ξt, t)

example: O(x, t) = Ψ†(x, t)Ψ(x, t)

Classical: 〈O〉ξ = lim
t→∞

1

Z

∫ ∏
a

dpadxa e
−βlHl[p,x]−βrHr[p,x]O(ξt, t)

example: O(x, t) =
∑
m δ(xa(t)− x)f(xa(t), pa(t))
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Examples of problems to solve

Correlation functions in statistical ensembles

Dynamical connected correlation functions at large wavelengths and large times:

SO,O′(kt) = lim
k→0,t→∞

kt fixed

∫
dx eikx〈O(x, t)O′(0, 0)〉c

where, for instance,

Quantum: 〈O · · ·〉β =
1

Z
Tr e−βHO · · ·

and

Classical: 〈O · · ·〉β = lim
t→∞

1

Z

∫ ∏
a

dpadxa e
−βH[p,x]O · · ·
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Hydrodynamics

1. “Thermalisation” in isolated large systems: the local state obtained after a large time

from a homogeneous (but generically not stationary) initial state.

x

t

x = ve�(�)t

q(0, 0)

q(x, t)

⇢ini

t Local region

⇢fin
<latexit sha1_base64="YlBUAP5mbL3MCz4yJhjXd2h0wCA=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUB2DbOT2WTIPJaZWSUs+Q8vHhTx6r9482+cJHvQxIKGoqqb7q445cxY3//2VlbX1jc2S1vl7Z3dvf3KwWHLqEwT2iSKK92JsaGcSdq0zHLaSTXFIua0HY9upn77kWrDlLy345RGAg8kSxjB1kkPoR6qXh5qgRImJ71K1a/5M6BlEhSkCgUavcpX2FckE1RawrEx3cBPbZRjbRnhdFIOM0NTTEZ4QLuOSiyoifLZ1RN06pQ+SpR2JS2aqb8nciyMGYvYdQpsh2bRm4r/ed3MJldRzmSaWSrJfFGScWQVmkaA+kxTYvnYEUw0c7ciMsQaE+uCKrsQgsWXl0nrvBb4teDuolq/LuIowTGcwBkEcAl1uIUGNIGAhmd4hTfvyXvx3r2PeeuKV8wcwR94nz+ps5Ka</latexit><latexit sha1_base64="YlBUAP5mbL3MCz4yJhjXd2h0wCA=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUB2DbOT2WTIPJaZWSUs+Q8vHhTx6r9482+cJHvQxIKGoqqb7q445cxY3//2VlbX1jc2S1vl7Z3dvf3KwWHLqEwT2iSKK92JsaGcSdq0zHLaSTXFIua0HY9upn77kWrDlLy345RGAg8kSxjB1kkPoR6qXh5qgRImJ71K1a/5M6BlEhSkCgUavcpX2FckE1RawrEx3cBPbZRjbRnhdFIOM0NTTEZ4QLuOSiyoifLZ1RN06pQ+SpR2JS2aqb8nciyMGYvYdQpsh2bRm4r/ed3MJldRzmSaWSrJfFGScWQVmkaA+kxTYvnYEUw0c7ciMsQaE+uCKrsQgsWXl0nrvBb4teDuolq/LuIowTGcwBkEcAl1uIUGNIGAhmd4hTfvyXvx3r2PeeuKV8wcwR94nz+ps5Ka</latexit><latexit sha1_base64="YlBUAP5mbL3MCz4yJhjXd2h0wCA=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUB2DbOT2WTIPJaZWSUs+Q8vHhTx6r9482+cJHvQxIKGoqqb7q445cxY3//2VlbX1jc2S1vl7Z3dvf3KwWHLqEwT2iSKK92JsaGcSdq0zHLaSTXFIua0HY9upn77kWrDlLy345RGAg8kSxjB1kkPoR6qXh5qgRImJ71K1a/5M6BlEhSkCgUavcpX2FckE1RawrEx3cBPbZRjbRnhdFIOM0NTTEZ4QLuOSiyoifLZ1RN06pQ+SpR2JS2aqb8nciyMGYvYdQpsh2bRm4r/ed3MJldRzmSaWSrJfFGScWQVmkaA+kxTYvnYEUw0c7ciMsQaE+uCKrsQgsWXl0nrvBb4teDuolq/LuIowTGcwBkEcAl1uIUGNIGAhmd4hTfvyXvx3r2PeeuKV8wcwR94nz+ps5Ka</latexit><latexit sha1_base64="YlBUAP5mbL3MCz4yJhjXd2h0wCA=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUB2DbOT2WTIPJaZWSUs+Q8vHhTx6r9482+cJHvQxIKGoqqb7q445cxY3//2VlbX1jc2S1vl7Z3dvf3KwWHLqEwT2iSKK92JsaGcSdq0zHLaSTXFIua0HY9upn77kWrDlLy345RGAg8kSxjB1kkPoR6qXh5qgRImJ71K1a/5M6BlEhSkCgUavcpX2FckE1RawrEx3cBPbZRjbRnhdFIOM0NTTEZ4QLuOSiyoifLZ1RN06pQ+SpR2JS2aqb8nciyMGYvYdQpsh2bRm4r/ed3MJldRzmSaWSrJfFGScWQVmkaA+kxTYvnYEUw0c7ciMsQaE+uCKrsQgsWXl0nrvBb4teDuolq/LuIowTGcwBkEcAl1uIUGNIGAhmd4hTfvyXvx3r2PeeuKV8wcwR94nz+ps5Ka</latexit>

The emerging local state is homogeneous and stationary, and has maximised entropy with

respect to all conservation laws available.

lim
t→∞
〈O(x, t)〉ini = 〈O〉fin, ρfin = e−

∑
i β

iQi , Qi =

∫
dx qi(x).

A maximal entropy state may carry currents if some Qi are not time-reversible (e.g.

momentum). In this case it is not at equilibrium.
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Hydrodynamics

2. Euler hydrodynamics. The main idea behind Euler hydrodynamics is “local

thermodynamic equilibrium”.

(x, t)

(x0, t0)

Macroscopic Mesoscopic (fluid cells) Microscopic

e�
P

i �
i(x0,t0)Qi

<latexit sha1_base64="pi8HI6+T3akEnuv+/2TnvIA7zEM=">AAACBnicbVDLSgNBEJz1GeMr6lGEwSAqaNgVQY9BLx4TMFHIJsvspBOHzD6Y6RXDkpMXf8WLB0W8+g3e/BsnyR40saChqOqmu8uPpdBo29/WzOzc/MJibim/vLK6tl7Y2KzrKFEcajySkbr1mQYpQqihQAm3sQIW+BJu/N7l0L+5B6VFFF5jP4ZmwLqh6AjO0EheYQda6bGrk8AT1PUBWUscPOwf4f5h1RMDr1C0S/YIdJo4GSmSDBWv8OW2I54EECKXTOuGY8fYTJlCwSUM8m6iIWa8x7rQMDRkAehmOnpjQPeM0qadSJkKkY7U3xMpC7TuB77pDBje6UlvKP7nNRLsnDdTEcYJQsjHizqJpBjRYSa0LRRwlH1DGFfC3Er5HVOMo0kub0JwJl+eJvWTkmOXnOppsXyRxZEj22SXHBCHnJEyuSIVUiOcPJJn8krerCfrxXq3PsatM1Y2s0X+wPr8AYkYl90=</latexit><latexit sha1_base64="pi8HI6+T3akEnuv+/2TnvIA7zEM=">AAACBnicbVDLSgNBEJz1GeMr6lGEwSAqaNgVQY9BLx4TMFHIJsvspBOHzD6Y6RXDkpMXf8WLB0W8+g3e/BsnyR40saChqOqmu8uPpdBo29/WzOzc/MJibim/vLK6tl7Y2KzrKFEcajySkbr1mQYpQqihQAm3sQIW+BJu/N7l0L+5B6VFFF5jP4ZmwLqh6AjO0EheYQda6bGrk8AT1PUBWUscPOwf4f5h1RMDr1C0S/YIdJo4GSmSDBWv8OW2I54EECKXTOuGY8fYTJlCwSUM8m6iIWa8x7rQMDRkAehmOnpjQPeM0qadSJkKkY7U3xMpC7TuB77pDBje6UlvKP7nNRLsnDdTEcYJQsjHizqJpBjRYSa0LRRwlH1DGFfC3Er5HVOMo0kub0JwJl+eJvWTkmOXnOppsXyRxZEj22SXHBCHnJEyuSIVUiOcPJJn8krerCfrxXq3PsatM1Y2s0X+wPr8AYkYl90=</latexit><latexit sha1_base64="pi8HI6+T3akEnuv+/2TnvIA7zEM=">AAACBnicbVDLSgNBEJz1GeMr6lGEwSAqaNgVQY9BLx4TMFHIJsvspBOHzD6Y6RXDkpMXf8WLB0W8+g3e/BsnyR40saChqOqmu8uPpdBo29/WzOzc/MJibim/vLK6tl7Y2KzrKFEcajySkbr1mQYpQqihQAm3sQIW+BJu/N7l0L+5B6VFFF5jP4ZmwLqh6AjO0EheYQda6bGrk8AT1PUBWUscPOwf4f5h1RMDr1C0S/YIdJo4GSmSDBWv8OW2I54EECKXTOuGY8fYTJlCwSUM8m6iIWa8x7rQMDRkAehmOnpjQPeM0qadSJkKkY7U3xMpC7TuB77pDBje6UlvKP7nNRLsnDdTEcYJQsjHizqJpBjRYSa0LRRwlH1DGFfC3Er5HVOMo0kub0JwJl+eJvWTkmOXnOppsXyRxZEj22SXHBCHnJEyuSIVUiOcPJJn8krerCfrxXq3PsatM1Y2s0X+wPr8AYkYl90=</latexit><latexit sha1_base64="pi8HI6+T3akEnuv+/2TnvIA7zEM=">AAACBnicbVDLSgNBEJz1GeMr6lGEwSAqaNgVQY9BLx4TMFHIJsvspBOHzD6Y6RXDkpMXf8WLB0W8+g3e/BsnyR40saChqOqmu8uPpdBo29/WzOzc/MJibim/vLK6tl7Y2KzrKFEcajySkbr1mQYpQqihQAm3sQIW+BJu/N7l0L+5B6VFFF5jP4ZmwLqh6AjO0EheYQda6bGrk8AT1PUBWUscPOwf4f5h1RMDr1C0S/YIdJo4GSmSDBWv8OW2I54EECKXTOuGY8fYTJlCwSUM8m6iIWa8x7rQMDRkAehmOnpjQPeM0qadSJkKkY7U3xMpC7TuB77pDBje6UlvKP7nNRLsnDdTEcYJQsjHizqJpBjRYSa0LRRwlH1DGFfC3Er5HVOMo0kub0JwJl+eJvWTkmOXnOppsXyRxZEj22SXHBCHnJEyuSIVUiOcPJJn8krerCfrxXq3PsatM1Y2s0X+wPr8AYkYl90=</latexit>

e�
P

i �
i(x,t)Qi

<latexit sha1_base64="BI4Rnaq2jy4MQK6XPpTwPUMGmDU=">AAACBHicbVDJSgNBEO2JW4xb1GMujUGIoGFGBD0GvXhMwCyQZejpVJImPQvdNWIYcvDir3jxoIhXP8Kbf2NnOWjig4LHe1VU1fMiKTTa9reVWlldW99Ib2a2tnd297L7BzUdxopDlYcyVA2PaZAigCoKlNCIFDDfk1D3hjcTv34PSoswuMNRBG2f9QPRE5yhkdxsDjrJWUvHvitoywNkHVF4OMWTiivGbjZvF+0p6DJx5iRP5ii72a9WN+SxDwFyybRuOnaE7YQpFFzCONOKNUSMD1kfmoYGzAfdTqZPjOmxUbq0FypTAdKp+nsiYb7WI98znT7DgV70JuJ/XjPG3lU7EUEUIwR8tqgXS4ohnSRCu0IBRzkyhHElzK2UD5hiHE1uGROCs/jyMqmdFx276FQu8qXreRxpkiNHpEAccklK5JaUSZVw8kieySt5s56sF+vd+pi1pqz5zCH5A+vzB7cAl3s=</latexit><latexit sha1_base64="BI4Rnaq2jy4MQK6XPpTwPUMGmDU=">AAACBHicbVDJSgNBEO2JW4xb1GMujUGIoGFGBD0GvXhMwCyQZejpVJImPQvdNWIYcvDir3jxoIhXP8Kbf2NnOWjig4LHe1VU1fMiKTTa9reVWlldW99Ib2a2tnd297L7BzUdxopDlYcyVA2PaZAigCoKlNCIFDDfk1D3hjcTv34PSoswuMNRBG2f9QPRE5yhkdxsDjrJWUvHvitoywNkHVF4OMWTiivGbjZvF+0p6DJx5iRP5ii72a9WN+SxDwFyybRuOnaE7YQpFFzCONOKNUSMD1kfmoYGzAfdTqZPjOmxUbq0FypTAdKp+nsiYb7WI98znT7DgV70JuJ/XjPG3lU7EUEUIwR8tqgXS4ohnSRCu0IBRzkyhHElzK2UD5hiHE1uGROCs/jyMqmdFx276FQu8qXreRxpkiNHpEAccklK5JaUSZVw8kieySt5s56sF+vd+pi1pqz5zCH5A+vzB7cAl3s=</latexit><latexit sha1_base64="BI4Rnaq2jy4MQK6XPpTwPUMGmDU=">AAACBHicbVDJSgNBEO2JW4xb1GMujUGIoGFGBD0GvXhMwCyQZejpVJImPQvdNWIYcvDir3jxoIhXP8Kbf2NnOWjig4LHe1VU1fMiKTTa9reVWlldW99Ib2a2tnd297L7BzUdxopDlYcyVA2PaZAigCoKlNCIFDDfk1D3hjcTv34PSoswuMNRBG2f9QPRE5yhkdxsDjrJWUvHvitoywNkHVF4OMWTiivGbjZvF+0p6DJx5iRP5ii72a9WN+SxDwFyybRuOnaE7YQpFFzCONOKNUSMD1kfmoYGzAfdTqZPjOmxUbq0FypTAdKp+nsiYb7WI98znT7DgV70JuJ/XjPG3lU7EUEUIwR8tqgXS4ohnSRCu0IBRzkyhHElzK2UD5hiHE1uGROCs/jyMqmdFx276FQu8qXreRxpkiNHpEAccklK5JaUSZVw8kieySt5s56sF+vd+pi1pqz5zCH5A+vzB7cAl3s=</latexit><latexit sha1_base64="BI4Rnaq2jy4MQK6XPpTwPUMGmDU=">AAACBHicbVDJSgNBEO2JW4xb1GMujUGIoGFGBD0GvXhMwCyQZejpVJImPQvdNWIYcvDir3jxoIhXP8Kbf2NnOWjig4LHe1VU1fMiKTTa9reVWlldW99Ib2a2tnd297L7BzUdxopDlYcyVA2PaZAigCoKlNCIFDDfk1D3hjcTv34PSoswuMNRBG2f9QPRE5yhkdxsDjrJWUvHvitoywNkHVF4OMWTiivGbjZvF+0p6DJx5iRP5ii72a9WN+SxDwFyybRuOnaE7YQpFFzCONOKNUSMD1kfmoYGzAfdTqZPjOmxUbq0FypTAdKp+nsiYb7WI98znT7DgV70JuJ/XjPG3lU7EUEUIwR8tqgXS4ohnSRCu0IBRzkyhHElzK2UD5hiHE1uGROCs/jyMqmdFx276FQu8qXreRxpkiNHpEAccklK5JaUSZVw8kieySt5s56sF+vd+pi1pqz5zCH5A+vzB7cAl3s=</latexit>

It says that locally and on short time scales (in fluid cells), the many-body system relaxes to

space-time dependent entropy-maximised states:

〈O(x, t)〉ini ≈ 〈O〉β(x,t), ρβ(x,t) = e−
∑

i β
i(x,t)Qi

7



'

&

$

%

Hydrodynamics

Recall the local conservation laws

∂tqi(x, t) + ∂xji(x, t) = 0

With hydrodynamic approximation, imply hydrodynamic equations for local averages:

∂tqi(x, t) + ∂xji(x, t) = 0

where qi(x, t) = 〈qi〉β(x,t) and ji(x, t) = 〈ji〉β(x,t).

As many βi as qi: can invert the map β → 〈qi〉β , so the local state is fully characterised

by the qi(x, t)’s. Hence there are equations of state:

ji(x, t) = Ji(q•(x, t))

and therefore one can write the “quasi-linear form” of Euler hydrodynamics:

∂tqi(x, t) +
∑
j

A j
i ∂xqj(x, t) = 0, A j

i =
∂Ji
∂qj

The matrix A j
i is (often) called the flux Jacobian.
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Hydrodynamics

3. Correlation functions. Flux Jacobian also control the space-time profile of two-point

functions in homogeneous, stationary states:∑
k

(
δki ∂t + A k

i ∂x
)
〈qk(x, t)qj(0, 0)〉cβ = 0

The eigenvalues of the flux Jacobian are the effective velocities:∑
j

A j
i hj = veff

i hi

and determine the directions where correlations don’t decay exponentially (due to ballistic

propagation of waves). Around this, there is diffusive or super/subdiffusive spreading.

x

t

x qj(0, 0)
<latexit sha1_base64="avX/cmix1TGJLiqTNm8SW5Px4m8=">AAACEnicbVDLSsNAFJ34rPUV7dLNYBEqSJmIoMuiG5cV7APaECaTSTt28nBmIoSQv3DvVn/Bnbj1B/wDP8NJm4VtPXDhcM693MNxY86kQujbWFldW9/YrGxVt3d29/bNg8OujBJBaIdEPBJ9F0vKWUg7iilO+7GgOHA57bmTm8LvPVEhWRTeqzSmdoBHIfMZwUpLjlnLhgFWY4I5fMydhwY6Q6eOWUdNNAVcJlZJ6qBE2zF/hl5EkoCGinAs5cBCsbIzLBQjnObVYSJpjMkEj+hA0xAHVNrZNHwOT7TiQT8SekIFp+rfiwwHUqaBqzeLpHLRK8T/vEGi/Cs7Y2GcKBqS2SM/4VBFsGgCekxQoniqCSaC6ayQjLHAROm+5r54iSJFRXlVV2MtFrFMuudNCzWtu4t667osqQKOwDFoAAtcgha4BW3QAQSk4AW8gjfj2Xg3PozP2eqKUd7UwByMr19HC50R</latexit><latexit sha1_base64="avX/cmix1TGJLiqTNm8SW5Px4m8=">AAACEnicbVDLSsNAFJ34rPUV7dLNYBEqSJmIoMuiG5cV7APaECaTSTt28nBmIoSQv3DvVn/Bnbj1B/wDP8NJm4VtPXDhcM693MNxY86kQujbWFldW9/YrGxVt3d29/bNg8OujBJBaIdEPBJ9F0vKWUg7iilO+7GgOHA57bmTm8LvPVEhWRTeqzSmdoBHIfMZwUpLjlnLhgFWY4I5fMydhwY6Q6eOWUdNNAVcJlZJ6qBE2zF/hl5EkoCGinAs5cBCsbIzLBQjnObVYSJpjMkEj+hA0xAHVNrZNHwOT7TiQT8SekIFp+rfiwwHUqaBqzeLpHLRK8T/vEGi/Cs7Y2GcKBqS2SM/4VBFsGgCekxQoniqCSaC6ayQjLHAROm+5r54iSJFRXlVV2MtFrFMuudNCzWtu4t667osqQKOwDFoAAtcgha4BW3QAQSk4AW8gjfj2Xg3PozP2eqKUd7UwByMr19HC50R</latexit><latexit sha1_base64="avX/cmix1TGJLiqTNm8SW5Px4m8=">AAACEnicbVDLSsNAFJ34rPUV7dLNYBEqSJmIoMuiG5cV7APaECaTSTt28nBmIoSQv3DvVn/Bnbj1B/wDP8NJm4VtPXDhcM693MNxY86kQujbWFldW9/YrGxVt3d29/bNg8OujBJBaIdEPBJ9F0vKWUg7iilO+7GgOHA57bmTm8LvPVEhWRTeqzSmdoBHIfMZwUpLjlnLhgFWY4I5fMydhwY6Q6eOWUdNNAVcJlZJ6qBE2zF/hl5EkoCGinAs5cBCsbIzLBQjnObVYSJpjMkEj+hA0xAHVNrZNHwOT7TiQT8SekIFp+rfiwwHUqaBqzeLpHLRK8T/vEGi/Cs7Y2GcKBqS2SM/4VBFsGgCekxQoniqCSaC6ayQjLHAROm+5r54iSJFRXlVV2MtFrFMuudNCzWtu4t667osqQKOwDFoAAtcgha4BW3QAQSk4AW8gjfj2Xg3PozP2eqKUd7UwByMr19HC50R</latexit><latexit sha1_base64="avX/cmix1TGJLiqTNm8SW5Px4m8=">AAACEnicbVDLSsNAFJ34rPUV7dLNYBEqSJmIoMuiG5cV7APaECaTSTt28nBmIoSQv3DvVn/Bnbj1B/wDP8NJm4VtPXDhcM693MNxY86kQujbWFldW9/YrGxVt3d29/bNg8OujBJBaIdEPBJ9F0vKWUg7iilO+7GgOHA57bmTm8LvPVEhWRTeqzSmdoBHIfMZwUpLjlnLhgFWY4I5fMydhwY6Q6eOWUdNNAVcJlZJ6qBE2zF/hl5EkoCGinAs5cBCsbIzLBQjnObVYSJpjMkEj+hA0xAHVNrZNHwOT7TiQT8SekIFp+rfiwwHUqaBqzeLpHLRK8T/vEGi/Cs7Y2GcKBqS2SM/4VBFsGgCekxQoniqCSaC6ayQjLHAROm+5r54iSJFRXlVV2MtFrFMuudNCzWtu4t667osqQKOwDFoAAtcgha4BW3QAQSk4AW8gjfj2Xg3PozP2eqKUd7UwByMr19HC50R</latexit>

qi(x, t)
<latexit sha1_base64="gDUdZh/prC6OBL9aQJKlIa9V468=">AAACEnicbVDLSsNAFJ3UV62vaJduBotQQUoigi6LblxWsK3QhjKZTtuhk0mcuRFLyF+4d6u/4E7c+gP+gZ/hpM3Cth64cDjnXu7h+JHgGhzn2yqsrK6tbxQ3S1vbO7t79v5BS4exoqxJQxGqe59oJrhkTeAg2H2kGAl8wdr++Drz249MaR7KO5hEzAvIUPIBpwSM1LPLSTcgMKJE4Ie0x6tPp3DSsytOzZkCLxM3JxWUo9Gzf7r9kMYBk0AF0brjOhF4CVHAqWBpqRtrFhE6JkPWMVSSgGkvmYZP8bFR+ngQKjMS8FT9e5GQQOtJ4JvNLKle9DLxP68Tw+DSS7iMYmCSzh4NYoEhxFkTuM8VoyAmhhCquMmK6YgoQsH0NfelHwPNKkpLphp3sYhl0jqruU7NvT2v1K/ykoroEB2hKnLRBaqjG9RATUTRBL2gV/RmPVvv1of1OVstWPlNGc3B+voFJs+dnA==</latexit><latexit sha1_base64="gDUdZh/prC6OBL9aQJKlIa9V468=">AAACEnicbVDLSsNAFJ3UV62vaJduBotQQUoigi6LblxWsK3QhjKZTtuhk0mcuRFLyF+4d6u/4E7c+gP+gZ/hpM3Cth64cDjnXu7h+JHgGhzn2yqsrK6tbxQ3S1vbO7t79v5BS4exoqxJQxGqe59oJrhkTeAg2H2kGAl8wdr++Drz249MaR7KO5hEzAvIUPIBpwSM1LPLSTcgMKJE4Ie0x6tPp3DSsytOzZkCLxM3JxWUo9Gzf7r9kMYBk0AF0brjOhF4CVHAqWBpqRtrFhE6JkPWMVSSgGkvmYZP8bFR+ngQKjMS8FT9e5GQQOtJ4JvNLKle9DLxP68Tw+DSS7iMYmCSzh4NYoEhxFkTuM8VoyAmhhCquMmK6YgoQsH0NfelHwPNKkpLphp3sYhl0jqruU7NvT2v1K/ykoroEB2hKnLRBaqjG9RATUTRBL2gV/RmPVvv1of1OVstWPlNGc3B+voFJs+dnA==</latexit><latexit sha1_base64="gDUdZh/prC6OBL9aQJKlIa9V468=">AAACEnicbVDLSsNAFJ3UV62vaJduBotQQUoigi6LblxWsK3QhjKZTtuhk0mcuRFLyF+4d6u/4E7c+gP+gZ/hpM3Cth64cDjnXu7h+JHgGhzn2yqsrK6tbxQ3S1vbO7t79v5BS4exoqxJQxGqe59oJrhkTeAg2H2kGAl8wdr++Drz249MaR7KO5hEzAvIUPIBpwSM1LPLSTcgMKJE4Ie0x6tPp3DSsytOzZkCLxM3JxWUo9Gzf7r9kMYBk0AF0brjOhF4CVHAqWBpqRtrFhE6JkPWMVSSgGkvmYZP8bFR+ngQKjMS8FT9e5GQQOtJ4JvNLKle9DLxP68Tw+DSS7iMYmCSzh4NYoEhxFkTuM8VoyAmhhCquMmK6YgoQsH0NfelHwPNKkpLphp3sYhl0jqruU7NvT2v1K/ykoroEB2hKnLRBaqjG9RATUTRBL2gV/RmPVvv1of1OVstWPlNGc3B+voFJs+dnA==</latexit><latexit sha1_base64="gDUdZh/prC6OBL9aQJKlIa9V468=">AAACEnicbVDLSsNAFJ3UV62vaJduBotQQUoigi6LblxWsK3QhjKZTtuhk0mcuRFLyF+4d6u/4E7c+gP+gZ/hpM3Cth64cDjnXu7h+JHgGhzn2yqsrK6tbxQ3S1vbO7t79v5BS4exoqxJQxGqe59oJrhkTeAg2H2kGAl8wdr++Drz249MaR7KO5hEzAvIUPIBpwSM1LPLSTcgMKJE4Ie0x6tPp3DSsytOzZkCLxM3JxWUo9Gzf7r9kMYBk0AF0brjOhF4CVHAqWBpqRtrFhE6JkPWMVSSgGkvmYZP8bFR+ngQKjMS8FT9e5GQQOtJ4JvNLKle9DLxP68Tw+DSS7iMYmCSzh4NYoEhxFkTuM8VoyAmhhCquMmK6YgoQsH0NfelHwPNKkpLphp3sYhl0jqruU7NvT2v1K/ykoroEB2hKnLRBaqjG9RATUTRBL2gV/RmPVvv1of1OVstWPlNGc3B+voFJs+dnA==</latexit>

0
<latexit sha1_base64="kHU4m2VEmYqNdWoQl8ld6LeW5dY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5idnU2GzM4uM71CCAHvXvUXvIlXf8U/8DOcJHswiQUNRVU33V1BKoVB1/12ChubW9s7xd3S3v7B4VH5+KRlkkwz3mSJTHQnoIZLoXgTBUreSTWncSB5Oxjdz/z2E9dGJOoRxyn3YzpQIhKMopUabr9ccavuHGSdeDmpQI56v/zTCxOWxVwhk9SYruem6E+oRsEkn5Z6meEpZSM64F1LFY258SfzQ6fkwiohiRJtSyGZq38nJjQ2ZhwHtjOmODSr3kz8z+tmGN36E6HSDLlii0VRJgkmZPY1CYXmDOXYEsq0sLcSNqSaMrTZLG0JM2RDRuW0ZKPxVoNYJ62rqudWvcZ1pXaXh1SEMziHS/DgBmrwAHVoAgMOL/AKb86z8+58OJ+L1oKTz5zCEpyvX/23lfc=</latexit><latexit sha1_base64="kHU4m2VEmYqNdWoQl8ld6LeW5dY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5idnU2GzM4uM71CCAHvXvUXvIlXf8U/8DOcJHswiQUNRVU33V1BKoVB1/12ChubW9s7xd3S3v7B4VH5+KRlkkwz3mSJTHQnoIZLoXgTBUreSTWncSB5Oxjdz/z2E9dGJOoRxyn3YzpQIhKMopUabr9ccavuHGSdeDmpQI56v/zTCxOWxVwhk9SYruem6E+oRsEkn5Z6meEpZSM64F1LFY258SfzQ6fkwiohiRJtSyGZq38nJjQ2ZhwHtjOmODSr3kz8z+tmGN36E6HSDLlii0VRJgkmZPY1CYXmDOXYEsq0sLcSNqSaMrTZLG0JM2RDRuW0ZKPxVoNYJ62rqudWvcZ1pXaXh1SEMziHS/DgBmrwAHVoAgMOL/AKb86z8+58OJ+L1oKTz5zCEpyvX/23lfc=</latexit><latexit sha1_base64="kHU4m2VEmYqNdWoQl8ld6LeW5dY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5idnU2GzM4uM71CCAHvXvUXvIlXf8U/8DOcJHswiQUNRVU33V1BKoVB1/12ChubW9s7xd3S3v7B4VH5+KRlkkwz3mSJTHQnoIZLoXgTBUreSTWncSB5Oxjdz/z2E9dGJOoRxyn3YzpQIhKMopUabr9ccavuHGSdeDmpQI56v/zTCxOWxVwhk9SYruem6E+oRsEkn5Z6meEpZSM64F1LFY258SfzQ6fkwiohiRJtSyGZq38nJjQ2ZhwHtjOmODSr3kz8z+tmGN36E6HSDLlii0VRJgkmZPY1CYXmDOXYEsq0sLcSNqSaMrTZLG0JM2RDRuW0ZKPxVoNYJ62rqudWvcZ1pXaXh1SEMziHS/DgBmrwAHVoAgMOL/AKb86z8+58OJ+L1oKTz5zCEpyvX/23lfc=</latexit><latexit sha1_base64="kHU4m2VEmYqNdWoQl8ld6LeW5dY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5idnU2GzM4uM71CCAHvXvUXvIlXf8U/8DOcJHswiQUNRVU33V1BKoVB1/12ChubW9s7xd3S3v7B4VH5+KRlkkwz3mSJTHQnoIZLoXgTBUreSTWncSB5Oxjdz/z2E9dGJOoRxyn3YzpQIhKMopUabr9ccavuHGSdeDmpQI56v/zTCxOWxVwhk9SYruem6E+oRsEkn5Z6meEpZSM64F1LFY258SfzQ6fkwiohiRJtSyGZq38nJjQ2ZhwHtjOmODSr3kz8z+tmGN36E6HSDLlii0VRJgkmZPY1CYXmDOXYEsq0sLcSNqSaMrTZLG0JM2RDRuW0ZKPxVoNYJ62rqudWvcZ1pXaXh1SEMziHS/DgBmrwAHVoAgMOL/AKb86z8+58OJ+L1oKTz5zCEpyvX/23lfc=</latexit>

ve↵
k

<latexit sha1_base64="K4kWTIOWwqpEj5ksbP0LbiFy5M4=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjMi6LLoxmUF+4B2LJnMnTY0yYxJplCG/oF7t/oL7sStP+Ef+Bmm7Sxs64ELh3Pu5VxOkHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqKDRozGPVDogGziQ0DDMc2okCIgIOrWB4O/VbI1CaxfLBjBPwBelLFjFKjJX80WPWVQJDFE16w1654lbdGfAq8XJSQTnqvfJPN4xpKkAayonWHc9NjJ8RZRjlMCl1Uw0JoUPSh46lkgjQfjZ7eoLPrBLiKFZ2pMEz9e9FRoTWYxHYTUHMQC97U/E/r5Oa6NrPmExSA5LOg6KUYxPjaQM4ZAqo4WNLCFXM/orpgChCje1pISVMDR1QwiclW423XMQqaV5UPbfq3V9Wajd5SUV0gk7ROfLQFaqhO1RHDUTRE3pBr+jNeXbenQ/nc75acPKbY7QA5+sXxSCbYQ==</latexit><latexit sha1_base64="K4kWTIOWwqpEj5ksbP0LbiFy5M4=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjMi6LLoxmUF+4B2LJnMnTY0yYxJplCG/oF7t/oL7sStP+Ef+Bmm7Sxs64ELh3Pu5VxOkHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqKDRozGPVDogGziQ0DDMc2okCIgIOrWB4O/VbI1CaxfLBjBPwBelLFjFKjJX80WPWVQJDFE16w1654lbdGfAq8XJSQTnqvfJPN4xpKkAayonWHc9NjJ8RZRjlMCl1Uw0JoUPSh46lkgjQfjZ7eoLPrBLiKFZ2pMEz9e9FRoTWYxHYTUHMQC97U/E/r5Oa6NrPmExSA5LOg6KUYxPjaQM4ZAqo4WNLCFXM/orpgChCje1pISVMDR1QwiclW423XMQqaV5UPbfq3V9Wajd5SUV0gk7ROfLQFaqhO1RHDUTRE3pBr+jNeXbenQ/nc75acPKbY7QA5+sXxSCbYQ==</latexit><latexit sha1_base64="K4kWTIOWwqpEj5ksbP0LbiFy5M4=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjMi6LLoxmUF+4B2LJnMnTY0yYxJplCG/oF7t/oL7sStP+Ef+Bmm7Sxs64ELh3Pu5VxOkHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqKDRozGPVDogGziQ0DDMc2okCIgIOrWB4O/VbI1CaxfLBjBPwBelLFjFKjJX80WPWVQJDFE16w1654lbdGfAq8XJSQTnqvfJPN4xpKkAayonWHc9NjJ8RZRjlMCl1Uw0JoUPSh46lkgjQfjZ7eoLPrBLiKFZ2pMEz9e9FRoTWYxHYTUHMQC97U/E/r5Oa6NrPmExSA5LOg6KUYxPjaQM4ZAqo4WNLCFXM/orpgChCje1pISVMDR1QwiclW423XMQqaV5UPbfq3V9Wajd5SUV0gk7ROfLQFaqhO1RHDUTRE3pBr+jNeXbenQ/nc75acPKbY7QA5+sXxSCbYQ==</latexit><latexit sha1_base64="K4kWTIOWwqpEj5ksbP0LbiFy5M4=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjMi6LLoxmUF+4B2LJnMnTY0yYxJplCG/oF7t/oL7sStP+Ef+Bmm7Sxs64ELh3Pu5VxOkHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqKDRozGPVDogGziQ0DDMc2okCIgIOrWB4O/VbI1CaxfLBjBPwBelLFjFKjJX80WPWVQJDFE16w1654lbdGfAq8XJSQTnqvfJPN4xpKkAayonWHc9NjJ8RZRjlMCl1Uw0JoUPSh46lkgjQfjZ7eoLPrBLiKFZ2pMEz9e9FRoTWYxHYTUHMQC97U/E/r5Oa6NrPmExSA5LOg6KUYxPjaQM4ZAqo4WNLCFXM/orpgChCje1pISVMDR1QwiclW423XMQqaV5UPbfq3V9Wajd5SUV0gk7ROfLQFaqhO1RHDUTRE3pBr+jNeXbenQ/nc75acPKbY7QA5+sXxSCbYQ==</latexit> v
e↵

k
<latexit sha1_base64="K4kWTIOWwqpEj5ksbP0LbiFy5M4=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjMi6LLoxmUF+4B2LJnMnTY0yYxJplCG/oF7t/oL7sStP+Ef+Bmm7Sxs64ELh3Pu5VxOkHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqKDRozGPVDogGziQ0DDMc2okCIgIOrWB4O/VbI1CaxfLBjBPwBelLFjFKjJX80WPWVQJDFE16w1654lbdGfAq8XJSQTnqvfJPN4xpKkAayonWHc9NjJ8RZRjlMCl1Uw0JoUPSh46lkgjQfjZ7eoLPrBLiKFZ2pMEz9e9FRoTWYxHYTUHMQC97U/E/r5Oa6NrPmExSA5LOg6KUYxPjaQM4ZAqo4WNLCFXM/orpgChCje1pISVMDR1QwiclW423XMQqaV5UPbfq3V9Wajd5SUV0gk7ROfLQFaqhO1RHDUTRE3pBr+jNeXbenQ/nc75acPKbY7QA5+sXxSCbYQ==</latexit><latexit sha1_base64="K4kWTIOWwqpEj5ksbP0LbiFy5M4=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjMi6LLoxmUF+4B2LJnMnTY0yYxJplCG/oF7t/oL7sStP+Ef+Bmm7Sxs64ELh3Pu5VxOkHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqKDRozGPVDogGziQ0DDMc2okCIgIOrWB4O/VbI1CaxfLBjBPwBelLFjFKjJX80WPWVQJDFE16w1654lbdGfAq8XJSQTnqvfJPN4xpKkAayonWHc9NjJ8RZRjlMCl1Uw0JoUPSh46lkgjQfjZ7eoLPrBLiKFZ2pMEz9e9FRoTWYxHYTUHMQC97U/E/r5Oa6NrPmExSA5LOg6KUYxPjaQM4ZAqo4WNLCFXM/orpgChCje1pISVMDR1QwiclW423XMQqaV5UPbfq3V9Wajd5SUV0gk7ROfLQFaqhO1RHDUTRE3pBr+jNeXbenQ/nc75acPKbY7QA5+sXxSCbYQ==</latexit><latexit sha1_base64="K4kWTIOWwqpEj5ksbP0LbiFy5M4=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjMi6LLoxmUF+4B2LJnMnTY0yYxJplCG/oF7t/oL7sStP+Ef+Bmm7Sxs64ELh3Pu5VxOkHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqKDRozGPVDogGziQ0DDMc2okCIgIOrWB4O/VbI1CaxfLBjBPwBelLFjFKjJX80WPWVQJDFE16w1654lbdGfAq8XJSQTnqvfJPN4xpKkAayonWHc9NjJ8RZRjlMCl1Uw0JoUPSh46lkgjQfjZ7eoLPrBLiKFZ2pMEz9e9FRoTWYxHYTUHMQC97U/E/r5Oa6NrPmExSA5LOg6KUYxPjaQM4ZAqo4WNLCFXM/orpgChCje1pISVMDR1QwiclW423XMQqaV5UPbfq3V9Wajd5SUV0gk7ROfLQFaqhO1RHDUTRE3pBr+jNeXbenQ/nc75acPKbY7QA5+sXxSCbYQ==</latexit><latexit sha1_base64="K4kWTIOWwqpEj5ksbP0LbiFy5M4=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjMi6LLoxmUF+4B2LJnMnTY0yYxJplCG/oF7t/oL7sStP+Ef+Bmm7Sxs64ELh3Pu5VxOkHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqKDRozGPVDogGziQ0DDMc2okCIgIOrWB4O/VbI1CaxfLBjBPwBelLFjFKjJX80WPWVQJDFE16w1654lbdGfAq8XJSQTnqvfJPN4xpKkAayonWHc9NjJ8RZRjlMCl1Uw0JoUPSh46lkgjQfjZ7eoLPrBLiKFZ2pMEz9e9FRoTWYxHYTUHMQC97U/E/r5Oa6NrPmExSA5LOg6KUYxPjaQM4ZAqo4WNLCFXM/orpgChCje1pISVMDR1QwiclW423XMQqaV5UPbfq3V9Wajd5SUV0gk7ROfLQFaqhO1RHDUTRE3pBr+jNeXbenQ/nc75acPKbY7QA5+sXxSCbYQ==</latexit>

exponential

alg
eb
rai
c

t↵
<latexit sha1_base64="5kEWmOa19QZK4bfTIW7tcyd3zz8=">AAAB73icbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6CNZbLdtEs3m7g7EUrpn/DiQRGv/h1v/hu3bQ7a+mDg8d4MM/PCVApDnvftrKyurW9sFraK2zu7e/ulg8OGSTLNeJ0lMtGtEA2XQvE6CZK8lWqOcSh5MxzeTP3mE9dGJOqeRikPYuwrEQmGZKUWPXRQpgPslspexZvBXSZ+TsqQo9YtfXV6CctirohJNKbteykFY9QkmOSTYiczPEU2xD5vW6ow5iYYz+6duKdW6blRom0pcmfq74kxxsaM4tB2xkgDs+hNxf+8dkbRVTAWKs2IKzZfFGXSpcSdPu/2hOaM5MgSZFrYW102QI2MbERFG4K/+PIyaZxXfK/i312Uq9d5HAU4hhM4Ax8uoQq3UIM6MJDwDK/w5jw6L8678zFvXXHymSP4A+fzBxklj/4=</latexit><latexit sha1_base64="5kEWmOa19QZK4bfTIW7tcyd3zz8=">AAAB73icbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6CNZbLdtEs3m7g7EUrpn/DiQRGv/h1v/hu3bQ7a+mDg8d4MM/PCVApDnvftrKyurW9sFraK2zu7e/ulg8OGSTLNeJ0lMtGtEA2XQvE6CZK8lWqOcSh5MxzeTP3mE9dGJOqeRikPYuwrEQmGZKUWPXRQpgPslspexZvBXSZ+TsqQo9YtfXV6CctirohJNKbteykFY9QkmOSTYiczPEU2xD5vW6ow5iYYz+6duKdW6blRom0pcmfq74kxxsaM4tB2xkgDs+hNxf+8dkbRVTAWKs2IKzZfFGXSpcSdPu/2hOaM5MgSZFrYW102QI2MbERFG4K/+PIyaZxXfK/i312Uq9d5HAU4hhM4Ax8uoQq3UIM6MJDwDK/w5jw6L8678zFvXXHymSP4A+fzBxklj/4=</latexit><latexit sha1_base64="5kEWmOa19QZK4bfTIW7tcyd3zz8=">AAAB73icbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6CNZbLdtEs3m7g7EUrpn/DiQRGv/h1v/hu3bQ7a+mDg8d4MM/PCVApDnvftrKyurW9sFraK2zu7e/ulg8OGSTLNeJ0lMtGtEA2XQvE6CZK8lWqOcSh5MxzeTP3mE9dGJOqeRikPYuwrEQmGZKUWPXRQpgPslspexZvBXSZ+TsqQo9YtfXV6CctirohJNKbteykFY9QkmOSTYiczPEU2xD5vW6ow5iYYz+6duKdW6blRom0pcmfq74kxxsaM4tB2xkgDs+hNxf+8dkbRVTAWKs2IKzZfFGXSpcSdPu/2hOaM5MgSZFrYW102QI2MbERFG4K/+PIyaZxXfK/i312Uq9d5HAU4hhM4Ax8uoQq3UIM6MJDwDK/w5jw6L8678zFvXXHymSP4A+fzBxklj/4=</latexit><latexit sha1_base64="5kEWmOa19QZK4bfTIW7tcyd3zz8=">AAAB73icbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6CNZbLdtEs3m7g7EUrpn/DiQRGv/h1v/hu3bQ7a+mDg8d4MM/PCVApDnvftrKyurW9sFraK2zu7e/ulg8OGSTLNeJ0lMtGtEA2XQvE6CZK8lWqOcSh5MxzeTP3mE9dGJOqeRikPYuwrEQmGZKUWPXRQpgPslspexZvBXSZ+TsqQo9YtfXV6CctirohJNKbteykFY9QkmOSTYiczPEU2xD5vW6ow5iYYz+6duKdW6blRom0pcmfq74kxxsaM4tB2xkgDs+hNxf+8dkbRVTAWKs2IKzZfFGXSpcSdPu/2hOaM5MgSZFrYW102QI2MbERFG4K/+PIyaZxXfK/i312Uq9d5HAU4hhM4Ax8uoQq3UIM6MJDwDK/w5jw6L8678zFvXXHymSP4A+fzBxklj/4=</latexit>
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Hydrodynamics

The Fourier transform has an explicit form:

Sij(k, t) =

∫
dx eikx〈qi(x, t)qj(0, 0)〉cβ ∼

(
exp [iAkt]C

)
ij

with the static correlation matrix

Cij =

∫
dx 〈qi(x)qj(0)〉cβ = −∂qj

∂βi
.
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Hydrodynamics

4. Hydrodynamic projections. There are very general formulae for the large-time

asymptotics of correlation functions of more generic fields, again controlled by the flux

Jacobian [BD 2017]:

lim
k→0,t→∞

kt fixed

∫
dx eikx〈O(x, t)O′(0, 0)〉cβ =

∑
i`j

∂〈O〉β
∂βi

(C−1)i` exp[iAkt] j`
∂〈O′〉β
∂βj

x

t

qj(0, 0)
<latexit sha1_base64="avX/cmix1TGJLiqTNm8SW5Px4m8=">AAACEnicbVDLSsNAFJ34rPUV7dLNYBEqSJmIoMuiG5cV7APaECaTSTt28nBmIoSQv3DvVn/Bnbj1B/wDP8NJm4VtPXDhcM693MNxY86kQujbWFldW9/YrGxVt3d29/bNg8OujBJBaIdEPBJ9F0vKWUg7iilO+7GgOHA57bmTm8LvPVEhWRTeqzSmdoBHIfMZwUpLjlnLhgFWY4I5fMydhwY6Q6eOWUdNNAVcJlZJ6qBE2zF/hl5EkoCGinAs5cBCsbIzLBQjnObVYSJpjMkEj+hA0xAHVNrZNHwOT7TiQT8SekIFp+rfiwwHUqaBqzeLpHLRK8T/vEGi/Cs7Y2GcKBqS2SM/4VBFsGgCekxQoniqCSaC6ayQjLHAROm+5r54iSJFRXlVV2MtFrFMuudNCzWtu4t667osqQKOwDFoAAtcgha4BW3QAQSk4AW8gjfj2Xg3PozP2eqKUd7UwByMr19HC50R</latexit><latexit sha1_base64="avX/cmix1TGJLiqTNm8SW5Px4m8=">AAACEnicbVDLSsNAFJ34rPUV7dLNYBEqSJmIoMuiG5cV7APaECaTSTt28nBmIoSQv3DvVn/Bnbj1B/wDP8NJm4VtPXDhcM693MNxY86kQujbWFldW9/YrGxVt3d29/bNg8OujBJBaIdEPBJ9F0vKWUg7iilO+7GgOHA57bmTm8LvPVEhWRTeqzSmdoBHIfMZwUpLjlnLhgFWY4I5fMydhwY6Q6eOWUdNNAVcJlZJ6qBE2zF/hl5EkoCGinAs5cBCsbIzLBQjnObVYSJpjMkEj+hA0xAHVNrZNHwOT7TiQT8SekIFp+rfiwwHUqaBqzeLpHLRK8T/vEGi/Cs7Y2GcKBqS2SM/4VBFsGgCekxQoniqCSaC6ayQjLHAROm+5r54iSJFRXlVV2MtFrFMuudNCzWtu4t667osqQKOwDFoAAtcgha4BW3QAQSk4AW8gjfj2Xg3PozP2eqKUd7UwByMr19HC50R</latexit><latexit sha1_base64="avX/cmix1TGJLiqTNm8SW5Px4m8=">AAACEnicbVDLSsNAFJ34rPUV7dLNYBEqSJmIoMuiG5cV7APaECaTSTt28nBmIoSQv3DvVn/Bnbj1B/wDP8NJm4VtPXDhcM693MNxY86kQujbWFldW9/YrGxVt3d29/bNg8OujBJBaIdEPBJ9F0vKWUg7iilO+7GgOHA57bmTm8LvPVEhWRTeqzSmdoBHIfMZwUpLjlnLhgFWY4I5fMydhwY6Q6eOWUdNNAVcJlZJ6qBE2zF/hl5EkoCGinAs5cBCsbIzLBQjnObVYSJpjMkEj+hA0xAHVNrZNHwOT7TiQT8SekIFp+rfiwwHUqaBqzeLpHLRK8T/vEGi/Cs7Y2GcKBqS2SM/4VBFsGgCekxQoniqCSaC6ayQjLHAROm+5r54iSJFRXlVV2MtFrFMuudNCzWtu4t667osqQKOwDFoAAtcgha4BW3QAQSk4AW8gjfj2Xg3PozP2eqKUd7UwByMr19HC50R</latexit><latexit sha1_base64="avX/cmix1TGJLiqTNm8SW5Px4m8=">AAACEnicbVDLSsNAFJ34rPUV7dLNYBEqSJmIoMuiG5cV7APaECaTSTt28nBmIoSQv3DvVn/Bnbj1B/wDP8NJm4VtPXDhcM693MNxY86kQujbWFldW9/YrGxVt3d29/bNg8OujBJBaIdEPBJ9F0vKWUg7iilO+7GgOHA57bmTm8LvPVEhWRTeqzSmdoBHIfMZwUpLjlnLhgFWY4I5fMydhwY6Q6eOWUdNNAVcJlZJ6qBE2zF/hl5EkoCGinAs5cBCsbIzLBQjnObVYSJpjMkEj+hA0xAHVNrZNHwOT7TiQT8SekIFp+rfiwwHUqaBqzeLpHLRK8T/vEGi/Cs7Y2GcKBqS2SM/4VBFsGgCekxQoniqCSaC6ayQjLHAROm+5r54iSJFRXlVV2MtFrFMuudNCzWtu4t667osqQKOwDFoAAtcgha4BW3QAQSk4AW8gjfj2Xg3PozP2eqKUd7UwByMr19HC50R</latexit>

qi(x, t)
<latexit sha1_base64="gDUdZh/prC6OBL9aQJKlIa9V468=">AAACEnicbVDLSsNAFJ3UV62vaJduBotQQUoigi6LblxWsK3QhjKZTtuhk0mcuRFLyF+4d6u/4E7c+gP+gZ/hpM3Cth64cDjnXu7h+JHgGhzn2yqsrK6tbxQ3S1vbO7t79v5BS4exoqxJQxGqe59oJrhkTeAg2H2kGAl8wdr++Drz249MaR7KO5hEzAvIUPIBpwSM1LPLSTcgMKJE4Ie0x6tPp3DSsytOzZkCLxM3JxWUo9Gzf7r9kMYBk0AF0brjOhF4CVHAqWBpqRtrFhE6JkPWMVSSgGkvmYZP8bFR+ngQKjMS8FT9e5GQQOtJ4JvNLKle9DLxP68Tw+DSS7iMYmCSzh4NYoEhxFkTuM8VoyAmhhCquMmK6YgoQsH0NfelHwPNKkpLphp3sYhl0jqruU7NvT2v1K/ykoroEB2hKnLRBaqjG9RATUTRBL2gV/RmPVvv1of1OVstWPlNGc3B+voFJs+dnA==</latexit><latexit sha1_base64="gDUdZh/prC6OBL9aQJKlIa9V468=">AAACEnicbVDLSsNAFJ3UV62vaJduBotQQUoigi6LblxWsK3QhjKZTtuhk0mcuRFLyF+4d6u/4E7c+gP+gZ/hpM3Cth64cDjnXu7h+JHgGhzn2yqsrK6tbxQ3S1vbO7t79v5BS4exoqxJQxGqe59oJrhkTeAg2H2kGAl8wdr++Drz249MaR7KO5hEzAvIUPIBpwSM1LPLSTcgMKJE4Ie0x6tPp3DSsytOzZkCLxM3JxWUo9Gzf7r9kMYBk0AF0brjOhF4CVHAqWBpqRtrFhE6JkPWMVSSgGkvmYZP8bFR+ngQKjMS8FT9e5GQQOtJ4JvNLKle9DLxP68Tw+DSS7iMYmCSzh4NYoEhxFkTuM8VoyAmhhCquMmK6YgoQsH0NfelHwPNKkpLphp3sYhl0jqruU7NvT2v1K/ykoroEB2hKnLRBaqjG9RATUTRBL2gV/RmPVvv1of1OVstWPlNGc3B+voFJs+dnA==</latexit><latexit sha1_base64="gDUdZh/prC6OBL9aQJKlIa9V468=">AAACEnicbVDLSsNAFJ3UV62vaJduBotQQUoigi6LblxWsK3QhjKZTtuhk0mcuRFLyF+4d6u/4E7c+gP+gZ/hpM3Cth64cDjnXu7h+JHgGhzn2yqsrK6tbxQ3S1vbO7t79v5BS4exoqxJQxGqe59oJrhkTeAg2H2kGAl8wdr++Drz249MaR7KO5hEzAvIUPIBpwSM1LPLSTcgMKJE4Ie0x6tPp3DSsytOzZkCLxM3JxWUo9Gzf7r9kMYBk0AF0brjOhF4CVHAqWBpqRtrFhE6JkPWMVSSgGkvmYZP8bFR+ngQKjMS8FT9e5GQQOtJ4JvNLKle9DLxP68Tw+DSS7iMYmCSzh4NYoEhxFkTuM8VoyAmhhCquMmK6YgoQsH0NfelHwPNKkpLphp3sYhl0jqruU7NvT2v1K/ykoroEB2hKnLRBaqjG9RATUTRBL2gV/RmPVvv1of1OVstWPlNGc3B+voFJs+dnA==</latexit><latexit sha1_base64="gDUdZh/prC6OBL9aQJKlIa9V468=">AAACEnicbVDLSsNAFJ3UV62vaJduBotQQUoigi6LblxWsK3QhjKZTtuhk0mcuRFLyF+4d6u/4E7c+gP+gZ/hpM3Cth64cDjnXu7h+JHgGhzn2yqsrK6tbxQ3S1vbO7t79v5BS4exoqxJQxGqe59oJrhkTeAg2H2kGAl8wdr++Drz249MaR7KO5hEzAvIUPIBpwSM1LPLSTcgMKJE4Ie0x6tPp3DSsytOzZkCLxM3JxWUo9Gzf7r9kMYBk0AF0brjOhF4CVHAqWBpqRtrFhE6JkPWMVSSgGkvmYZP8bFR+ngQKjMS8FT9e5GQQOtJ4JvNLKle9DLxP68Tw+DSS7iMYmCSzh4NYoEhxFkTuM8VoyAmhhCquMmK6YgoQsH0NfelHwPNKkpLphp3sYhl0jqruU7NvT2v1K/ykoroEB2hKnLRBaqjG9RATUTRBL2gV/RmPVvv1of1OVstWPlNGc3B+voFJs+dnA==</latexit>

v
e↵

k
<latexit sha1_base64="K4kWTIOWwqpEj5ksbP0LbiFy5M4=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjMi6LLoxmUF+4B2LJnMnTY0yYxJplCG/oF7t/oL7sStP+Ef+Bmm7Sxs64ELh3Pu5VxOkHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqKDRozGPVDogGziQ0DDMc2okCIgIOrWB4O/VbI1CaxfLBjBPwBelLFjFKjJX80WPWVQJDFE16w1654lbdGfAq8XJSQTnqvfJPN4xpKkAayonWHc9NjJ8RZRjlMCl1Uw0JoUPSh46lkgjQfjZ7eoLPrBLiKFZ2pMEz9e9FRoTWYxHYTUHMQC97U/E/r5Oa6NrPmExSA5LOg6KUYxPjaQM4ZAqo4WNLCFXM/orpgChCje1pISVMDR1QwiclW423XMQqaV5UPbfq3V9Wajd5SUV0gk7ROfLQFaqhO1RHDUTRE3pBr+jNeXbenQ/nc75acPKbY7QA5+sXxSCbYQ==</latexit><latexit sha1_base64="K4kWTIOWwqpEj5ksbP0LbiFy5M4=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjMi6LLoxmUF+4B2LJnMnTY0yYxJplCG/oF7t/oL7sStP+Ef+Bmm7Sxs64ELh3Pu5VxOkHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqKDRozGPVDogGziQ0DDMc2okCIgIOrWB4O/VbI1CaxfLBjBPwBelLFjFKjJX80WPWVQJDFE16w1654lbdGfAq8XJSQTnqvfJPN4xpKkAayonWHc9NjJ8RZRjlMCl1Uw0JoUPSh46lkgjQfjZ7eoLPrBLiKFZ2pMEz9e9FRoTWYxHYTUHMQC97U/E/r5Oa6NrPmExSA5LOg6KUYxPjaQM4ZAqo4WNLCFXM/orpgChCje1pISVMDR1QwiclW423XMQqaV5UPbfq3V9Wajd5SUV0gk7ROfLQFaqhO1RHDUTRE3pBr+jNeXbenQ/nc75acPKbY7QA5+sXxSCbYQ==</latexit><latexit sha1_base64="K4kWTIOWwqpEj5ksbP0LbiFy5M4=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjMi6LLoxmUF+4B2LJnMnTY0yYxJplCG/oF7t/oL7sStP+Ef+Bmm7Sxs64ELh3Pu5VxOkHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqKDRozGPVDogGziQ0DDMc2okCIgIOrWB4O/VbI1CaxfLBjBPwBelLFjFKjJX80WPWVQJDFE16w1654lbdGfAq8XJSQTnqvfJPN4xpKkAayonWHc9NjJ8RZRjlMCl1Uw0JoUPSh46lkgjQfjZ7eoLPrBLiKFZ2pMEz9e9FRoTWYxHYTUHMQC97U/E/r5Oa6NrPmExSA5LOg6KUYxPjaQM4ZAqo4WNLCFXM/orpgChCje1pISVMDR1QwiclW423XMQqaV5UPbfq3V9Wajd5SUV0gk7ROfLQFaqhO1RHDUTRE3pBr+jNeXbenQ/nc75acPKbY7QA5+sXxSCbYQ==</latexit><latexit sha1_base64="K4kWTIOWwqpEj5ksbP0LbiFy5M4=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjMi6LLoxmUF+4B2LJnMnTY0yYxJplCG/oF7t/oL7sStP+Ef+Bmm7Sxs64ELh3Pu5VxOkHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqKDRozGPVDogGziQ0DDMc2okCIgIOrWB4O/VbI1CaxfLBjBPwBelLFjFKjJX80WPWVQJDFE16w1654lbdGfAq8XJSQTnqvfJPN4xpKkAayonWHc9NjJ8RZRjlMCl1Uw0JoUPSh46lkgjQfjZ7eoLPrBLiKFZ2pMEz9e9FRoTWYxHYTUHMQC97U/E/r5Oa6NrPmExSA5LOg6KUYxPjaQM4ZAqo4WNLCFXM/orpgChCje1pISVMDR1QwiclW423XMQqaV5UPbfq3V9Wajd5SUV0gk7ROfLQFaqhO1RHDUTRE3pBr+jNeXbenQ/nc75acPKbY7QA5+sXxSCbYQ==</latexit>

t↵
<latexit sha1_base64="Y4n3tAfRyWRHwMLy+v/X8LDkxP0=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP7CNZbLdtks3m7A7EUrov/DiQRGv/htv/hu3bQ7a+mDg8d4MM/PCRApDnvftrKyurW9sFraK2zu7e/ulg8OGiVPNeJ3FMtatEA2XQvE6CZK8lWiOUSh5MxzdTP3mE9dGxOqexgkPIhwo0RcMyUoP9Jh1UCZDnHRLZa/izeAuEz8nZchR65a+Or2YpRFXxCQa0/a9hIIMNQkm+aTYSQ1PkI1wwNuWKoy4CbLZxRP31Co9tx9rW4rcmfp7IsPImHEU2s4IaWgWvan4n9dOqX8VZEIlKXHF5ov6qXQpdqfvuz2hOSM5tgSZFvZWlw1RIyMbUtGG4C++vEwa5xXfq/h3F+XqdR5HAY7hBM7Ah0uowi3UoA4MFDzDK7w5xnlx3p2PeeuKk88cwR84nz/iXZEK</latexit><latexit sha1_base64="Y4n3tAfRyWRHwMLy+v/X8LDkxP0=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP7CNZbLdtks3m7A7EUrov/DiQRGv/htv/hu3bQ7a+mDg8d4MM/PCRApDnvftrKyurW9sFraK2zu7e/ulg8OGiVPNeJ3FMtatEA2XQvE6CZK8lWiOUSh5MxzdTP3mE9dGxOqexgkPIhwo0RcMyUoP9Jh1UCZDnHRLZa/izeAuEz8nZchR65a+Or2YpRFXxCQa0/a9hIIMNQkm+aTYSQ1PkI1wwNuWKoy4CbLZxRP31Co9tx9rW4rcmfp7IsPImHEU2s4IaWgWvan4n9dOqX8VZEIlKXHF5ov6qXQpdqfvuz2hOSM5tgSZFvZWlw1RIyMbUtGG4C++vEwa5xXfq/h3F+XqdR5HAY7hBM7Ah0uowi3UoA4MFDzDK7w5xnlx3p2PeeuKk88cwR84nz/iXZEK</latexit><latexit sha1_base64="Y4n3tAfRyWRHwMLy+v/X8LDkxP0=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP7CNZbLdtks3m7A7EUrov/DiQRGv/htv/hu3bQ7a+mDg8d4MM/PCRApDnvftrKyurW9sFraK2zu7e/ulg8OGiVPNeJ3FMtatEA2XQvE6CZK8lWiOUSh5MxzdTP3mE9dGxOqexgkPIhwo0RcMyUoP9Jh1UCZDnHRLZa/izeAuEz8nZchR65a+Or2YpRFXxCQa0/a9hIIMNQkm+aTYSQ1PkI1wwNuWKoy4CbLZxRP31Co9tx9rW4rcmfp7IsPImHEU2s4IaWgWvan4n9dOqX8VZEIlKXHF5ov6qXQpdqfvuz2hOSM5tgSZFvZWlw1RIyMbUtGG4C++vEwa5xXfq/h3F+XqdR5HAY7hBM7Ah0uowi3UoA4MFDzDK7w5xnlx3p2PeeuKk88cwR84nz/iXZEK</latexit><latexit sha1_base64="Y4n3tAfRyWRHwMLy+v/X8LDkxP0=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP7CNZbLdtks3m7A7EUrov/DiQRGv/htv/hu3bQ7a+mDg8d4MM/PCRApDnvftrKyurW9sFraK2zu7e/ulg8OGiVPNeJ3FMtatEA2XQvE6CZK8lWiOUSh5MxzdTP3mE9dGxOqexgkPIhwo0RcMyUoP9Jh1UCZDnHRLZa/izeAuEz8nZchR65a+Or2YpRFXxCQa0/a9hIIMNQkm+aTYSQ1PkI1wwNuWKoy4CbLZxRP31Co9tx9rW4rcmfp7IsPImHEU2s4IaWgWvan4n9dOqX8VZEIlKXHF5ov6qXQpdqfvuz2hOSM5tgSZFvZWlw1RIyMbUtGG4C++vEwa5xXfq/h3F+XqdR5HAY7hBM7Ah0uowi3UoA4MFDzDK7w5xnlx3p2PeeuKk88cwR84nz/iXZEK</latexit>

x

t

x

qj(0, 0)
<latexit sha1_base64="avX/cmix1TGJLiqTNm8SW5Px4m8=">AAACEnicbVDLSsNAFJ34rPUV7dLNYBEqSJmIoMuiG5cV7APaECaTSTt28nBmIoSQv3DvVn/Bnbj1B/wDP8NJm4VtPXDhcM693MNxY86kQujbWFldW9/YrGxVt3d29/bNg8OujBJBaIdEPBJ9F0vKWUg7iilO+7GgOHA57bmTm8LvPVEhWRTeqzSmdoBHIfMZwUpLjlnLhgFWY4I5fMydhwY6Q6eOWUdNNAVcJlZJ6qBE2zF/hl5EkoCGinAs5cBCsbIzLBQjnObVYSJpjMkEj+hA0xAHVNrZNHwOT7TiQT8SekIFp+rfiwwHUqaBqzeLpHLRK8T/vEGi/Cs7Y2GcKBqS2SM/4VBFsGgCekxQoniqCSaC6ayQjLHAROm+5r54iSJFRXlVV2MtFrFMuudNCzWtu4t667osqQKOwDFoAAtcgha4BW3QAQSk4AW8gjfj2Xg3PozP2eqKUd7UwByMr19HC50R</latexit><latexit sha1_base64="avX/cmix1TGJLiqTNm8SW5Px4m8=">AAACEnicbVDLSsNAFJ34rPUV7dLNYBEqSJmIoMuiG5cV7APaECaTSTt28nBmIoSQv3DvVn/Bnbj1B/wDP8NJm4VtPXDhcM693MNxY86kQujbWFldW9/YrGxVt3d29/bNg8OujBJBaIdEPBJ9F0vKWUg7iilO+7GgOHA57bmTm8LvPVEhWRTeqzSmdoBHIfMZwUpLjlnLhgFWY4I5fMydhwY6Q6eOWUdNNAVcJlZJ6qBE2zF/hl5EkoCGinAs5cBCsbIzLBQjnObVYSJpjMkEj+hA0xAHVNrZNHwOT7TiQT8SekIFp+rfiwwHUqaBqzeLpHLRK8T/vEGi/Cs7Y2GcKBqS2SM/4VBFsGgCekxQoniqCSaC6ayQjLHAROm+5r54iSJFRXlVV2MtFrFMuudNCzWtu4t667osqQKOwDFoAAtcgha4BW3QAQSk4AW8gjfj2Xg3PozP2eqKUd7UwByMr19HC50R</latexit><latexit sha1_base64="avX/cmix1TGJLiqTNm8SW5Px4m8=">AAACEnicbVDLSsNAFJ34rPUV7dLNYBEqSJmIoMuiG5cV7APaECaTSTt28nBmIoSQv3DvVn/Bnbj1B/wDP8NJm4VtPXDhcM693MNxY86kQujbWFldW9/YrGxVt3d29/bNg8OujBJBaIdEPBJ9F0vKWUg7iilO+7GgOHA57bmTm8LvPVEhWRTeqzSmdoBHIfMZwUpLjlnLhgFWY4I5fMydhwY6Q6eOWUdNNAVcJlZJ6qBE2zF/hl5EkoCGinAs5cBCsbIzLBQjnObVYSJpjMkEj+hA0xAHVNrZNHwOT7TiQT8SekIFp+rfiwwHUqaBqzeLpHLRK8T/vEGi/Cs7Y2GcKBqS2SM/4VBFsGgCekxQoniqCSaC6ayQjLHAROm+5r54iSJFRXlVV2MtFrFMuudNCzWtu4t667osqQKOwDFoAAtcgha4BW3QAQSk4AW8gjfj2Xg3PozP2eqKUd7UwByMr19HC50R</latexit><latexit sha1_base64="avX/cmix1TGJLiqTNm8SW5Px4m8=">AAACEnicbVDLSsNAFJ34rPUV7dLNYBEqSJmIoMuiG5cV7APaECaTSTt28nBmIoSQv3DvVn/Bnbj1B/wDP8NJm4VtPXDhcM693MNxY86kQujbWFldW9/YrGxVt3d29/bNg8OujBJBaIdEPBJ9F0vKWUg7iilO+7GgOHA57bmTm8LvPVEhWRTeqzSmdoBHIfMZwUpLjlnLhgFWY4I5fMydhwY6Q6eOWUdNNAVcJlZJ6qBE2zF/hl5EkoCGinAs5cBCsbIzLBQjnObVYSJpjMkEj+hA0xAHVNrZNHwOT7TiQT8SekIFp+rfiwwHUqaBqzeLpHLRK8T/vEGi/Cs7Y2GcKBqS2SM/4VBFsGgCekxQoniqCSaC6ayQjLHAROm+5r54iSJFRXlVV2MtFrFMuudNCzWtu4t667osqQKOwDFoAAtcgha4BW3QAQSk4AW8gjfj2Xg3PozP2eqKUd7UwByMr19HC50R</latexit>

qi(x, t)
<latexit sha1_base64="gDUdZh/prC6OBL9aQJKlIa9V468=">AAACEnicbVDLSsNAFJ3UV62vaJduBotQQUoigi6LblxWsK3QhjKZTtuhk0mcuRFLyF+4d6u/4E7c+gP+gZ/hpM3Cth64cDjnXu7h+JHgGhzn2yqsrK6tbxQ3S1vbO7t79v5BS4exoqxJQxGqe59oJrhkTeAg2H2kGAl8wdr++Drz249MaR7KO5hEzAvIUPIBpwSM1LPLSTcgMKJE4Ie0x6tPp3DSsytOzZkCLxM3JxWUo9Gzf7r9kMYBk0AF0brjOhF4CVHAqWBpqRtrFhE6JkPWMVSSgGkvmYZP8bFR+ngQKjMS8FT9e5GQQOtJ4JvNLKle9DLxP68Tw+DSS7iMYmCSzh4NYoEhxFkTuM8VoyAmhhCquMmK6YgoQsH0NfelHwPNKkpLphp3sYhl0jqruU7NvT2v1K/ykoroEB2hKnLRBaqjG9RATUTRBL2gV/RmPVvv1of1OVstWPlNGc3B+voFJs+dnA==</latexit><latexit sha1_base64="gDUdZh/prC6OBL9aQJKlIa9V468=">AAACEnicbVDLSsNAFJ3UV62vaJduBotQQUoigi6LblxWsK3QhjKZTtuhk0mcuRFLyF+4d6u/4E7c+gP+gZ/hpM3Cth64cDjnXu7h+JHgGhzn2yqsrK6tbxQ3S1vbO7t79v5BS4exoqxJQxGqe59oJrhkTeAg2H2kGAl8wdr++Drz249MaR7KO5hEzAvIUPIBpwSM1LPLSTcgMKJE4Ie0x6tPp3DSsytOzZkCLxM3JxWUo9Gzf7r9kMYBk0AF0brjOhF4CVHAqWBpqRtrFhE6JkPWMVSSgGkvmYZP8bFR+ngQKjMS8FT9e5GQQOtJ4JvNLKle9DLxP68Tw+DSS7iMYmCSzh4NYoEhxFkTuM8VoyAmhhCquMmK6YgoQsH0NfelHwPNKkpLphp3sYhl0jqruU7NvT2v1K/ykoroEB2hKnLRBaqjG9RATUTRBL2gV/RmPVvv1of1OVstWPlNGc3B+voFJs+dnA==</latexit><latexit sha1_base64="gDUdZh/prC6OBL9aQJKlIa9V468=">AAACEnicbVDLSsNAFJ3UV62vaJduBotQQUoigi6LblxWsK3QhjKZTtuhk0mcuRFLyF+4d6u/4E7c+gP+gZ/hpM3Cth64cDjnXu7h+JHgGhzn2yqsrK6tbxQ3S1vbO7t79v5BS4exoqxJQxGqe59oJrhkTeAg2H2kGAl8wdr++Drz249MaR7KO5hEzAvIUPIBpwSM1LPLSTcgMKJE4Ie0x6tPp3DSsytOzZkCLxM3JxWUo9Gzf7r9kMYBk0AF0brjOhF4CVHAqWBpqRtrFhE6JkPWMVSSgGkvmYZP8bFR+ngQKjMS8FT9e5GQQOtJ4JvNLKle9DLxP68Tw+DSS7iMYmCSzh4NYoEhxFkTuM8VoyAmhhCquMmK6YgoQsH0NfelHwPNKkpLphp3sYhl0jqruU7NvT2v1K/ykoroEB2hKnLRBaqjG9RATUTRBL2gV/RmPVvv1of1OVstWPlNGc3B+voFJs+dnA==</latexit><latexit sha1_base64="gDUdZh/prC6OBL9aQJKlIa9V468=">AAACEnicbVDLSsNAFJ3UV62vaJduBotQQUoigi6LblxWsK3QhjKZTtuhk0mcuRFLyF+4d6u/4E7c+gP+gZ/hpM3Cth64cDjnXu7h+JHgGhzn2yqsrK6tbxQ3S1vbO7t79v5BS4exoqxJQxGqe59oJrhkTeAg2H2kGAl8wdr++Drz249MaR7KO5hEzAvIUPIBpwSM1LPLSTcgMKJE4Ie0x6tPp3DSsytOzZkCLxM3JxWUo9Gzf7r9kMYBk0AF0brjOhF4CVHAqWBpqRtrFhE6JkPWMVSSgGkvmYZP8bFR+ngQKjMS8FT9e5GQQOtJ4JvNLKle9DLxP68Tw+DSS7iMYmCSzh4NYoEhxFkTuM8VoyAmhhCquMmK6YgoQsH0NfelHwPNKkpLphp3sYhl0jqruU7NvT2v1K/ykoroEB2hKnLRBaqjG9RATUTRBL2gV/RmPVvv1of1OVstWPlNGc3B+voFJs+dnA==</latexit>

0
<latexit sha1_base64="kHU4m2VEmYqNdWoQl8ld6LeW5dY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5idnU2GzM4uM71CCAHvXvUXvIlXf8U/8DOcJHswiQUNRVU33V1BKoVB1/12ChubW9s7xd3S3v7B4VH5+KRlkkwz3mSJTHQnoIZLoXgTBUreSTWncSB5Oxjdz/z2E9dGJOoRxyn3YzpQIhKMopUabr9ccavuHGSdeDmpQI56v/zTCxOWxVwhk9SYruem6E+oRsEkn5Z6meEpZSM64F1LFY258SfzQ6fkwiohiRJtSyGZq38nJjQ2ZhwHtjOmODSr3kz8z+tmGN36E6HSDLlii0VRJgkmZPY1CYXmDOXYEsq0sLcSNqSaMrTZLG0JM2RDRuW0ZKPxVoNYJ62rqudWvcZ1pXaXh1SEMziHS/DgBmrwAHVoAgMOL/AKb86z8+58OJ+L1oKTz5zCEpyvX/23lfc=</latexit><latexit sha1_base64="kHU4m2VEmYqNdWoQl8ld6LeW5dY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5idnU2GzM4uM71CCAHvXvUXvIlXf8U/8DOcJHswiQUNRVU33V1BKoVB1/12ChubW9s7xd3S3v7B4VH5+KRlkkwz3mSJTHQnoIZLoXgTBUreSTWncSB5Oxjdz/z2E9dGJOoRxyn3YzpQIhKMopUabr9ccavuHGSdeDmpQI56v/zTCxOWxVwhk9SYruem6E+oRsEkn5Z6meEpZSM64F1LFY258SfzQ6fkwiohiRJtSyGZq38nJjQ2ZhwHtjOmODSr3kz8z+tmGN36E6HSDLlii0VRJgkmZPY1CYXmDOXYEsq0sLcSNqSaMrTZLG0JM2RDRuW0ZKPxVoNYJ62rqudWvcZ1pXaXh1SEMziHS/DgBmrwAHVoAgMOL/AKb86z8+58OJ+L1oKTz5zCEpyvX/23lfc=</latexit><latexit sha1_base64="kHU4m2VEmYqNdWoQl8ld6LeW5dY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5idnU2GzM4uM71CCAHvXvUXvIlXf8U/8DOcJHswiQUNRVU33V1BKoVB1/12ChubW9s7xd3S3v7B4VH5+KRlkkwz3mSJTHQnoIZLoXgTBUreSTWncSB5Oxjdz/z2E9dGJOoRxyn3YzpQIhKMopUabr9ccavuHGSdeDmpQI56v/zTCxOWxVwhk9SYruem6E+oRsEkn5Z6meEpZSM64F1LFY258SfzQ6fkwiohiRJtSyGZq38nJjQ2ZhwHtjOmODSr3kz8z+tmGN36E6HSDLlii0VRJgkmZPY1CYXmDOXYEsq0sLcSNqSaMrTZLG0JM2RDRuW0ZKPxVoNYJ62rqudWvcZ1pXaXh1SEMziHS/DgBmrwAHVoAgMOL/AKb86z8+58OJ+L1oKTz5zCEpyvX/23lfc=</latexit><latexit sha1_base64="kHU4m2VEmYqNdWoQl8ld6LeW5dY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5idnU2GzM4uM71CCAHvXvUXvIlXf8U/8DOcJHswiQUNRVU33V1BKoVB1/12ChubW9s7xd3S3v7B4VH5+KRlkkwz3mSJTHQnoIZLoXgTBUreSTWncSB5Oxjdz/z2E9dGJOoRxyn3YzpQIhKMopUabr9ccavuHGSdeDmpQI56v/zTCxOWxVwhk9SYruem6E+oRsEkn5Z6meEpZSM64F1LFY258SfzQ6fkwiohiRJtSyGZq38nJjQ2ZhwHtjOmODSr3kz8z+tmGN36E6HSDLlii0VRJgkmZPY1CYXmDOXYEsq0sLcSNqSaMrTZLG0JM2RDRuW0ZKPxVoNYJ62rqudWvcZ1pXaXh1SEMziHS/DgBmrwAHVoAgMOL/AKb86z8+58OJ+L1oKTz5zCEpyvX/23lfc=</latexit>
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Generalised hydrodynamics

In integrable systems: all these structures are expected to be there, but with infinitely many

conserved quantities

Qi, i = 1, 2, 3, . . . , to infinity

For instance in the LL Model: Q0 =
∫

dxΨ†(x)Ψ(x), Q1 =
∫

dxΨ†(x)i∂xΨ(x),

Q2 = H , . . .. The GGEs are

ρGGE = e−
∑∞

i=1 β
iQi .

We need to evaluate:

? Density averages 〈qi〉β = Tr(ρGGE qi)/Z

? Current averages 〈ji〉β = Tr(ρGGE ji)/Z

? Static correlation matrix Cij =
∫

dx 〈qi(x, t)qj(0, 0)〉β = −∂〈qi〉β/∂βj

? Flux Jacobian A j
i = ∂〈ji〉β/∂〈qj〉β
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Generalised hydrodynamics

1. From the Bethe ansatz. Generalized Gibbs ensembles can be described, in Bethe ansatz

integrable models, by using the thermodynamic Bethe ansatz.

Bethe-ansatz quasi-momenta: spectral parameter θ ∈ R characterizing the quasi-particle,

|θ1, θ2, . . .〉.

The main property of quasi-momenta is additivity of conserved charge eigenvalues,

Qi|θ1, θ2, . . .〉 =
∑
`

hi(θ`)|θ1, θ2, . . .〉.

For instance h0(θ) = 1, h1(θ) = θ, h2(θ) = θ2/2, . . . in the LL model.

With finite densities of particles, we introduce the “phase-space” density ρp, and states |ρp〉.
The equivalence of ensembles allows us to write

Z−1TrρGGE O = 〈ρp|O|ρp〉.
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Generalised hydrodynamics

Given a set of Lagrange parameters βi, TBA tells us how to compute the quasi-particle

densities ρp(θ): minimizing the free energy, taking into account the number of microstates

corresponding to a given density. In the LL model:

ρp(θ) =
δ

δw(θ)

∫
dp(θ)F (ε(θ)), F (ε) = − log(1 + e−ε)

with p(θ) = θ the momentum, and pseudo-energy evaluated at w(θ) =
∑
i βihi(θ)

ε(θ) = w(θ)−
∫

dα

2π
ϕ(θ, α) log(1 + e−ε(α)).

ϕ(θ, α) = 2c/(c2 + (θ − α)2) is the differential scattering phase from the Bethe ansatz.

Then,

〈qi〉β =

∫
dθ hi(θ)ρp(θ).
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Generalised hydrodynamics

The average currents do not follow from the free energy. To evaluate them in GGEs, more

work needed. We find [Castro-Alvaredo, BD, Yoshimura, 2016; Bertini, Collura, De Nardis, Fagotti, 2016]

ji =

∫
dθ hi(θ)v

eff(θ)ρp(θ)

with

veff(θ) =
E′(θ)
p′(θ)

+

∫
dα

ϕ(θ, α) ρp(α)

p′(θ)
(veff(α)− veff(θ))

where E(θ) = θ2/2 is the energy of a quasiparticle.

Shown in relativistic QFT using crossing symmetry, and form factor expansions. Proof in the

XXZ chain using form factor expansions.

[Castro-Alvaredo, BD, Yoshimura, 2016; Bertini, Collura, De Nardis, Fagotti, 2016; Vu, Yoshimura 2019]
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<latexit sha1_base64="ldwl9/kHLeOZoRH7ukC0LulMsgU=">AAACGnicbZDLSsNAFIYn9VbrLeqym8EiuCqJCLosunFZwV6gKWEyPW3HTiZhZiKU0IXv4d6tvoI7cevGN/AxnKRZ2NYfBn7+cw7nzBfEnCntON9WaW19Y3OrvF3Z2d3bP7APj9oqSiSFFo14JLsBUcCZgJZmmkM3lkDCgEMnmNxk9c4jSMUica+nMfRDMhJsyCjRJvLtqseJGHHAXkj0mBKOH3zmyTzz7ZpTd3LhVeMWpoYKNX37xxtENAlBaMqJUj3XiXU/JVIzymFW8RIFMaETMoKesYKEoPpp/okZPjXJAA8jaZ7QOE//TqQkVGoaBqYzO1Ut17Lwv1ov0cOrfspEnGgQdL5omHCsI5wRwQMmgWo+NYZQycytmI6JJFQbbgtbBommGaNZxaBxl0GsmvZ53XXq7t1FrXFdQCqjKjpBZ8hFl6iBblETtRBFT+gFvaI369l6tz6sz3lrySpmjtGCrK9f9BahSA==</latexit><latexit sha1_base64="ldwl9/kHLeOZoRH7ukC0LulMsgU=">AAACGnicbZDLSsNAFIYn9VbrLeqym8EiuCqJCLosunFZwV6gKWEyPW3HTiZhZiKU0IXv4d6tvoI7cevGN/AxnKRZ2NYfBn7+cw7nzBfEnCntON9WaW19Y3OrvF3Z2d3bP7APj9oqSiSFFo14JLsBUcCZgJZmmkM3lkDCgEMnmNxk9c4jSMUica+nMfRDMhJsyCjRJvLtqseJGHHAXkj0mBKOH3zmyTzz7ZpTd3LhVeMWpoYKNX37xxtENAlBaMqJUj3XiXU/JVIzymFW8RIFMaETMoKesYKEoPpp/okZPjXJAA8jaZ7QOE//TqQkVGoaBqYzO1Ut17Lwv1ov0cOrfspEnGgQdL5omHCsI5wRwQMmgWo+NYZQycytmI6JJFQbbgtbBommGaNZxaBxl0GsmvZ53XXq7t1FrXFdQCqjKjpBZ8hFl6iBblETtRBFT+gFvaI369l6tz6sz3lrySpmjtGCrK9f9BahSA==</latexit><latexit sha1_base64="ldwl9/kHLeOZoRH7ukC0LulMsgU=">AAACGnicbZDLSsNAFIYn9VbrLeqym8EiuCqJCLosunFZwV6gKWEyPW3HTiZhZiKU0IXv4d6tvoI7cevGN/AxnKRZ2NYfBn7+cw7nzBfEnCntON9WaW19Y3OrvF3Z2d3bP7APj9oqSiSFFo14JLsBUcCZgJZmmkM3lkDCgEMnmNxk9c4jSMUica+nMfRDMhJsyCjRJvLtqseJGHHAXkj0mBKOH3zmyTzz7ZpTd3LhVeMWpoYKNX37xxtENAlBaMqJUj3XiXU/JVIzymFW8RIFMaETMoKesYKEoPpp/okZPjXJAA8jaZ7QOE//TqQkVGoaBqYzO1Ut17Lwv1ov0cOrfspEnGgQdL5omHCsI5wRwQMmgWo+NYZQycytmI6JJFQbbgtbBommGaNZxaBxl0GsmvZ53XXq7t1FrXFdQCqjKjpBZ8hFl6iBblETtRBFT+gFvaI369l6tz6sz3lrySpmjtGCrK9f9BahSA==</latexit><latexit sha1_base64="ldwl9/kHLeOZoRH7ukC0LulMsgU=">AAACGnicbZDLSsNAFIYn9VbrLeqym8EiuCqJCLosunFZwV6gKWEyPW3HTiZhZiKU0IXv4d6tvoI7cevGN/AxnKRZ2NYfBn7+cw7nzBfEnCntON9WaW19Y3OrvF3Z2d3bP7APj9oqSiSFFo14JLsBUcCZgJZmmkM3lkDCgEMnmNxk9c4jSMUica+nMfRDMhJsyCjRJvLtqseJGHHAXkj0mBKOH3zmyTzz7ZpTd3LhVeMWpoYKNX37xxtENAlBaMqJUj3XiXU/JVIzymFW8RIFMaETMoKesYKEoPpp/okZPjXJAA8jaZ7QOE//TqQkVGoaBqYzO1Ut17Lwv1ov0cOrfspEnGgQdL5omHCsI5wRwQMmgWo+NYZQycytmI6JJFQbbgtbBommGaNZxaBxl0GsmvZ53XXq7t1FrXFdQCqjKjpBZ8hFl6iBblETtRBFT+gFvaI369l6tz6sz3lrySpmjtGCrK9f9BahSA==</latexit>
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Generalised hydrodynamics

We now make GGEs space-time dependent. This means we promote

ρp(θ) 7→ ρp(x, t, θ)

The quantity ρp(x, t; θ)dxdθ is the number of quasi-particles in the “phase-space” element

[θ, θ + dθ]× [x, x+ dx].

Using

qi(x, t) =

∫
dθ hi(θ)ρp(x, t, θ), ji(x, t) =

∫
dθ hi(θ)v

eff(x, t, θ)ρp(x, t, θ)

and completeness of {hi(θ)}, the fundamental GHD equations ∂tqi + ∂xji = 0 become

∂tρp(x, t, θ) + ∂x
[
veff(x, t, θ)ρp(x, t, θ)

]
= 0

These are the GHD hydrodynamic equations in the quasi-particle language.
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Generalised hydrodynamics

Define the occupation function:

n(θ) =
ρp(θ)

ρs(θ)
, 2πρs(θ) = p′(θ) +

∫
dαϕ(θ, α)ρp(α).

Here ρs as the interpretation as a density of states: the “availabilities” for quasi-particles.

Then we find the diagonalised quasi-linear form

[Castro-Alvaredo, BD, Yoshimura, 2016; Bertini, Collura, De Nardis, Fagotti, 2016]

∂tn(x, t; θ) + veff(x, t; θ)∂xn(x, t; θ) = 0.

That is, the occupation function is the fluid coordinate that diagonalizes GHD – the normal

modes. It is convectively transported by the fluid, with propagation velocities veff(x, t; θ). The

effective velocities are then the eigenvalues of the flux Jacobian.
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Generalised hydrodynamics

2. From classical scattering. Note that there is a clear soliton scattering picture underlying

the expression of the effective velocity

veff(θ) = v(θ) +

∫
dα

ϕ(θ, α) ρp(α)

p′(θ)
(veff(α)− veff(θ))

Just add up the accumulated “soliton time delays” incurred by a particle as it goes through a

gas of other particles [Zakharov 1971; El 2003; El, Kamchatnov 2005; El, Kamchatnov, Pavlov, Zykov 2011; BD,

Yoshimura, Caux 2017]

ve↵
<latexit sha1_base64="qo7KnRIyAffhR8is8gnHuzz0Fmk=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jGCecBmDbOT2WTIPJaZ3kBY8hlePCji1a/x5t84SfagiQUNRVU33V1xKrgF3//21tY3Nre2Szvl3b39g8PK0XHL6sxQ1qRaaNOJiWWCK9YEDoJ1UsOIjAVrx6O7md8eM2O5Vo8wSVkkyUDxhFMCTgrHT3nXSMySZNqrVP2aPwdeJUFBqqhAo1f56vY1zSRTQAWxNgz8FKKcGOBUsGm5m1mWEjoiAxY6qohkNsrnJ0/xuVP6ONHGlQI8V39P5ERaO5Gx65QEhnbZm4n/eWEGyU2Uc5VmwBRdLEoygUHj2f+4zw2jICaOEGq4uxXTITGEgkup7EIIll9eJa3LWuDXgoerav22iKOETtEZukABukZ1dI8aqIko0ugZvaI3D7wX7937WLSuecXMCfoD7/MHTWeRQA==</latexit><latexit sha1_base64="qo7KnRIyAffhR8is8gnHuzz0Fmk=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jGCecBmDbOT2WTIPJaZ3kBY8hlePCji1a/x5t84SfagiQUNRVU33V1xKrgF3//21tY3Nre2Szvl3b39g8PK0XHL6sxQ1qRaaNOJiWWCK9YEDoJ1UsOIjAVrx6O7md8eM2O5Vo8wSVkkyUDxhFMCTgrHT3nXSMySZNqrVP2aPwdeJUFBqqhAo1f56vY1zSRTQAWxNgz8FKKcGOBUsGm5m1mWEjoiAxY6qohkNsrnJ0/xuVP6ONHGlQI8V39P5ERaO5Gx65QEhnbZm4n/eWEGyU2Uc5VmwBRdLEoygUHj2f+4zw2jICaOEGq4uxXTITGEgkup7EIIll9eJa3LWuDXgoerav22iKOETtEZukABukZ1dI8aqIko0ugZvaI3D7wX7937WLSuecXMCfoD7/MHTWeRQA==</latexit><latexit sha1_base64="qo7KnRIyAffhR8is8gnHuzz0Fmk=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jGCecBmDbOT2WTIPJaZ3kBY8hlePCji1a/x5t84SfagiQUNRVU33V1xKrgF3//21tY3Nre2Szvl3b39g8PK0XHL6sxQ1qRaaNOJiWWCK9YEDoJ1UsOIjAVrx6O7md8eM2O5Vo8wSVkkyUDxhFMCTgrHT3nXSMySZNqrVP2aPwdeJUFBqqhAo1f56vY1zSRTQAWxNgz8FKKcGOBUsGm5m1mWEjoiAxY6qohkNsrnJ0/xuVP6ONHGlQI8V39P5ERaO5Gx65QEhnbZm4n/eWEGyU2Uc5VmwBRdLEoygUHj2f+4zw2jICaOEGq4uxXTITGEgkup7EIIll9eJa3LWuDXgoerav22iKOETtEZukABukZ1dI8aqIko0ugZvaI3D7wX7937WLSuecXMCfoD7/MHTWeRQA==</latexit><latexit sha1_base64="qo7KnRIyAffhR8is8gnHuzz0Fmk=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jGCecBmDbOT2WTIPJaZ3kBY8hlePCji1a/x5t84SfagiQUNRVU33V1xKrgF3//21tY3Nre2Szvl3b39g8PK0XHL6sxQ1qRaaNOJiWWCK9YEDoJ1UsOIjAVrx6O7md8eM2O5Vo8wSVkkyUDxhFMCTgrHT3nXSMySZNqrVP2aPwdeJUFBqqhAo1f56vY1zSRTQAWxNgz8FKKcGOBUsGm5m1mWEjoiAxY6qohkNsrnJ0/xuVP6ONHGlQI8V39P5ERaO5Gx65QEhnbZm4n/eWEGyU2Uc5VmwBRdLEoygUHj2f+4zw2jICaOEGq4uxXTITGEgkup7EIIll9eJa3LWuDXgoerav22iKOETtEZukABukZ1dI8aqIko0ugZvaI3D7wX7937WLSuecXMCfoD7/MHTWeRQA==</latexit>av

v a
v

ve↵
<latexit sha1_base64="qo7KnRIyAffhR8is8gnHuzz0Fmk=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jGCecBmDbOT2WTIPJaZ3kBY8hlePCji1a/x5t84SfagiQUNRVU33V1xKrgF3//21tY3Nre2Szvl3b39g8PK0XHL6sxQ1qRaaNOJiWWCK9YEDoJ1UsOIjAVrx6O7md8eM2O5Vo8wSVkkyUDxhFMCTgrHT3nXSMySZNqrVP2aPwdeJUFBqqhAo1f56vY1zSRTQAWxNgz8FKKcGOBUsGm5m1mWEjoiAxY6qohkNsrnJ0/xuVP6ONHGlQI8V39P5ERaO5Gx65QEhnbZm4n/eWEGyU2Uc5VmwBRdLEoygUHj2f+4zw2jICaOEGq4uxXTITGEgkup7EIIll9eJa3LWuDXgoerav22iKOETtEZukABukZ1dI8aqIko0ugZvaI3D7wX7937WLSuecXMCfoD7/MHTWeRQA==</latexit><latexit sha1_base64="qo7KnRIyAffhR8is8gnHuzz0Fmk=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jGCecBmDbOT2WTIPJaZ3kBY8hlePCji1a/x5t84SfagiQUNRVU33V1xKrgF3//21tY3Nre2Szvl3b39g8PK0XHL6sxQ1qRaaNOJiWWCK9YEDoJ1UsOIjAVrx6O7md8eM2O5Vo8wSVkkyUDxhFMCTgrHT3nXSMySZNqrVP2aPwdeJUFBqqhAo1f56vY1zSRTQAWxNgz8FKKcGOBUsGm5m1mWEjoiAxY6qohkNsrnJ0/xuVP6ONHGlQI8V39P5ERaO5Gx65QEhnbZm4n/eWEGyU2Uc5VmwBRdLEoygUHj2f+4zw2jICaOEGq4uxXTITGEgkup7EIIll9eJa3LWuDXgoerav22iKOETtEZukABukZ1dI8aqIko0ugZvaI3D7wX7937WLSuecXMCfoD7/MHTWeRQA==</latexit><latexit sha1_base64="qo7KnRIyAffhR8is8gnHuzz0Fmk=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jGCecBmDbOT2WTIPJaZ3kBY8hlePCji1a/x5t84SfagiQUNRVU33V1xKrgF3//21tY3Nre2Szvl3b39g8PK0XHL6sxQ1qRaaNOJiWWCK9YEDoJ1UsOIjAVrx6O7md8eM2O5Vo8wSVkkyUDxhFMCTgrHT3nXSMySZNqrVP2aPwdeJUFBqqhAo1f56vY1zSRTQAWxNgz8FKKcGOBUsGm5m1mWEjoiAxY6qohkNsrnJ0/xuVP6ONHGlQI8V39P5ERaO5Gx65QEhnbZm4n/eWEGyU2Uc5VmwBRdLEoygUHj2f+4zw2jICaOEGq4uxXTITGEgkup7EIIll9eJa3LWuDXgoerav22iKOETtEZukABukZ1dI8aqIko0ugZvaI3D7wX7937WLSuecXMCfoD7/MHTWeRQA==</latexit><latexit sha1_base64="qo7KnRIyAffhR8is8gnHuzz0Fmk=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jGCecBmDbOT2WTIPJaZ3kBY8hlePCji1a/x5t84SfagiQUNRVU33V1xKrgF3//21tY3Nre2Szvl3b39g8PK0XHL6sxQ1qRaaNOJiWWCK9YEDoJ1UsOIjAVrx6O7md8eM2O5Vo8wSVkkyUDxhFMCTgrHT3nXSMySZNqrVP2aPwdeJUFBqqhAo1f56vY1zSRTQAWxNgz8FKKcGOBUsGm5m1mWEjoiAxY6qohkNsrnJ0/xuVP6ONHGlQI8V39P5ERaO5Gx65QEhnbZm4n/eWEGyU2Uc5VmwBRdLEoygUHj2f+4zw2jICaOEGq4uxXTITGEgkup7EIIll9eJa3LWuDXgoerav22iKOETtEZukABukZ1dI8aqIko0ugZvaI3D7wX7937WLSuecXMCfoD7/MHTWeRQA==</latexit>

One can use such arguments to derive the GHD equations without the explicit use of the

assumption of local entropy maximisation.
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Generalised hydrodynamics

The GHD equations are the scattering transform of the Liouville equations.

Consider e.g. the Toda gas. Transform the phase-space coordinates of the gas’s particles

xa, pa into their asymptotic coordinates

(xa, pa) 7→ (xin
a , p

in
a )

as

xa(t) = pin
a t+ xin

a +O(t−∞), pa(t) = pin
a +O(t−∞) (t→ −∞)

xa, pa
<latexit sha1_base64="wiE3FcUO8aS6VYe7mXvihIFkUpc=">AAACBXicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY9BLx4jmAcky9I7O5sMmX0wMyuGJWfvXvUXvIlXv8M/8DOcJHswiQUNRVU33V1+KrjStv1trayurW9slrbK2zu7e/uVg8OWSjJJWZMmIpEdHxUTPGZNzbVgnVQyjHzB2v7wduK3H5lUPIkf9ChlboT9mIecojZS58nDc5J66FWqds2egiwTpyBVKNDwKj+9IKFZxGJNBSrVdexUuzlKzalg43IvUyxFOsQ+6xoaY8SUm0/vHZNTowQkTKSpWJOp+ncix0ipUeSbzgj1QC16E/E/r5vp8NrNeZxmmsV0tijMBNEJmTxPAi4Z1WJkCFLJza2EDlAi1SaiuS1BpumAohiXTTTOYhDLpHVRc+yac39Zrd8UIZXgGE7gDBy4gjrcQQOaQEHAC7zCm/VsvVsf1uesdcUqZo5gDtbXLxIvmME=</latexit><latexit sha1_base64="wiE3FcUO8aS6VYe7mXvihIFkUpc=">AAACBXicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY9BLx4jmAcky9I7O5sMmX0wMyuGJWfvXvUXvIlXv8M/8DOcJHswiQUNRVU33V1+KrjStv1trayurW9slrbK2zu7e/uVg8OWSjJJWZMmIpEdHxUTPGZNzbVgnVQyjHzB2v7wduK3H5lUPIkf9ChlboT9mIecojZS58nDc5J66FWqds2egiwTpyBVKNDwKj+9IKFZxGJNBSrVdexUuzlKzalg43IvUyxFOsQ+6xoaY8SUm0/vHZNTowQkTKSpWJOp+ncix0ipUeSbzgj1QC16E/E/r5vp8NrNeZxmmsV0tijMBNEJmTxPAi4Z1WJkCFLJza2EDlAi1SaiuS1BpumAohiXTTTOYhDLpHVRc+yac39Zrd8UIZXgGE7gDBy4gjrcQQOaQEHAC7zCm/VsvVsf1uesdcUqZo5gDtbXLxIvmME=</latexit><latexit sha1_base64="wiE3FcUO8aS6VYe7mXvihIFkUpc=">AAACBXicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY9BLx4jmAcky9I7O5sMmX0wMyuGJWfvXvUXvIlXv8M/8DOcJHswiQUNRVU33V1+KrjStv1trayurW9slrbK2zu7e/uVg8OWSjJJWZMmIpEdHxUTPGZNzbVgnVQyjHzB2v7wduK3H5lUPIkf9ChlboT9mIecojZS58nDc5J66FWqds2egiwTpyBVKNDwKj+9IKFZxGJNBSrVdexUuzlKzalg43IvUyxFOsQ+6xoaY8SUm0/vHZNTowQkTKSpWJOp+ncix0ipUeSbzgj1QC16E/E/r5vp8NrNeZxmmsV0tijMBNEJmTxPAi4Z1WJkCFLJza2EDlAi1SaiuS1BpumAohiXTTTOYhDLpHVRc+yac39Zrd8UIZXgGE7gDBy4gjrcQQOaQEHAC7zCm/VsvVsf1uesdcUqZo5gDtbXLxIvmME=</latexit><latexit sha1_base64="wiE3FcUO8aS6VYe7mXvihIFkUpc=">AAACBXicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY9BLx4jmAcky9I7O5sMmX0wMyuGJWfvXvUXvIlXv8M/8DOcJHswiQUNRVU33V1+KrjStv1trayurW9slrbK2zu7e/uVg8OWSjJJWZMmIpEdHxUTPGZNzbVgnVQyjHzB2v7wduK3H5lUPIkf9ChlboT9mIecojZS58nDc5J66FWqds2egiwTpyBVKNDwKj+9IKFZxGJNBSrVdexUuzlKzalg43IvUyxFOsQ+6xoaY8SUm0/vHZNTowQkTKSpWJOp+ncix0ipUeSbzgj1QC16E/E/r5vp8NrNeZxmmsV0tijMBNEJmTxPAi4Z1WJkCFLJza2EDlAi1SaiuS1BpumAohiXTTTOYhDLpHVRc+yac39Zrd8UIZXgGE7gDBy4gjrcQQOaQEHAC7zCm/VsvVsf1uesdcUqZo5gDtbXLxIvmME=</latexit>

xin
a

<latexit sha1_base64="UpuLR7mPgrBJ1c67tz11RCfsUVY=">AAACCXicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2hjmUwm7dCZSZi5EUvIF7h3q7/gTtz6Ff6Bn+G0zcK2HrhwOOdezuUEieAGXPfbWVldW9/YLG2Vt3d29/YrB4ctE6easiaNRaw7ATFMcMWawEGwTqIZkYFg7WB0M/Hbj0wbHqt7GCfMl2SgeMQpASv1nvrkIetpibnK+5WqW3OnwMvEK0gVFWj0Kz+9MKapZAqoIMZ0PTcBPyMaOBUsL/dSwxJCR2TAupYqIpnxs+nPOT61SoijWNtRgKfq34uMSGPGMrCbksDQLHoT8T+vm0J05WdcJSkwRWdBUSowxHhSAA65ZhTE2BJCNbe/YjokmlCwNc2lhCnQISUiL9tqvMUilknrvOa5Ne/uolq/LkoqoWN0gs6Qhy5RHd2iBmoiihL0gl7Rm/PsvDsfzudsdcUpbo7QHJyvX/5UmvU=</latexit><latexit sha1_base64="UpuLR7mPgrBJ1c67tz11RCfsUVY=">AAACCXicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2hjmUwm7dCZSZi5EUvIF7h3q7/gTtz6Ff6Bn+G0zcK2HrhwOOdezuUEieAGXPfbWVldW9/YLG2Vt3d29/YrB4ctE6easiaNRaw7ATFMcMWawEGwTqIZkYFg7WB0M/Hbj0wbHqt7GCfMl2SgeMQpASv1nvrkIetpibnK+5WqW3OnwMvEK0gVFWj0Kz+9MKapZAqoIMZ0PTcBPyMaOBUsL/dSwxJCR2TAupYqIpnxs+nPOT61SoijWNtRgKfq34uMSGPGMrCbksDQLHoT8T+vm0J05WdcJSkwRWdBUSowxHhSAA65ZhTE2BJCNbe/YjokmlCwNc2lhCnQISUiL9tqvMUilknrvOa5Ne/uolq/LkoqoWN0gs6Qhy5RHd2iBmoiihL0gl7Rm/PsvDsfzudsdcUpbo7QHJyvX/5UmvU=</latexit><latexit sha1_base64="UpuLR7mPgrBJ1c67tz11RCfsUVY=">AAACCXicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2hjmUwm7dCZSZi5EUvIF7h3q7/gTtz6Ff6Bn+G0zcK2HrhwOOdezuUEieAGXPfbWVldW9/YLG2Vt3d29/YrB4ctE6easiaNRaw7ATFMcMWawEGwTqIZkYFg7WB0M/Hbj0wbHqt7GCfMl2SgeMQpASv1nvrkIetpibnK+5WqW3OnwMvEK0gVFWj0Kz+9MKapZAqoIMZ0PTcBPyMaOBUsL/dSwxJCR2TAupYqIpnxs+nPOT61SoijWNtRgKfq34uMSGPGMrCbksDQLHoT8T+vm0J05WdcJSkwRWdBUSowxHhSAA65ZhTE2BJCNbe/YjokmlCwNc2lhCnQISUiL9tqvMUilknrvOa5Ne/uolq/LkoqoWN0gs6Qhy5RHd2iBmoiihL0gl7Rm/PsvDsfzudsdcUpbo7QHJyvX/5UmvU=</latexit><latexit sha1_base64="UpuLR7mPgrBJ1c67tz11RCfsUVY=">AAACCXicbVDLSsNAFJ34rPVVdelmsAiuSiKCLotuXFawD2hjmUwm7dCZSZi5EUvIF7h3q7/gTtz6Ff6Bn+G0zcK2HrhwOOdezuUEieAGXPfbWVldW9/YLG2Vt3d29/YrB4ctE6easiaNRaw7ATFMcMWawEGwTqIZkYFg7WB0M/Hbj0wbHqt7GCfMl2SgeMQpASv1nvrkIetpibnK+5WqW3OnwMvEK0gVFWj0Kz+9MKapZAqoIMZ0PTcBPyMaOBUsL/dSwxJCR2TAupYqIpnxs+nPOT61SoijWNtRgKfq34uMSGPGMrCbksDQLHoT8T+vm0J05WdcJSkwRWdBUSowxHhSAA65ZhTE2BJCNbe/YjokmlCwNc2lhCnQISUiL9tqvMUilknrvOa5Ne/uolq/LkoqoWN0gs6Qhy5RHd2iBmoiihL0gl7Rm/PsvDsfzudsdcUpbo7QHJyvX/5UmvU=</latexit>

pin
a

<latexit sha1_base64="cWOt0/4rNezySfYKwmbCIt6QD7A=">AAACCXicbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl047KCfUAby2QyaYdOJsPMjVBCvsC9W/0Fd+LWr/AP/AynbRa29cCFwzn3ci4nUIIbcN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJkk1ZS2aiER3A2KY4JK1gINgXaUZiQPBOsH4dup3npg2PJEPMFHMj8lQ8ohTAlbqqwF5zPo6xlzmg2rNrbsz4FXiFaSGCjQH1Z9+mNA0ZhKoIMb0PFeBnxENnAqWV/qpYYrQMRmynqWSxMz42eznHJ9ZJcRRou1IwDP170VGYmMmcWA3YwIjs+xNxf+8XgrRtZ9xqVJgks6DolRgSPC0ABxyzSiIiSWEam5/xXRENKFga1pICVOgI0pEXrHVeMtFrJL2Rd1z6979Za1xU5RURifoFJ0jD12hBrpDTdRCFCn0gl7Rm/PsvDsfzud8teQUN8doAc7XL/Esmu0=</latexit><latexit sha1_base64="cWOt0/4rNezySfYKwmbCIt6QD7A=">AAACCXicbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl047KCfUAby2QyaYdOJsPMjVBCvsC9W/0Fd+LWr/AP/AynbRa29cCFwzn3ci4nUIIbcN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJkk1ZS2aiER3A2KY4JK1gINgXaUZiQPBOsH4dup3npg2PJEPMFHMj8lQ8ohTAlbqqwF5zPo6xlzmg2rNrbsz4FXiFaSGCjQH1Z9+mNA0ZhKoIMb0PFeBnxENnAqWV/qpYYrQMRmynqWSxMz42eznHJ9ZJcRRou1IwDP170VGYmMmcWA3YwIjs+xNxf+8XgrRtZ9xqVJgks6DolRgSPC0ABxyzSiIiSWEam5/xXRENKFga1pICVOgI0pEXrHVeMtFrJL2Rd1z6979Za1xU5RURifoFJ0jD12hBrpDTdRCFCn0gl7Rm/PsvDsfzud8teQUN8doAc7XL/Esmu0=</latexit><latexit sha1_base64="cWOt0/4rNezySfYKwmbCIt6QD7A=">AAACCXicbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl047KCfUAby2QyaYdOJsPMjVBCvsC9W/0Fd+LWr/AP/AynbRa29cCFwzn3ci4nUIIbcN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJkk1ZS2aiER3A2KY4JK1gINgXaUZiQPBOsH4dup3npg2PJEPMFHMj8lQ8ohTAlbqqwF5zPo6xlzmg2rNrbsz4FXiFaSGCjQH1Z9+mNA0ZhKoIMb0PFeBnxENnAqWV/qpYYrQMRmynqWSxMz42eznHJ9ZJcRRou1IwDP170VGYmMmcWA3YwIjs+xNxf+8XgrRtZ9xqVJgks6DolRgSPC0ABxyzSiIiSWEam5/xXRENKFga1pICVOgI0pEXrHVeMtFrJL2Rd1z6979Za1xU5RURifoFJ0jD12hBrpDTdRCFCn0gl7Rm/PsvDsfzud8teQUN8doAc7XL/Esmu0=</latexit><latexit sha1_base64="cWOt0/4rNezySfYKwmbCIt6QD7A=">AAACCXicbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl047KCfUAby2QyaYdOJsPMjVBCvsC9W/0Fd+LWr/AP/AynbRa29cCFwzn3ci4nUIIbcN1vp7S2vrG5Vd6u7Ozu7R9UD4/aJkk1ZS2aiER3A2KY4JK1gINgXaUZiQPBOsH4dup3npg2PJEPMFHMj8lQ8ohTAlbqqwF5zPo6xlzmg2rNrbsz4FXiFaSGCjQH1Z9+mNA0ZhKoIMb0PFeBnxENnAqWV/qpYYrQMRmynqWSxMz42eznHJ9ZJcRRou1IwDP170VGYmMmcWA3YwIjs+xNxf+8XgrRtZ9xqVJgks6DolRgSPC0ABxyzSiIiSWEam5/xXRENKFga1pICVOgI0pEXrHVeMtFrJL2Rd1z6979Za1xU5RURifoFJ0jD12hBrpDTdRCFCn0gl7Rm/PsvDsfzud8teQUN8doAc7XL/Esmu0=</latexit>

x0
<latexit sha1_base64="kHU4m2VEmYqNdWoQl8ld6LeW5dY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5idnU2GzM4uM71CCAHvXvUXvIlXf8U/8DOcJHswiQUNRVU33V1BKoVB1/12ChubW9s7xd3S3v7B4VH5+KRlkkwz3mSJTHQnoIZLoXgTBUreSTWncSB5Oxjdz/z2E9dGJOoRxyn3YzpQIhKMopUabr9ccavuHGSdeDmpQI56v/zTCxOWxVwhk9SYruem6E+oRsEkn5Z6meEpZSM64F1LFY258SfzQ6fkwiohiRJtSyGZq38nJjQ2ZhwHtjOmODSr3kz8z+tmGN36E6HSDLlii0VRJgkmZPY1CYXmDOXYEsq0sLcSNqSaMrTZLG0JM2RDRuW0ZKPxVoNYJ62rqudWvcZ1pXaXh1SEMziHS/DgBmrwAHVoAgMOL/AKb86z8+58OJ+L1oKTz5zCEpyvX/23lfc=</latexit><latexit sha1_base64="kHU4m2VEmYqNdWoQl8ld6LeW5dY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5idnU2GzM4uM71CCAHvXvUXvIlXf8U/8DOcJHswiQUNRVU33V1BKoVB1/12ChubW9s7xd3S3v7B4VH5+KRlkkwz3mSJTHQnoIZLoXgTBUreSTWncSB5Oxjdz/z2E9dGJOoRxyn3YzpQIhKMopUabr9ccavuHGSdeDmpQI56v/zTCxOWxVwhk9SYruem6E+oRsEkn5Z6meEpZSM64F1LFY258SfzQ6fkwiohiRJtSyGZq38nJjQ2ZhwHtjOmODSr3kz8z+tmGN36E6HSDLlii0VRJgkmZPY1CYXmDOXYEsq0sLcSNqSaMrTZLG0JM2RDRuW0ZKPxVoNYJ62rqudWvcZ1pXaXh1SEMziHS/DgBmrwAHVoAgMOL/AKb86z8+58OJ+L1oKTz5zCEpyvX/23lfc=</latexit><latexit sha1_base64="kHU4m2VEmYqNdWoQl8ld6LeW5dY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5idnU2GzM4uM71CCAHvXvUXvIlXf8U/8DOcJHswiQUNRVU33V1BKoVB1/12ChubW9s7xd3S3v7B4VH5+KRlkkwz3mSJTHQnoIZLoXgTBUreSTWncSB5Oxjdz/z2E9dGJOoRxyn3YzpQIhKMopUabr9ccavuHGSdeDmpQI56v/zTCxOWxVwhk9SYruem6E+oRsEkn5Z6meEpZSM64F1LFY258SfzQ6fkwiohiRJtSyGZq38nJjQ2ZhwHtjOmODSr3kz8z+tmGN36E6HSDLlii0VRJgkmZPY1CYXmDOXYEsq0sLcSNqSaMrTZLG0JM2RDRuW0ZKPxVoNYJ62rqudWvcZ1pXaXh1SEMziHS/DgBmrwAHVoAgMOL/AKb86z8+58OJ+L1oKTz5zCEpyvX/23lfc=</latexit><latexit sha1_base64="kHU4m2VEmYqNdWoQl8ld6LeW5dY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5idnU2GzM4uM71CCAHvXvUXvIlXf8U/8DOcJHswiQUNRVU33V1BKoVB1/12ChubW9s7xd3S3v7B4VH5+KRlkkwz3mSJTHQnoIZLoXgTBUreSTWncSB5Oxjdz/z2E9dGJOoRxyn3YzpQIhKMopUabr9ccavuHGSdeDmpQI56v/zTCxOWxVwhk9SYruem6E+oRsEkn5Z6meEpZSM64F1LFY258SfzQ6fkwiohiRJtSyGZq38nJjQ2ZhwHtjOmODSr3kz8z+tmGN36E6HSDLlii0VRJgkmZPY1CYXmDOXYEsq0sLcSNqSaMrTZLG0JM2RDRuW0ZKPxVoNYJ62rqudWvcZ1pXaXh1SEMziHS/DgBmrwAHVoAgMOL/AKb86z8+58OJ+L1oKTz5zCEpyvX/23lfc=</latexit>

These are canonical coordinates, which

evolve trivially

{xin
a , p

in
b } = δa,b, H =

∑
a

(pin
a )2/2.

Therefore they have trivial hydrodynamics (Li-

ouville’s equation)

∂tρ
in
p (x, t, p) + p ∂xρ

in
p (x, t, p) = 0.
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Generalised hydrodynamics

Integrability implies factorised scattering, hence conser-

vation of all momenta. So we can follow the velocity

tracers: these are the quasi-particles.
p

<latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit>

'(p, p0)
<latexit sha1_base64="ULX7D2sshgTPAMHcpjysza4WtQc=">AAACCnicbVDLSsNAFJ34rPVVdelmsIgVpCQi6LLoxmUF+4A2lJvJpBk6ScaZSaGE/oF7t/oL7sStP+Ef+BlO2yxs64ELh3Pu5VyOJzhT2ra/rZXVtfWNzcJWcXtnd2+/dHDYVEkqCW2QhCey7YGinMW0oZnmtC0khcjjtOUN7iZ+a0ilYkn8qEeCuhH0YxYwAtpIbncIUoSsIi7E2XmvVLar9hR4mTg5KaMc9V7pp+snJI1orAkHpTqOLbSbgdSMcDoudlNFBZAB9GnH0Bgiqtxs+vQYnxrFx0EizcQaT9W/FxlESo0iz2xGoEO16E3E/7xOqoMbN2OxSDWNySwoSDnWCZ40gH0mKdF8ZAgQycyvmIQggWjT01yKn2oSEuDjoqnGWSximTQvq45ddR6uyrXbvKQCOkYnqIIcdI1q6B7VUQMR9IRe0Ct6s56td+vD+pytrlj5zRGag/X1C51tmqk=</latexit><latexit sha1_base64="ULX7D2sshgTPAMHcpjysza4WtQc=">AAACCnicbVDLSsNAFJ34rPVVdelmsIgVpCQi6LLoxmUF+4A2lJvJpBk6ScaZSaGE/oF7t/oL7sStP+Ef+BlO2yxs64ELh3Pu5VyOJzhT2ra/rZXVtfWNzcJWcXtnd2+/dHDYVEkqCW2QhCey7YGinMW0oZnmtC0khcjjtOUN7iZ+a0ilYkn8qEeCuhH0YxYwAtpIbncIUoSsIi7E2XmvVLar9hR4mTg5KaMc9V7pp+snJI1orAkHpTqOLbSbgdSMcDoudlNFBZAB9GnH0Bgiqtxs+vQYnxrFx0EizcQaT9W/FxlESo0iz2xGoEO16E3E/7xOqoMbN2OxSDWNySwoSDnWCZ40gH0mKdF8ZAgQycyvmIQggWjT01yKn2oSEuDjoqnGWSximTQvq45ddR6uyrXbvKQCOkYnqIIcdI1q6B7VUQMR9IRe0Ct6s56td+vD+pytrlj5zRGag/X1C51tmqk=</latexit><latexit sha1_base64="ULX7D2sshgTPAMHcpjysza4WtQc=">AAACCnicbVDLSsNAFJ34rPVVdelmsIgVpCQi6LLoxmUF+4A2lJvJpBk6ScaZSaGE/oF7t/oL7sStP+Ef+BlO2yxs64ELh3Pu5VyOJzhT2ra/rZXVtfWNzcJWcXtnd2+/dHDYVEkqCW2QhCey7YGinMW0oZnmtC0khcjjtOUN7iZ+a0ilYkn8qEeCuhH0YxYwAtpIbncIUoSsIi7E2XmvVLar9hR4mTg5KaMc9V7pp+snJI1orAkHpTqOLbSbgdSMcDoudlNFBZAB9GnH0Bgiqtxs+vQYnxrFx0EizcQaT9W/FxlESo0iz2xGoEO16E3E/7xOqoMbN2OxSDWNySwoSDnWCZ40gH0mKdF8ZAgQycyvmIQggWjT01yKn2oSEuDjoqnGWSximTQvq45ddR6uyrXbvKQCOkYnqIIcdI1q6B7VUQMR9IRe0Ct6s56td+vD+pytrlj5zRGag/X1C51tmqk=</latexit><latexit sha1_base64="ULX7D2sshgTPAMHcpjysza4WtQc=">AAACCnicbVDLSsNAFJ34rPVVdelmsIgVpCQi6LLoxmUF+4A2lJvJpBk6ScaZSaGE/oF7t/oL7sStP+Ef+BlO2yxs64ELh3Pu5VyOJzhT2ra/rZXVtfWNzcJWcXtnd2+/dHDYVEkqCW2QhCey7YGinMW0oZnmtC0khcjjtOUN7iZ+a0ilYkn8qEeCuhH0YxYwAtpIbncIUoSsIi7E2XmvVLar9hR4mTg5KaMc9V7pp+snJI1orAkHpTqOLbSbgdSMcDoudlNFBZAB9GnH0Bgiqtxs+vQYnxrFx0EizcQaT9W/FxlESo0iz2xGoEO16E3E/7xOqoMbN2OxSDWNySwoSDnWCZ40gH0mKdF8ZAgQycyvmIQggWjT01yKn2oSEuDjoqnGWSximTQvq45ddR6uyrXbvKQCOkYnqIIcdI1q6B7VUQMR9IRe0Ct6s56td+vD+pytrlj5zRGag/X1C51tmqk=</latexit>

p0
<latexit sha1_base64="NNa3+IhWG2HxCYtKEOG2ynTJ89w=">AAAB/3icbVA9SwNBEJ2LXzF+RS1tFoNoFe5E0DJoYxnFxEByhL29vWTJ3t6xOyeEkMLeVv+Cndj6U/wH/gw3yRUm8cHA470ZZuYFqRQGXffbKaysrq1vFDdLW9s7u3vl/YOmSTLNeIMlMtGtgBouheINFCh5K9WcxoHkj8HgZuI/PnFtRKIecJhyP6Y9JSLBKFrpPj3tlitu1Z2CLBMvJxXIUe+WfzphwrKYK2SSGtP23BT9EdUomOTjUiczPKVsQHu8bamiMTf+aHrpmJxYJSRRom0pJFP178SIxsYM48B2xhT7ZtGbiP957QyjK38kVJohV2y2KMokwYRM3iah0JyhHFpCmRb2VsL6VFOGNpy5LWGGrM+oHJdsNN5iEMukeV713Kp3d1GpXechFeEIjuEMPLiEGtxCHRrAIIIXeIU359l5dz6cz1lrwclnDmEOztcvyCaWaA==</latexit><latexit sha1_base64="NNa3+IhWG2HxCYtKEOG2ynTJ89w=">AAAB/3icbVA9SwNBEJ2LXzF+RS1tFoNoFe5E0DJoYxnFxEByhL29vWTJ3t6xOyeEkMLeVv+Cndj6U/wH/gw3yRUm8cHA470ZZuYFqRQGXffbKaysrq1vFDdLW9s7u3vl/YOmSTLNeIMlMtGtgBouheINFCh5K9WcxoHkj8HgZuI/PnFtRKIecJhyP6Y9JSLBKFrpPj3tlitu1Z2CLBMvJxXIUe+WfzphwrKYK2SSGtP23BT9EdUomOTjUiczPKVsQHu8bamiMTf+aHrpmJxYJSRRom0pJFP178SIxsYM48B2xhT7ZtGbiP957QyjK38kVJohV2y2KMokwYRM3iah0JyhHFpCmRb2VsL6VFOGNpy5LWGGrM+oHJdsNN5iEMukeV713Kp3d1GpXechFeEIjuEMPLiEGtxCHRrAIIIXeIU359l5dz6cz1lrwclnDmEOztcvyCaWaA==</latexit><latexit sha1_base64="NNa3+IhWG2HxCYtKEOG2ynTJ89w=">AAAB/3icbVA9SwNBEJ2LXzF+RS1tFoNoFe5E0DJoYxnFxEByhL29vWTJ3t6xOyeEkMLeVv+Cndj6U/wH/gw3yRUm8cHA470ZZuYFqRQGXffbKaysrq1vFDdLW9s7u3vl/YOmSTLNeIMlMtGtgBouheINFCh5K9WcxoHkj8HgZuI/PnFtRKIecJhyP6Y9JSLBKFrpPj3tlitu1Z2CLBMvJxXIUe+WfzphwrKYK2SSGtP23BT9EdUomOTjUiczPKVsQHu8bamiMTf+aHrpmJxYJSRRom0pJFP178SIxsYM48B2xhT7ZtGbiP957QyjK38kVJohV2y2KMokwYRM3iah0JyhHFpCmRb2VsL6VFOGNpy5LWGGrM+oHJdsNN5iEMukeV713Kp3d1GpXechFeEIjuEMPLiEGtxCHRrAIIIXeIU359l5dz6cz1lrwclnDmEOztcvyCaWaA==</latexit><latexit sha1_base64="NNa3+IhWG2HxCYtKEOG2ynTJ89w=">AAAB/3icbVA9SwNBEJ2LXzF+RS1tFoNoFe5E0DJoYxnFxEByhL29vWTJ3t6xOyeEkMLeVv+Cndj6U/wH/gw3yRUm8cHA470ZZuYFqRQGXffbKaysrq1vFDdLW9s7u3vl/YOmSTLNeIMlMtGtgBouheINFCh5K9WcxoHkj8HgZuI/PnFtRKIecJhyP6Y9JSLBKFrpPj3tlitu1Z2CLBMvJxXIUe+WfzphwrKYK2SSGtP23BT9EdUomOTjUiczPKVsQHu8bamiMTf+aHrpmJxYJSRRom0pJFP178SIxsYM48B2xhT7ZtGbiP957QyjK38kVJohV2y2KMokwYRM3iah0JyhHFpCmRb2VsL6VFOGNpy5LWGGrM+oHJdsNN5iEMukeV713Kp3d1GpXechFeEIjuEMPLiEGtxCHRrAIIIXeIU359l5dz6cz1lrwclnDmEOztcvyCaWaA==</latexit>

Transforming back to the original coordinates is a

momentum-dependent change of metric, due to the

space gained / lost by the accumulation of time de-

lays [BD 2019]:

dxin =
(

1−
∫

dq ϕ(p, q)ρp(x, t, q)
)

dx

x

t

{hi(✓)}
<latexit sha1_base64="M2iUISeW8NQaseuT0n2qXMMWyhg=">AAACDnicbVDLSsNAFJ3UV62PRl26CRahbkoigi6LblxWsA9oQphMps3QyYOZO0IJ+Qf3bvUX3Ilbf8E/8DOctlnY1gMXDufcy7mcIONMgm1/G5WNza3tnepubW//4LBuHh33ZKoEoV2S8lQMAiwpZwntAgNOB5mgOA447QeTu5nff6JCsjR5hGlGvRiPEzZiBIOWfLPu5pHPmi5EFPCFW/hmw27Zc1jrxClJA5Xo+OaPG6ZExTQBwrGUQ8fOwMuxAEY4LWqukjTDZILHdKhpgmMqvXz+eGGdayW0RqnQk4A1V/9e5DiWchoHejPGEMlVbyb+5w0VjG68nCWZApqQRdBIcQtSa9aCFTJBCfCpJpgIpn+1SIQFJqC7WkoJFZCIYF7UdDXOahHrpHfZcuyW83DVaN+WJVXRKTpDTeSga9RG96iDuogghV7QK3ozno1348P4XKxWjPLmBC3B+PoFYS6cJw==</latexit><latexit sha1_base64="M2iUISeW8NQaseuT0n2qXMMWyhg=">AAACDnicbVDLSsNAFJ3UV62PRl26CRahbkoigi6LblxWsA9oQphMps3QyYOZO0IJ+Qf3bvUX3Ilbf8E/8DOctlnY1gMXDufcy7mcIONMgm1/G5WNza3tnepubW//4LBuHh33ZKoEoV2S8lQMAiwpZwntAgNOB5mgOA447QeTu5nff6JCsjR5hGlGvRiPEzZiBIOWfLPu5pHPmi5EFPCFW/hmw27Zc1jrxClJA5Xo+OaPG6ZExTQBwrGUQ8fOwMuxAEY4LWqukjTDZILHdKhpgmMqvXz+eGGdayW0RqnQk4A1V/9e5DiWchoHejPGEMlVbyb+5w0VjG68nCWZApqQRdBIcQtSa9aCFTJBCfCpJpgIpn+1SIQFJqC7WkoJFZCIYF7UdDXOahHrpHfZcuyW83DVaN+WJVXRKTpDTeSga9RG96iDuogghV7QK3ozno1348P4XKxWjPLmBC3B+PoFYS6cJw==</latexit><latexit sha1_base64="M2iUISeW8NQaseuT0n2qXMMWyhg=">AAACDnicbVDLSsNAFJ3UV62PRl26CRahbkoigi6LblxWsA9oQphMps3QyYOZO0IJ+Qf3bvUX3Ilbf8E/8DOctlnY1gMXDufcy7mcIONMgm1/G5WNza3tnepubW//4LBuHh33ZKoEoV2S8lQMAiwpZwntAgNOB5mgOA447QeTu5nff6JCsjR5hGlGvRiPEzZiBIOWfLPu5pHPmi5EFPCFW/hmw27Zc1jrxClJA5Xo+OaPG6ZExTQBwrGUQ8fOwMuxAEY4LWqukjTDZILHdKhpgmMqvXz+eGGdayW0RqnQk4A1V/9e5DiWchoHejPGEMlVbyb+5w0VjG68nCWZApqQRdBIcQtSa9aCFTJBCfCpJpgIpn+1SIQFJqC7WkoJFZCIYF7UdDXOahHrpHfZcuyW83DVaN+WJVXRKTpDTeSga9RG96iDuogghV7QK3ozno1348P4XKxWjPLmBC3B+PoFYS6cJw==</latexit><latexit sha1_base64="M2iUISeW8NQaseuT0n2qXMMWyhg=">AAACDnicbVDLSsNAFJ3UV62PRl26CRahbkoigi6LblxWsA9oQphMps3QyYOZO0IJ+Qf3bvUX3Ilbf8E/8DOctlnY1gMXDufcy7mcIONMgm1/G5WNza3tnepubW//4LBuHh33ZKoEoV2S8lQMAiwpZwntAgNOB5mgOA447QeTu5nff6JCsjR5hGlGvRiPEzZiBIOWfLPu5pHPmi5EFPCFW/hmw27Zc1jrxClJA5Xo+OaPG6ZExTQBwrGUQ8fOwMuxAEY4LWqukjTDZILHdKhpgmMqvXz+eGGdayW0RqnQk4A1V/9e5DiWchoHejPGEMlVbyb+5w0VjG68nCWZApqQRdBIcQtSa9aCFTJBCfCpJpgIpn+1SIQFJqC7WkoJFZCIYF7UdDXOahHrpHfZcuyW83DVaN+WJVXRKTpDTeSga9RG96iDuogghV7QK3ozno1348P4XKxWjPLmBC3B+PoFYS6cJw==</latexit>

{hi(i⇡/2 � ✓)}
<latexit sha1_base64="MuWvXC5julYSKX3Ngj4rqZstRpQ=">AAACHXicbVDLSsNAFJ3UV62vqEtBBotQF9akCLosunFZwT6gCWEynTZDJw9mboQSsvM/3LvVX3AnbsU/8DOcPha29cCFwzn3cu89fiK4Asv6Ngorq2vrG8XN0tb2zu6euX/QUnEqKWvSWMSy4xPFBI9YEzgI1kkkI6EvWNsf3o799iOTisfRA4wS5oZkEPE+pwS05JnHThZ4vJI5MsQ8dxJ+UcPn2IGAATlzcs8sW1VrArxM7Bkpoxkanvnj9GKahiwCKohSXdtKwM2IBE4Fy0tOqlhC6JAMWFfTiIRMudnkjxyfaqWH+7HUFQGeqH8nMhIqNQp93RkSCNSiNxb/87op9K/djEdJCiyi00X9VGCI8TgU3OOSURAjTQiVXN+KaUAkoaCjm9vSS4EGlIi8pKOxF4NYJq1a1baq9v1luX4zC6mIjtAJqiAbXaE6ukMN1EQUPaEX9IrejGfj3fgwPqetBWM2c4jmYHz9Ap1FoXw=</latexit><latexit sha1_base64="MuWvXC5julYSKX3Ngj4rqZstRpQ=">AAACHXicbVDLSsNAFJ3UV62vqEtBBotQF9akCLosunFZwT6gCWEynTZDJw9mboQSsvM/3LvVX3AnbsU/8DOcPha29cCFwzn3cu89fiK4Asv6Ngorq2vrG8XN0tb2zu6euX/QUnEqKWvSWMSy4xPFBI9YEzgI1kkkI6EvWNsf3o799iOTisfRA4wS5oZkEPE+pwS05JnHThZ4vJI5MsQ8dxJ+UcPn2IGAATlzcs8sW1VrArxM7Bkpoxkanvnj9GKahiwCKohSXdtKwM2IBE4Fy0tOqlhC6JAMWFfTiIRMudnkjxyfaqWH+7HUFQGeqH8nMhIqNQp93RkSCNSiNxb/87op9K/djEdJCiyi00X9VGCI8TgU3OOSURAjTQiVXN+KaUAkoaCjm9vSS4EGlIi8pKOxF4NYJq1a1baq9v1luX4zC6mIjtAJqiAbXaE6ukMN1EQUPaEX9IrejGfj3fgwPqetBWM2c4jmYHz9Ap1FoXw=</latexit><latexit sha1_base64="MuWvXC5julYSKX3Ngj4rqZstRpQ=">AAACHXicbVDLSsNAFJ3UV62vqEtBBotQF9akCLosunFZwT6gCWEynTZDJw9mboQSsvM/3LvVX3AnbsU/8DOcPha29cCFwzn3cu89fiK4Asv6Ngorq2vrG8XN0tb2zu6euX/QUnEqKWvSWMSy4xPFBI9YEzgI1kkkI6EvWNsf3o799iOTisfRA4wS5oZkEPE+pwS05JnHThZ4vJI5MsQ8dxJ+UcPn2IGAATlzcs8sW1VrArxM7Bkpoxkanvnj9GKahiwCKohSXdtKwM2IBE4Fy0tOqlhC6JAMWFfTiIRMudnkjxyfaqWH+7HUFQGeqH8nMhIqNQp93RkSCNSiNxb/87op9K/djEdJCiyi00X9VGCI8TgU3OOSURAjTQiVXN+KaUAkoaCjm9vSS4EGlIi8pKOxF4NYJq1a1baq9v1luX4zC6mIjtAJqiAbXaE6ukMN1EQUPaEX9IrejGfj3fgwPqetBWM2c4jmYHz9Ap1FoXw=</latexit><latexit sha1_base64="MuWvXC5julYSKX3Ngj4rqZstRpQ=">AAACHXicbVDLSsNAFJ3UV62vqEtBBotQF9akCLosunFZwT6gCWEynTZDJw9mboQSsvM/3LvVX3AnbsU/8DOcPha29cCFwzn3cu89fiK4Asv6Ngorq2vrG8XN0tb2zu6euX/QUnEqKWvSWMSy4xPFBI9YEzgI1kkkI6EvWNsf3o799iOTisfRA4wS5oZkEPE+pwS05JnHThZ4vJI5MsQ8dxJ+UcPn2IGAATlzcs8sW1VrArxM7Bkpoxkanvnj9GKahiwCKohSXdtKwM2IBE4Fy0tOqlhC6JAMWFfTiIRMudnkjxyfaqWH+7HUFQGeqH8nMhIqNQp93RkSCNSiNxb/87op9K/djEdJCiyi00X9VGCI8TgU3OOSURAjTQiVXN+KaUAkoaCjm9vSS4EGlIi8pKOxF4NYJq1a1baq9v1luX4zC6mIjtAJqiAbXaE6ukMN1EQUPaEX9IrejGfj3fgwPqetBWM2c4jmYHz9Ap1FoXw=</latexit>

=

it
<latexit sha1_base64="VQDDnOu6XyYak3PYxFHK8SUzsro=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl047KCfUgbymQyaYfOTMLMjVBC9u7d6i+4E7f+hn/gZzhts7CtBy4czrmXe+8JEsENuO63U1pb39jcKm9Xdnb39g+qh0dtE6eashaNRay7ATFMcMVawEGwbqIZkYFgnWB8O/U7T0wbHqsHmCTMl2SoeMQpASs9Zn0tMc8xDKo1t+7OgFeJV5AaKtAcVH/6YUxTyRRQQYzpeW4CfkY0cCpYXumnhiWEjsmQ9SxVRDLjZ7ODc3xmlRBHsbalAM/UvxMZkcZMZGA7JYGRWfam4n9eL4Xo2s+4SlJgis4XRanAEOPp9zjkmlEQE0sI1dzeiumIaELBZrSwJUyBjigRecVG4y0HsUraF3XPrXv3l7XGTRFSGZ2gU3SOPHSFGugONVELUSTRC3pFb86z8+58OJ/z1pJTzByjBThfvzVmmWc=</latexit><latexit sha1_base64="VQDDnOu6XyYak3PYxFHK8SUzsro=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl047KCfUgbymQyaYfOTMLMjVBC9u7d6i+4E7f+hn/gZzhts7CtBy4czrmXe+8JEsENuO63U1pb39jcKm9Xdnb39g+qh0dtE6eashaNRay7ATFMcMVawEGwbqIZkYFgnWB8O/U7T0wbHqsHmCTMl2SoeMQpASs9Zn0tMc8xDKo1t+7OgFeJV5AaKtAcVH/6YUxTyRRQQYzpeW4CfkY0cCpYXumnhiWEjsmQ9SxVRDLjZ7ODc3xmlRBHsbalAM/UvxMZkcZMZGA7JYGRWfam4n9eL4Xo2s+4SlJgis4XRanAEOPp9zjkmlEQE0sI1dzeiumIaELBZrSwJUyBjigRecVG4y0HsUraF3XPrXv3l7XGTRFSGZ2gU3SOPHSFGugONVELUSTRC3pFb86z8+58OJ/z1pJTzByjBThfvzVmmWc=</latexit><latexit sha1_base64="VQDDnOu6XyYak3PYxFHK8SUzsro=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl047KCfUgbymQyaYfOTMLMjVBC9u7d6i+4E7f+hn/gZzhts7CtBy4czrmXe+8JEsENuO63U1pb39jcKm9Xdnb39g+qh0dtE6eashaNRay7ATFMcMVawEGwbqIZkYFgnWB8O/U7T0wbHqsHmCTMl2SoeMQpASs9Zn0tMc8xDKo1t+7OgFeJV5AaKtAcVH/6YUxTyRRQQYzpeW4CfkY0cCpYXumnhiWEjsmQ9SxVRDLjZ7ODc3xmlRBHsbalAM/UvxMZkcZMZGA7JYGRWfam4n9eL4Xo2s+4SlJgis4XRanAEOPp9zjkmlEQE0sI1dzeiumIaELBZrSwJUyBjigRecVG4y0HsUraF3XPrXv3l7XGTRFSGZ2gU3SOPHSFGugONVELUSTRC3pFb86z8+58OJ/z1pJTzByjBThfvzVmmWc=</latexit><latexit sha1_base64="VQDDnOu6XyYak3PYxFHK8SUzsro=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl047KCfUgbymQyaYfOTMLMjVBC9u7d6i+4E7f+hn/gZzhts7CtBy4czrmXe+8JEsENuO63U1pb39jcKm9Xdnb39g+qh0dtE6eashaNRay7ATFMcMVawEGwbqIZkYFgnWB8O/U7T0wbHqsHmCTMl2SoeMQpASs9Zn0tMc8xDKo1t+7OgFeJV5AaKtAcVH/6YUxTyRRQQYzpeW4CfkY0cCpYXumnhiWEjsmQ9SxVRDLjZ7ODc3xmlRBHsbalAM/UvxMZkcZMZGA7JYGRWfam4n9eL4Xo2s+4SlJgis4XRanAEOPp9zjkmlEQE0sI1dzeiumIaELBZrSwJUyBjigRecVG4y0HsUraF3XPrXv3l7XGTRFSGZ2gU3SOPHSFGugONVELUSTRC3pFb86z8+58OJ/z1pJTzByjBThfvzVmmWc=</latexit>

�ix
<latexit sha1_base64="b/pvNl85sWql+/2lQJDFZrJtQTo=">AAACB3icbVDLSgNBEOyNrxhfUY9eBoPgxbArgh6DXjxGMA9MljA7O0mGzMwuM7NiWPYDvHvVX/AmXv0M/8DPcJLswSQWNBRV3XR3BTFn2rjut1NYWV1b3yhulra2d3b3yvsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0c3Ebz1SpVkk7804pr7AA8n6jGBjpYeztKsEYhl66pUrbtWdAi0TLycVyFHvlX+6YUQSQaUhHGvd8dzY+ClWhhFOs1I30TTGZIQHtGOpxIJqP51enKETq4SoHylb0qCp+ncixULrsQhsp8BmqBe9ifif10lM/8pPmYwTQyWZLeonHJkITd5HIVOUGD62BBPF7K2IDLHCxNiQ5raEiSFDgnlWstF4i0Esk+Z51XOr3t1FpXadh1SEIziGU/DgEmpwC3VoAAEJL/AKb86z8+58OJ+z1oKTzxzCHJyvX6p/maI=</latexit><latexit sha1_base64="b/pvNl85sWql+/2lQJDFZrJtQTo=">AAACB3icbVDLSgNBEOyNrxhfUY9eBoPgxbArgh6DXjxGMA9MljA7O0mGzMwuM7NiWPYDvHvVX/AmXv0M/8DPcJLswSQWNBRV3XR3BTFn2rjut1NYWV1b3yhulra2d3b3yvsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0c3Ebz1SpVkk7804pr7AA8n6jGBjpYeztKsEYhl66pUrbtWdAi0TLycVyFHvlX+6YUQSQaUhHGvd8dzY+ClWhhFOs1I30TTGZIQHtGOpxIJqP51enKETq4SoHylb0qCp+ncixULrsQhsp8BmqBe9ifif10lM/8pPmYwTQyWZLeonHJkITd5HIVOUGD62BBPF7K2IDLHCxNiQ5raEiSFDgnlWstF4i0Esk+Z51XOr3t1FpXadh1SEIziGU/DgEmpwC3VoAAEJL/AKb86z8+58OJ+z1oKTzxzCHJyvX6p/maI=</latexit><latexit sha1_base64="b/pvNl85sWql+/2lQJDFZrJtQTo=">AAACB3icbVDLSgNBEOyNrxhfUY9eBoPgxbArgh6DXjxGMA9MljA7O0mGzMwuM7NiWPYDvHvVX/AmXv0M/8DPcJLswSQWNBRV3XR3BTFn2rjut1NYWV1b3yhulra2d3b3yvsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0c3Ebz1SpVkk7804pr7AA8n6jGBjpYeztKsEYhl66pUrbtWdAi0TLycVyFHvlX+6YUQSQaUhHGvd8dzY+ClWhhFOs1I30TTGZIQHtGOpxIJqP51enKETq4SoHylb0qCp+ncixULrsQhsp8BmqBe9ifif10lM/8pPmYwTQyWZLeonHJkITd5HIVOUGD62BBPF7K2IDLHCxNiQ5raEiSFDgnlWstF4i0Esk+Z51XOr3t1FpXadh1SEIziGU/DgEmpwC3VoAAEJL/AKb86z8+58OJ+z1oKTzxzCHJyvX6p/maI=</latexit><latexit sha1_base64="b/pvNl85sWql+/2lQJDFZrJtQTo=">AAACB3icbVDLSgNBEOyNrxhfUY9eBoPgxbArgh6DXjxGMA9MljA7O0mGzMwuM7NiWPYDvHvVX/AmXv0M/8DPcJLswSQWNBRV3XR3BTFn2rjut1NYWV1b3yhulra2d3b3yvsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0c3Ebz1SpVkk7804pr7AA8n6jGBjpYeztKsEYhl66pUrbtWdAi0TLycVyFHvlX+6YUQSQaUhHGvd8dzY+ClWhhFOs1I30TTGZIQHtGOpxIJqP51enKETq4SoHylb0qCp+ncixULrsQhsp8BmqBe9ifif10lM/8pPmYwTQyWZLeonHJkITd5HIVOUGD62BBPF7K2IDLHCxNiQ5raEiSFDgnlWstF4i0Esk+Z51XOr3t1FpXadh1SEIziGU/DgEmpwC3VoAAEJL/AKb86z8+58OJ+z1oKTzxzCHJyvX6p/maI=</latexit>

ihqii
<latexit sha1_base64="TRSTvzdhhWjmnwCoHvfSXbqJu7o=">AAACIXicbZDLSsNAFIYn9VbrLerSzdAiuCqJCLosunFZwV6gCWEymbRDJ5M4MxFKyN73cO9WX8GduBNfwMdwkmZhW38Y+PnPOZwzn58wKpVlfRm1tfWNza36dmNnd2//wDw86ss4FZj0cMxiMfSRJIxy0lNUMTJMBEGRz8jAn94U9cEjEZLG/F7NEuJGaMxpSDFSOvLMZuaICNLcYYiPGYFOhNQEIwYfPOqIMvPMltW2SsFVY1emBSp1PfPHCWKcRoQrzJCUI9tKlJshoShmJG84qSQJwlM0JiNtOYqIdLPyLzk81UkAw1joxxUs078TGYqknEW+7ixOlcu1IvyvNkpVeOVmlCepIhzPF4UpgyqGBRgYUEGwYjNtEBZU3wrxBAmElca3sCVIFS4Y5Q2Nxl4GsWr6523batt3F63OdQWpDk5AE5wBG1yCDrgFXdADGDyBF/AK3oxn4934MD7nrTWjmjkGCzK+fwG4fKRR</latexit><latexit sha1_base64="TRSTvzdhhWjmnwCoHvfSXbqJu7o=">AAACIXicbZDLSsNAFIYn9VbrLerSzdAiuCqJCLosunFZwV6gCWEymbRDJ5M4MxFKyN73cO9WX8GduBNfwMdwkmZhW38Y+PnPOZwzn58wKpVlfRm1tfWNza36dmNnd2//wDw86ss4FZj0cMxiMfSRJIxy0lNUMTJMBEGRz8jAn94U9cEjEZLG/F7NEuJGaMxpSDFSOvLMZuaICNLcYYiPGYFOhNQEIwYfPOqIMvPMltW2SsFVY1emBSp1PfPHCWKcRoQrzJCUI9tKlJshoShmJG84qSQJwlM0JiNtOYqIdLPyLzk81UkAw1joxxUs078TGYqknEW+7ixOlcu1IvyvNkpVeOVmlCepIhzPF4UpgyqGBRgYUEGwYjNtEBZU3wrxBAmElca3sCVIFS4Y5Q2Nxl4GsWr6523batt3F63OdQWpDk5AE5wBG1yCDrgFXdADGDyBF/AK3oxn4934MD7nrTWjmjkGCzK+fwG4fKRR</latexit><latexit sha1_base64="TRSTvzdhhWjmnwCoHvfSXbqJu7o=">AAACIXicbZDLSsNAFIYn9VbrLerSzdAiuCqJCLosunFZwV6gCWEymbRDJ5M4MxFKyN73cO9WX8GduBNfwMdwkmZhW38Y+PnPOZwzn58wKpVlfRm1tfWNza36dmNnd2//wDw86ss4FZj0cMxiMfSRJIxy0lNUMTJMBEGRz8jAn94U9cEjEZLG/F7NEuJGaMxpSDFSOvLMZuaICNLcYYiPGYFOhNQEIwYfPOqIMvPMltW2SsFVY1emBSp1PfPHCWKcRoQrzJCUI9tKlJshoShmJG84qSQJwlM0JiNtOYqIdLPyLzk81UkAw1joxxUs078TGYqknEW+7ixOlcu1IvyvNkpVeOVmlCepIhzPF4UpgyqGBRgYUEGwYjNtEBZU3wrxBAmElca3sCVIFS4Y5Q2Nxl4GsWr6523batt3F63OdQWpDk5AE5wBG1yCDrgFXdADGDyBF/AK3oxn4934MD7nrTWjmjkGCzK+fwG4fKRR</latexit><latexit sha1_base64="TRSTvzdhhWjmnwCoHvfSXbqJu7o=">AAACIXicbZDLSsNAFIYn9VbrLerSzdAiuCqJCLosunFZwV6gCWEymbRDJ5M4MxFKyN73cO9WX8GduBNfwMdwkmZhW38Y+PnPOZwzn58wKpVlfRm1tfWNza36dmNnd2//wDw86ss4FZj0cMxiMfSRJIxy0lNUMTJMBEGRz8jAn94U9cEjEZLG/F7NEuJGaMxpSDFSOvLMZuaICNLcYYiPGYFOhNQEIwYfPOqIMvPMltW2SsFVY1emBSp1PfPHCWKcRoQrzJCUI9tKlJshoShmJG84qSQJwlM0JiNtOYqIdLPyLzk81UkAw1joxxUs078TGYqknEW+7ixOlcu1IvyvNkpVeOVmlCepIhzPF4UpgyqGBRgYUEGwYjNtEBZU3wrxBAmElca3sCVIFS4Y5Q2Nxl4GsWr6523batt3F63OdQWpDk5AE5wBG1yCDrgFXdADGDyBF/AK3oxn4934MD7nrTWjmjkGCzK+fwG4fKRR</latexit>

hjii
<latexit sha1_base64="ldwl9/kHLeOZoRH7ukC0LulMsgU=">AAACGnicbZDLSsNAFIYn9VbrLeqym8EiuCqJCLosunFZwV6gKWEyPW3HTiZhZiKU0IXv4d6tvoI7cevGN/AxnKRZ2NYfBn7+cw7nzBfEnCntON9WaW19Y3OrvF3Z2d3bP7APj9oqSiSFFo14JLsBUcCZgJZmmkM3lkDCgEMnmNxk9c4jSMUica+nMfRDMhJsyCjRJvLtqseJGHHAXkj0mBKOH3zmyTzz7ZpTd3LhVeMWpoYKNX37xxtENAlBaMqJUj3XiXU/JVIzymFW8RIFMaETMoKesYKEoPpp/okZPjXJAA8jaZ7QOE//TqQkVGoaBqYzO1Ut17Lwv1ov0cOrfspEnGgQdL5omHCsI5wRwQMmgWo+NYZQycytmI6JJFQbbgtbBommGaNZxaBxl0GsmvZ53XXq7t1FrXFdQCqjKjpBZ8hFl6iBblETtRBFT+gFvaI369l6tz6sz3lrySpmjtGCrK9f9BahSA==</latexit><latexit sha1_base64="ldwl9/kHLeOZoRH7ukC0LulMsgU=">AAACGnicbZDLSsNAFIYn9VbrLeqym8EiuCqJCLosunFZwV6gKWEyPW3HTiZhZiKU0IXv4d6tvoI7cevGN/AxnKRZ2NYfBn7+cw7nzBfEnCntON9WaW19Y3OrvF3Z2d3bP7APj9oqSiSFFo14JLsBUcCZgJZmmkM3lkDCgEMnmNxk9c4jSMUica+nMfRDMhJsyCjRJvLtqseJGHHAXkj0mBKOH3zmyTzz7ZpTd3LhVeMWpoYKNX37xxtENAlBaMqJUj3XiXU/JVIzymFW8RIFMaETMoKesYKEoPpp/okZPjXJAA8jaZ7QOE//TqQkVGoaBqYzO1Ut17Lwv1ov0cOrfspEnGgQdL5omHCsI5wRwQMmgWo+NYZQycytmI6JJFQbbgtbBommGaNZxaBxl0GsmvZ53XXq7t1FrXFdQCqjKjpBZ8hFl6iBblETtRBFT+gFvaI369l6tz6sz3lrySpmjtGCrK9f9BahSA==</latexit><latexit sha1_base64="ldwl9/kHLeOZoRH7ukC0LulMsgU=">AAACGnicbZDLSsNAFIYn9VbrLeqym8EiuCqJCLosunFZwV6gKWEyPW3HTiZhZiKU0IXv4d6tvoI7cevGN/AxnKRZ2NYfBn7+cw7nzBfEnCntON9WaW19Y3OrvF3Z2d3bP7APj9oqSiSFFo14JLsBUcCZgJZmmkM3lkDCgEMnmNxk9c4jSMUica+nMfRDMhJsyCjRJvLtqseJGHHAXkj0mBKOH3zmyTzz7ZpTd3LhVeMWpoYKNX37xxtENAlBaMqJUj3XiXU/JVIzymFW8RIFMaETMoKesYKEoPpp/okZPjXJAA8jaZ7QOE//TqQkVGoaBqYzO1Ut17Lwv1ov0cOrfspEnGgQdL5omHCsI5wRwQMmgWo+NYZQycytmI6JJFQbbgtbBommGaNZxaBxl0GsmvZ53XXq7t1FrXFdQCqjKjpBZ8hFl6iBblETtRBFT+gFvaI369l6tz6sz3lrySpmjtGCrK9f9BahSA==</latexit><latexit sha1_base64="ldwl9/kHLeOZoRH7ukC0LulMsgU=">AAACGnicbZDLSsNAFIYn9VbrLeqym8EiuCqJCLosunFZwV6gKWEyPW3HTiZhZiKU0IXv4d6tvoI7cevGN/AxnKRZ2NYfBn7+cw7nzBfEnCntON9WaW19Y3OrvF3Z2d3bP7APj9oqSiSFFo14JLsBUcCZgJZmmkM3lkDCgEMnmNxk9c4jSMUica+nMfRDMhJsyCjRJvLtqseJGHHAXkj0mBKOH3zmyTzz7ZpTd3LhVeMWpoYKNX37xxtENAlBaMqJUj3XiXU/JVIzymFW8RIFMaETMoKesYKEoPpp/okZPjXJAA8jaZ7QOE//TqQkVGoaBqYzO1Ut17Lwv1ov0cOrfspEnGgQdL5omHCsI5wRwQMmgWo+NYZQycytmI6JJFQbbgtbBommGaNZxaBxl0GsmvZ53XXq7t1FrXFdQCqjKjpBZ8hFl6iBblETtRBFT+gFvaI369l6tz6sz3lrySpmjtGCrK9f9BahSA==</latexit>

x
<latexit sha1_base64="ZRkIf2GH0yY7U51EI5K4yTBfBPA=">AAAB/nicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOzvcmQ2dllplcMIeDdq/6CN/Hqr/gHfoaTZA8msaChqOqmuytIpTDout/O2vrG5tZ2Yae4u7d/cFg6Om6aJNMcGjyRiW4HzIAUChooUEI71cDiQEIrGN5N/dYjaCMS9YCjFPyY9ZWIBGdopfpTr1R2K+4MdJV4OSmTHLVe6acbJjyLQSGXzJiO56boj5lGwSVMit3MQMr4kPWhY6liMRh/PDt0Qs+tEtIo0bYU0pn6d2LMYmNGcWA7Y4YDs+xNxf+8TobRjT8WKs0QFJ8vijJJMaHTr2koNHCUI0sY18LeSvmAacbRZrOwJcyQDziTk6KNxlsOYpU0LyueW/HqV+XqbR5SgZySM3JBPHJNquSe1EiDcALkhbySN+fZeXc+nM9565qTz5yQBThfv3EWlj8=</latexit><latexit sha1_base64="ZRkIf2GH0yY7U51EI5K4yTBfBPA=">AAAB/nicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOzvcmQ2dllplcMIeDdq/6CN/Hqr/gHfoaTZA8msaChqOqmuytIpTDout/O2vrG5tZ2Yae4u7d/cFg6Om6aJNMcGjyRiW4HzIAUChooUEI71cDiQEIrGN5N/dYjaCMS9YCjFPyY9ZWIBGdopfpTr1R2K+4MdJV4OSmTHLVe6acbJjyLQSGXzJiO56boj5lGwSVMit3MQMr4kPWhY6liMRh/PDt0Qs+tEtIo0bYU0pn6d2LMYmNGcWA7Y4YDs+xNxf+8TobRjT8WKs0QFJ8vijJJMaHTr2koNHCUI0sY18LeSvmAacbRZrOwJcyQDziTk6KNxlsOYpU0LyueW/HqV+XqbR5SgZySM3JBPHJNquSe1EiDcALkhbySN+fZeXc+nM9565qTz5yQBThfv3EWlj8=</latexit><latexit sha1_base64="ZRkIf2GH0yY7U51EI5K4yTBfBPA=">AAAB/nicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOzvcmQ2dllplcMIeDdq/6CN/Hqr/gHfoaTZA8msaChqOqmuytIpTDout/O2vrG5tZ2Yae4u7d/cFg6Om6aJNMcGjyRiW4HzIAUChooUEI71cDiQEIrGN5N/dYjaCMS9YCjFPyY9ZWIBGdopfpTr1R2K+4MdJV4OSmTHLVe6acbJjyLQSGXzJiO56boj5lGwSVMit3MQMr4kPWhY6liMRh/PDt0Qs+tEtIo0bYU0pn6d2LMYmNGcWA7Y4YDs+xNxf+8TobRjT8WKs0QFJ8vijJJMaHTr2koNHCUI0sY18LeSvmAacbRZrOwJcyQDziTk6KNxlsOYpU0LyueW/HqV+XqbR5SgZySM3JBPHJNquSe1EiDcALkhbySN+fZeXc+nM9565qTz5yQBThfv3EWlj8=</latexit><latexit sha1_base64="ZRkIf2GH0yY7U51EI5K4yTBfBPA=">AAAB/nicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOzvcmQ2dllplcMIeDdq/6CN/Hqr/gHfoaTZA8msaChqOqmuytIpTDout/O2vrG5tZ2Yae4u7d/cFg6Om6aJNMcGjyRiW4HzIAUChooUEI71cDiQEIrGN5N/dYjaCMS9YCjFPyY9ZWIBGdopfpTr1R2K+4MdJV4OSmTHLVe6acbJjyLQSGXzJiO56boj5lGwSVMit3MQMr4kPWhY6liMRh/PDt0Qs+tEtIo0bYU0pn6d2LMYmNGcWA7Y4YDs+xNxf+8TobRjT8WKs0QFJ8vijJJMaHTr2koNHCUI0sY18LeSvmAacbRZrOwJcyQDziTk6KNxlsOYpU0LyueW/HqV+XqbR5SgZySM3JBPHJNquSe1EiDcALkhbySN+fZeXc+nM9565qTz5yQBThfv3EWlj8=</latexit>

xin
<latexit sha1_base64="IFZhXrqZDA2wNY34PzA3pq2cqRE=">AAACB3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOTNczOTpIhM7PLzKwYlv0A7171F7yJVz/DP/AznCR7MIkFDUVVN91dQcyZNq777RRWVtfWN4qbpa3tnd298v5BU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdD3xW49UaRbJOzOOqS/wQLI+I9hY6f7pIe0qgZjMeuWKW3WnQMvEy0kFctR75Z9uGJFEUGkIx1p3PDc2foqVYYTTrNRNNI0xGeEB7VgqsaDaT6cXZ+jEKiHqR8qWNGiq/p1IsdB6LALbKbAZ6kVvIv7ndRLTv/RTJuPEUElmi/oJRyZCk/dRyBQlho8twUQxeysiQ6wwMTakuS1hYsiQYJ6VbDTeYhDLpHlW9dyqd3teqV3lIRXhCI7hFDy4gBrcQB0aQEDCC7zCm/PsvDsfzuesteDkM4cwB+frF3icmiE=</latexit><latexit sha1_base64="IFZhXrqZDA2wNY34PzA3pq2cqRE=">AAACB3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOTNczOTpIhM7PLzKwYlv0A7171F7yJVz/DP/AznCR7MIkFDUVVN91dQcyZNq777RRWVtfWN4qbpa3tnd298v5BU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdD3xW49UaRbJOzOOqS/wQLI+I9hY6f7pIe0qgZjMeuWKW3WnQMvEy0kFctR75Z9uGJFEUGkIx1p3PDc2foqVYYTTrNRNNI0xGeEB7VgqsaDaT6cXZ+jEKiHqR8qWNGiq/p1IsdB6LALbKbAZ6kVvIv7ndRLTv/RTJuPEUElmi/oJRyZCk/dRyBQlho8twUQxeysiQ6wwMTakuS1hYsiQYJ6VbDTeYhDLpHlW9dyqd3teqV3lIRXhCI7hFDy4gBrcQB0aQEDCC7zCm/PsvDsfzuesteDkM4cwB+frF3icmiE=</latexit><latexit sha1_base64="IFZhXrqZDA2wNY34PzA3pq2cqRE=">AAACB3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOTNczOTpIhM7PLzKwYlv0A7171F7yJVz/DP/AznCR7MIkFDUVVN91dQcyZNq777RRWVtfWN4qbpa3tnd298v5BU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdD3xW49UaRbJOzOOqS/wQLI+I9hY6f7pIe0qgZjMeuWKW3WnQMvEy0kFctR75Z9uGJFEUGkIx1p3PDc2foqVYYTTrNRNNI0xGeEB7VgqsaDaT6cXZ+jEKiHqR8qWNGiq/p1IsdB6LALbKbAZ6kVvIv7ndRLTv/RTJuPEUElmi/oJRyZCk/dRyBQlho8twUQxeysiQ6wwMTakuS1hYsiQYJ6VbDTeYhDLpHlW9dyqd3teqV3lIRXhCI7hFDy4gBrcQB0aQEDCC7zCm/PsvDsfzuesteDkM4cwB+frF3icmiE=</latexit><latexit sha1_base64="IFZhXrqZDA2wNY34PzA3pq2cqRE=">AAACB3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOTNczOTpIhM7PLzKwYlv0A7171F7yJVz/DP/AznCR7MIkFDUVVN91dQcyZNq777RRWVtfWN4qbpa3tnd298v5BU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdD3xW49UaRbJOzOOqS/wQLI+I9hY6f7pIe0qgZjMeuWKW3WnQMvEy0kFctR75Z9uGJFEUGkIx1p3PDc2foqVYYTTrNRNNI0xGeEB7VgqsaDaT6cXZ+jEKiHqR8qWNGiq/p1IsdB6LALbKbAZ6kVvIv7ndRLTv/RTJuPEUElmi/oJRyZCk/dRyBQlho8twUQxeysiQ6wwMTakuS1hYsiQYJ6VbDTeYhDLpHlW9dyqd3teqV3lIRXhCI7hFDy4gBrcQB0aQEDCC7zCm/PsvDsfzuesteDkM4cwB+frF3icmiE=</latexit>

The result of the change of coordinates is the GHD equation [BD, Spohn, Yoshimura 2017]

∂tρp + ∂x(veffρp) = 0.
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Generalised hydrodynamics

3. General structure. GHD applies to a wide family of integrable models, including quantum

and classical field theories, gases and chains, as well as cellular automata. The data are

? Differential scattering phase ϕ(θ, θ′)

? Energy and momentum functions E(θ) and p(θ) (as well as functions for other conserved

charges hi(θ))

? Free energy function F (ε) that enters the TBA formulation, encoding the statistics of the

quasi-particles: − log(1 + e−ε) for fermions, log(1− e−ε) for bosons,−e−ε for

classical particles, 1/ε for classical radiative modes (also for anyons, etc.). In particular, it

is related to the occupation function as n(θ) = F ′(ε(θ)).

21



'

&

$

%

GHD solution to Riemann problem

Currents emerge in steady-state region if there is ballistic transport.

Phenomenology is well known in conventional hydrodynamics, with shocks and rarefaction

waves.

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

constant

rarefaction wave

constant

shock

constant
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GHD solution to Riemann problem

In integrable systems, the phenomenology is different:

generically smooth profiles. Technically, this is be-

cause of the continuum of normal mode’s velocities.

The problem is invariant under x, t 7→ λx, λt: functions of the ray ξ = x/t:

(veff − ξ)∂ξn(ξ; θ) = 0.

In fluid dynamic terms, solution is a family (parametrised by θ) of contact singularities:

[Castro Alvaredo, BD, Yohimura 2016; Bertini, Collura, De Nardis, Fagotti 2016]

n(ξ; θ) = nL(θ)Θ(θ − θ?(ξ)) + nR(θ)Θ(θ? − θ(ξ)), veff(ξ; θ?(ξ)) = ξ.

Interpretations: Particles arrive either from the left

reservoir or the right reservoir depending on their ef-

fective velocity at the ray ξ.
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GHD solution to Riemann problem

GHD for classical Toda [BD 2019; Bulchandani, Cao, Moore 2019].

Here Riemann problem numerics from [Bulchandani, Cao, Moore 2019].
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Hydrodynamic matrices and correlation functions in GHD

The hydrodynamic matrices follow from the expressions of average densities and

currents [BD, Spohn 2017]:

Cij =

∫
dθ ρp(θ)f(θ)hdr

i (θ)hdr
j (θ)

(AC)ij =

∫
dθ ρp(θ)f(θ)veff(θ)hdr

i (θ)hdr
j (θ)

Dij =

∫
dθ ρp(θ)f(θ)veff(θ)2hdr

i (θ)hdr
j (θ)

where

f(θ) = −F
′′(ε(θ))

F ′(ε(θ))

encodes the statistics, and the dressing operation

hdr(θ) = h(θ) +

∫
dαϕ(θ, α)n(α)hdr(α)

diagonalises the flux Jacobian:
∑
j A

j
i h

dr
j (θ) = veff(θ)hdr

i (θ).
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Hydrodynamic matrices and correlation functions in GHD

From this, one can find expressions for correlation functions from hydrodynamic

projections [BD 2018; Bastianello, BD, Watts, Yoshimura 2018]

lim
k→0,t→∞

kt fixed

∫
dx eikx〈O(x, t)O′(0, 0)〉cβ =

∫
dθ eikveff (θ)tρp(θ)f(θ)V O(θ)V O′

(θ)

For conserved densities:

V qi(θ) = hdr
i (θ)

and for more general observables, simply differentiate GGE averages:

∂

∂βi
〈O〉β =

∫
dθ ρp(θ)f(θ)hdr

i (θ)V O(θ)
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Hydrodynamic matrices and correlation functions in GHD

As there is a continuum of effective velocities, generically the decay is in 1/t everywhere.

x

t

qj(0, 0)
<latexit sha1_base64="avX/cmix1TGJLiqTNm8SW5Px4m8=">AAACEnicbVDLSsNAFJ34rPUV7dLNYBEqSJmIoMuiG5cV7APaECaTSTt28nBmIoSQv3DvVn/Bnbj1B/wDP8NJm4VtPXDhcM693MNxY86kQujbWFldW9/YrGxVt3d29/bNg8OujBJBaIdEPBJ9F0vKWUg7iilO+7GgOHA57bmTm8LvPVEhWRTeqzSmdoBHIfMZwUpLjlnLhgFWY4I5fMydhwY6Q6eOWUdNNAVcJlZJ6qBE2zF/hl5EkoCGinAs5cBCsbIzLBQjnObVYSJpjMkEj+hA0xAHVNrZNHwOT7TiQT8SekIFp+rfiwwHUqaBqzeLpHLRK8T/vEGi/Cs7Y2GcKBqS2SM/4VBFsGgCekxQoniqCSaC6ayQjLHAROm+5r54iSJFRXlVV2MtFrFMuudNCzWtu4t667osqQKOwDFoAAtcgha4BW3QAQSk4AW8gjfj2Xg3PozP2eqKUd7UwByMr19HC50R</latexit><latexit sha1_base64="avX/cmix1TGJLiqTNm8SW5Px4m8=">AAACEnicbVDLSsNAFJ34rPUV7dLNYBEqSJmIoMuiG5cV7APaECaTSTt28nBmIoSQv3DvVn/Bnbj1B/wDP8NJm4VtPXDhcM693MNxY86kQujbWFldW9/YrGxVt3d29/bNg8OujBJBaIdEPBJ9F0vKWUg7iilO+7GgOHA57bmTm8LvPVEhWRTeqzSmdoBHIfMZwUpLjlnLhgFWY4I5fMydhwY6Q6eOWUdNNAVcJlZJ6qBE2zF/hl5EkoCGinAs5cBCsbIzLBQjnObVYSJpjMkEj+hA0xAHVNrZNHwOT7TiQT8SekIFp+rfiwwHUqaBqzeLpHLRK8T/vEGi/Cs7Y2GcKBqS2SM/4VBFsGgCekxQoniqCSaC6ayQjLHAROm+5r54iSJFRXlVV2MtFrFMuudNCzWtu4t667osqQKOwDFoAAtcgha4BW3QAQSk4AW8gjfj2Xg3PozP2eqKUd7UwByMr19HC50R</latexit><latexit sha1_base64="avX/cmix1TGJLiqTNm8SW5Px4m8=">AAACEnicbVDLSsNAFJ34rPUV7dLNYBEqSJmIoMuiG5cV7APaECaTSTt28nBmIoSQv3DvVn/Bnbj1B/wDP8NJm4VtPXDhcM693MNxY86kQujbWFldW9/YrGxVt3d29/bNg8OujBJBaIdEPBJ9F0vKWUg7iilO+7GgOHA57bmTm8LvPVEhWRTeqzSmdoBHIfMZwUpLjlnLhgFWY4I5fMydhwY6Q6eOWUdNNAVcJlZJ6qBE2zF/hl5EkoCGinAs5cBCsbIzLBQjnObVYSJpjMkEj+hA0xAHVNrZNHwOT7TiQT8SekIFp+rfiwwHUqaBqzeLpHLRK8T/vEGi/Cs7Y2GcKBqS2SM/4VBFsGgCekxQoniqCSaC6ayQjLHAROm+5r54iSJFRXlVV2MtFrFMuudNCzWtu4t667osqQKOwDFoAAtcgha4BW3QAQSk4AW8gjfj2Xg3PozP2eqKUd7UwByMr19HC50R</latexit><latexit sha1_base64="avX/cmix1TGJLiqTNm8SW5Px4m8=">AAACEnicbVDLSsNAFJ34rPUV7dLNYBEqSJmIoMuiG5cV7APaECaTSTt28nBmIoSQv3DvVn/Bnbj1B/wDP8NJm4VtPXDhcM693MNxY86kQujbWFldW9/YrGxVt3d29/bNg8OujBJBaIdEPBJ9F0vKWUg7iilO+7GgOHA57bmTm8LvPVEhWRTeqzSmdoBHIfMZwUpLjlnLhgFWY4I5fMydhwY6Q6eOWUdNNAVcJlZJ6qBE2zF/hl5EkoCGinAs5cBCsbIzLBQjnObVYSJpjMkEj+hA0xAHVNrZNHwOT7TiQT8SekIFp+rfiwwHUqaBqzeLpHLRK8T/vEGi/Cs7Y2GcKBqS2SM/4VBFsGgCekxQoniqCSaC6ayQjLHAROm+5r54iSJFRXlVV2MtFrFMuudNCzWtu4t667osqQKOwDFoAAtcgha4BW3QAQSk4AW8gjfj2Xg3PozP2eqKUd7UwByMr19HC50R</latexit>

qi(x, t)
<latexit sha1_base64="gDUdZh/prC6OBL9aQJKlIa9V468=">AAACEnicbVDLSsNAFJ3UV62vaJduBotQQUoigi6LblxWsK3QhjKZTtuhk0mcuRFLyF+4d6u/4E7c+gP+gZ/hpM3Cth64cDjnXu7h+JHgGhzn2yqsrK6tbxQ3S1vbO7t79v5BS4exoqxJQxGqe59oJrhkTeAg2H2kGAl8wdr++Drz249MaR7KO5hEzAvIUPIBpwSM1LPLSTcgMKJE4Ie0x6tPp3DSsytOzZkCLxM3JxWUo9Gzf7r9kMYBk0AF0brjOhF4CVHAqWBpqRtrFhE6JkPWMVSSgGkvmYZP8bFR+ngQKjMS8FT9e5GQQOtJ4JvNLKle9DLxP68Tw+DSS7iMYmCSzh4NYoEhxFkTuM8VoyAmhhCquMmK6YgoQsH0NfelHwPNKkpLphp3sYhl0jqruU7NvT2v1K/ykoroEB2hKnLRBaqjG9RATUTRBL2gV/RmPVvv1of1OVstWPlNGc3B+voFJs+dnA==</latexit><latexit sha1_base64="gDUdZh/prC6OBL9aQJKlIa9V468=">AAACEnicbVDLSsNAFJ3UV62vaJduBotQQUoigi6LblxWsK3QhjKZTtuhk0mcuRFLyF+4d6u/4E7c+gP+gZ/hpM3Cth64cDjnXu7h+JHgGhzn2yqsrK6tbxQ3S1vbO7t79v5BS4exoqxJQxGqe59oJrhkTeAg2H2kGAl8wdr++Drz249MaR7KO5hEzAvIUPIBpwSM1LPLSTcgMKJE4Ie0x6tPp3DSsytOzZkCLxM3JxWUo9Gzf7r9kMYBk0AF0brjOhF4CVHAqWBpqRtrFhE6JkPWMVSSgGkvmYZP8bFR+ngQKjMS8FT9e5GQQOtJ4JvNLKle9DLxP68Tw+DSS7iMYmCSzh4NYoEhxFkTuM8VoyAmhhCquMmK6YgoQsH0NfelHwPNKkpLphp3sYhl0jqruU7NvT2v1K/ykoroEB2hKnLRBaqjG9RATUTRBL2gV/RmPVvv1of1OVstWPlNGc3B+voFJs+dnA==</latexit><latexit sha1_base64="gDUdZh/prC6OBL9aQJKlIa9V468=">AAACEnicbVDLSsNAFJ3UV62vaJduBotQQUoigi6LblxWsK3QhjKZTtuhk0mcuRFLyF+4d6u/4E7c+gP+gZ/hpM3Cth64cDjnXu7h+JHgGhzn2yqsrK6tbxQ3S1vbO7t79v5BS4exoqxJQxGqe59oJrhkTeAg2H2kGAl8wdr++Drz249MaR7KO5hEzAvIUPIBpwSM1LPLSTcgMKJE4Ie0x6tPp3DSsytOzZkCLxM3JxWUo9Gzf7r9kMYBk0AF0brjOhF4CVHAqWBpqRtrFhE6JkPWMVSSgGkvmYZP8bFR+ngQKjMS8FT9e5GQQOtJ4JvNLKle9DLxP68Tw+DSS7iMYmCSzh4NYoEhxFkTuM8VoyAmhhCquMmK6YgoQsH0NfelHwPNKkpLphp3sYhl0jqruU7NvT2v1K/ykoroEB2hKnLRBaqjG9RATUTRBL2gV/RmPVvv1of1OVstWPlNGc3B+voFJs+dnA==</latexit><latexit sha1_base64="gDUdZh/prC6OBL9aQJKlIa9V468=">AAACEnicbVDLSsNAFJ3UV62vaJduBotQQUoigi6LblxWsK3QhjKZTtuhk0mcuRFLyF+4d6u/4E7c+gP+gZ/hpM3Cth64cDjnXu7h+JHgGhzn2yqsrK6tbxQ3S1vbO7t79v5BS4exoqxJQxGqe59oJrhkTeAg2H2kGAl8wdr++Drz249MaR7KO5hEzAvIUPIBpwSM1LPLSTcgMKJE4Ie0x6tPp3DSsytOzZkCLxM3JxWUo9Gzf7r9kMYBk0AF0brjOhF4CVHAqWBpqRtrFhE6JkPWMVSSgGkvmYZP8bFR+ngQKjMS8FT9e5GQQOtJ4JvNLKle9DLxP68Tw+DSS7iMYmCSzh4NYoEhxFkTuM8VoyAmhhCquMmK6YgoQsH0NfelHwPNKkpLphp3sYhl0jqruU7NvT2v1K/ykoroEB2hKnLRBaqjG9RATUTRBL2gV/RmPVvv1of1OVstWPlNGc3B+voFJs+dnA==</latexit>

v
e↵

k
<latexit sha1_base64="K4kWTIOWwqpEj5ksbP0LbiFy5M4=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjMi6LLoxmUF+4B2LJnMnTY0yYxJplCG/oF7t/oL7sStP+Ef+Bmm7Sxs64ELh3Pu5VxOkHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqKDRozGPVDogGziQ0DDMc2okCIgIOrWB4O/VbI1CaxfLBjBPwBelLFjFKjJX80WPWVQJDFE16w1654lbdGfAq8XJSQTnqvfJPN4xpKkAayonWHc9NjJ8RZRjlMCl1Uw0JoUPSh46lkgjQfjZ7eoLPrBLiKFZ2pMEz9e9FRoTWYxHYTUHMQC97U/E/r5Oa6NrPmExSA5LOg6KUYxPjaQM4ZAqo4WNLCFXM/orpgChCje1pISVMDR1QwiclW423XMQqaV5UPbfq3V9Wajd5SUV0gk7ROfLQFaqhO1RHDUTRE3pBr+jNeXbenQ/nc75acPKbY7QA5+sXxSCbYQ==</latexit><latexit sha1_base64="K4kWTIOWwqpEj5ksbP0LbiFy5M4=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjMi6LLoxmUF+4B2LJnMnTY0yYxJplCG/oF7t/oL7sStP+Ef+Bmm7Sxs64ELh3Pu5VxOkHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqKDRozGPVDogGziQ0DDMc2okCIgIOrWB4O/VbI1CaxfLBjBPwBelLFjFKjJX80WPWVQJDFE16w1654lbdGfAq8XJSQTnqvfJPN4xpKkAayonWHc9NjJ8RZRjlMCl1Uw0JoUPSh46lkgjQfjZ7eoLPrBLiKFZ2pMEz9e9FRoTWYxHYTUHMQC97U/E/r5Oa6NrPmExSA5LOg6KUYxPjaQM4ZAqo4WNLCFXM/orpgChCje1pISVMDR1QwiclW423XMQqaV5UPbfq3V9Wajd5SUV0gk7ROfLQFaqhO1RHDUTRE3pBr+jNeXbenQ/nc75acPKbY7QA5+sXxSCbYQ==</latexit><latexit sha1_base64="K4kWTIOWwqpEj5ksbP0LbiFy5M4=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjMi6LLoxmUF+4B2LJnMnTY0yYxJplCG/oF7t/oL7sStP+Ef+Bmm7Sxs64ELh3Pu5VxOkHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqKDRozGPVDogGziQ0DDMc2okCIgIOrWB4O/VbI1CaxfLBjBPwBelLFjFKjJX80WPWVQJDFE16w1654lbdGfAq8XJSQTnqvfJPN4xpKkAayonWHc9NjJ8RZRjlMCl1Uw0JoUPSh46lkgjQfjZ7eoLPrBLiKFZ2pMEz9e9FRoTWYxHYTUHMQC97U/E/r5Oa6NrPmExSA5LOg6KUYxPjaQM4ZAqo4WNLCFXM/orpgChCje1pISVMDR1QwiclW423XMQqaV5UPbfq3V9Wajd5SUV0gk7ROfLQFaqhO1RHDUTRE3pBr+jNeXbenQ/nc75acPKbY7QA5+sXxSCbYQ==</latexit><latexit sha1_base64="K4kWTIOWwqpEj5ksbP0LbiFy5M4=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjMi6LLoxmUF+4B2LJnMnTY0yYxJplCG/oF7t/oL7sStP+Ef+Bmm7Sxs64ELh3Pu5VxOkHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqKDRozGPVDogGziQ0DDMc2okCIgIOrWB4O/VbI1CaxfLBjBPwBelLFjFKjJX80WPWVQJDFE16w1654lbdGfAq8XJSQTnqvfJPN4xpKkAayonWHc9NjJ8RZRjlMCl1Uw0JoUPSh46lkgjQfjZ7eoLPrBLiKFZ2pMEz9e9FRoTWYxHYTUHMQC97U/E/r5Oa6NrPmExSA5LOg6KUYxPjaQM4ZAqo4WNLCFXM/orpgChCje1pISVMDR1QwiclW423XMQqaV5UPbfq3V9Wajd5SUV0gk7ROfLQFaqhO1RHDUTRE3pBr+jNeXbenQ/nc75acPKbY7QA5+sXxSCbYQ==</latexit>

t↵
<latexit sha1_base64="Y4n3tAfRyWRHwMLy+v/X8LDkxP0=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP7CNZbLdtks3m7A7EUrov/DiQRGv/htv/hu3bQ7a+mDg8d4MM/PCRApDnvftrKyurW9sFraK2zu7e/ulg8OGiVPNeJ3FMtatEA2XQvE6CZK8lWiOUSh5MxzdTP3mE9dGxOqexgkPIhwo0RcMyUoP9Jh1UCZDnHRLZa/izeAuEz8nZchR65a+Or2YpRFXxCQa0/a9hIIMNQkm+aTYSQ1PkI1wwNuWKoy4CbLZxRP31Co9tx9rW4rcmfp7IsPImHEU2s4IaWgWvan4n9dOqX8VZEIlKXHF5ov6qXQpdqfvuz2hOSM5tgSZFvZWlw1RIyMbUtGG4C++vEwa5xXfq/h3F+XqdR5HAY7hBM7Ah0uowi3UoA4MFDzDK7w5xnlx3p2PeeuKk88cwR84nz/iXZEK</latexit><latexit sha1_base64="Y4n3tAfRyWRHwMLy+v/X8LDkxP0=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP7CNZbLdtks3m7A7EUrov/DiQRGv/htv/hu3bQ7a+mDg8d4MM/PCRApDnvftrKyurW9sFraK2zu7e/ulg8OGiVPNeJ3FMtatEA2XQvE6CZK8lWiOUSh5MxzdTP3mE9dGxOqexgkPIhwo0RcMyUoP9Jh1UCZDnHRLZa/izeAuEz8nZchR65a+Or2YpRFXxCQa0/a9hIIMNQkm+aTYSQ1PkI1wwNuWKoy4CbLZxRP31Co9tx9rW4rcmfp7IsPImHEU2s4IaWgWvan4n9dOqX8VZEIlKXHF5ov6qXQpdqfvuz2hOSM5tgSZFvZWlw1RIyMbUtGG4C++vEwa5xXfq/h3F+XqdR5HAY7hBM7Ah0uowi3UoA4MFDzDK7w5xnlx3p2PeeuKk88cwR84nz/iXZEK</latexit><latexit sha1_base64="Y4n3tAfRyWRHwMLy+v/X8LDkxP0=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP7CNZbLdtks3m7A7EUrov/DiQRGv/htv/hu3bQ7a+mDg8d4MM/PCRApDnvftrKyurW9sFraK2zu7e/ulg8OGiVPNeJ3FMtatEA2XQvE6CZK8lWiOUSh5MxzdTP3mE9dGxOqexgkPIhwo0RcMyUoP9Jh1UCZDnHRLZa/izeAuEz8nZchR65a+Or2YpRFXxCQa0/a9hIIMNQkm+aTYSQ1PkI1wwNuWKoy4CbLZxRP31Co9tx9rW4rcmfp7IsPImHEU2s4IaWgWvan4n9dOqX8VZEIlKXHF5ov6qXQpdqfvuz2hOSM5tgSZFvZWlw1RIyMbUtGG4C++vEwa5xXfq/h3F+XqdR5HAY7hBM7Ah0uowi3UoA4MFDzDK7w5xnlx3p2PeeuKk88cwR84nz/iXZEK</latexit><latexit sha1_base64="Y4n3tAfRyWRHwMLy+v/X8LDkxP0=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP7CNZbLdtks3m7A7EUrov/DiQRGv/htv/hu3bQ7a+mDg8d4MM/PCRApDnvftrKyurW9sFraK2zu7e/ulg8OGiVPNeJ3FMtatEA2XQvE6CZK8lWiOUSh5MxzdTP3mE9dGxOqexgkPIhwo0RcMyUoP9Jh1UCZDnHRLZa/izeAuEz8nZchR65a+Or2YpRFXxCQa0/a9hIIMNQkm+aTYSQ1PkI1wwNuWKoy4CbLZxRP31Co9tx9rW4rcmfp7IsPImHEU2s4IaWgWvan4n9dOqX8VZEIlKXHF5ov6qXQpdqfvuz2hOSM5tgSZFvZWlw1RIyMbUtGG4C++vEwa5xXfq/h3F+XqdR5HAY7hBM7Ah0uowi3UoA4MFDzDK7w5xnlx3p2PeeuKk88cwR84nz/iXZEK</latexit>

x

t

qj(0, 0)
<latexit sha1_base64="avX/cmix1TGJLiqTNm8SW5Px4m8=">AAACEnicbVDLSsNAFJ34rPUV7dLNYBEqSJmIoMuiG5cV7APaECaTSTt28nBmIoSQv3DvVn/Bnbj1B/wDP8NJm4VtPXDhcM693MNxY86kQujbWFldW9/YrGxVt3d29/bNg8OujBJBaIdEPBJ9F0vKWUg7iilO+7GgOHA57bmTm8LvPVEhWRTeqzSmdoBHIfMZwUpLjlnLhgFWY4I5fMydhwY6Q6eOWUdNNAVcJlZJ6qBE2zF/hl5EkoCGinAs5cBCsbIzLBQjnObVYSJpjMkEj+hA0xAHVNrZNHwOT7TiQT8SekIFp+rfiwwHUqaBqzeLpHLRK8T/vEGi/Cs7Y2GcKBqS2SM/4VBFsGgCekxQoniqCSaC6ayQjLHAROm+5r54iSJFRXlVV2MtFrFMuudNCzWtu4t667osqQKOwDFoAAtcgha4BW3QAQSk4AW8gjfj2Xg3PozP2eqKUd7UwByMr19HC50R</latexit><latexit sha1_base64="avX/cmix1TGJLiqTNm8SW5Px4m8=">AAACEnicbVDLSsNAFJ34rPUV7dLNYBEqSJmIoMuiG5cV7APaECaTSTt28nBmIoSQv3DvVn/Bnbj1B/wDP8NJm4VtPXDhcM693MNxY86kQujbWFldW9/YrGxVt3d29/bNg8OujBJBaIdEPBJ9F0vKWUg7iilO+7GgOHA57bmTm8LvPVEhWRTeqzSmdoBHIfMZwUpLjlnLhgFWY4I5fMydhwY6Q6eOWUdNNAVcJlZJ6qBE2zF/hl5EkoCGinAs5cBCsbIzLBQjnObVYSJpjMkEj+hA0xAHVNrZNHwOT7TiQT8SekIFp+rfiwwHUqaBqzeLpHLRK8T/vEGi/Cs7Y2GcKBqS2SM/4VBFsGgCekxQoniqCSaC6ayQjLHAROm+5r54iSJFRXlVV2MtFrFMuudNCzWtu4t667osqQKOwDFoAAtcgha4BW3QAQSk4AW8gjfj2Xg3PozP2eqKUd7UwByMr19HC50R</latexit><latexit sha1_base64="avX/cmix1TGJLiqTNm8SW5Px4m8=">AAACEnicbVDLSsNAFJ34rPUV7dLNYBEqSJmIoMuiG5cV7APaECaTSTt28nBmIoSQv3DvVn/Bnbj1B/wDP8NJm4VtPXDhcM693MNxY86kQujbWFldW9/YrGxVt3d29/bNg8OujBJBaIdEPBJ9F0vKWUg7iilO+7GgOHA57bmTm8LvPVEhWRTeqzSmdoBHIfMZwUpLjlnLhgFWY4I5fMydhwY6Q6eOWUdNNAVcJlZJ6qBE2zF/hl5EkoCGinAs5cBCsbIzLBQjnObVYSJpjMkEj+hA0xAHVNrZNHwOT7TiQT8SekIFp+rfiwwHUqaBqzeLpHLRK8T/vEGi/Cs7Y2GcKBqS2SM/4VBFsGgCekxQoniqCSaC6ayQjLHAROm+5r54iSJFRXlVV2MtFrFMuudNCzWtu4t667osqQKOwDFoAAtcgha4BW3QAQSk4AW8gjfj2Xg3PozP2eqKUd7UwByMr19HC50R</latexit><latexit sha1_base64="avX/cmix1TGJLiqTNm8SW5Px4m8=">AAACEnicbVDLSsNAFJ34rPUV7dLNYBEqSJmIoMuiG5cV7APaECaTSTt28nBmIoSQv3DvVn/Bnbj1B/wDP8NJm4VtPXDhcM693MNxY86kQujbWFldW9/YrGxVt3d29/bNg8OujBJBaIdEPBJ9F0vKWUg7iilO+7GgOHA57bmTm8LvPVEhWRTeqzSmdoBHIfMZwUpLjlnLhgFWY4I5fMydhwY6Q6eOWUdNNAVcJlZJ6qBE2zF/hl5EkoCGinAs5cBCsbIzLBQjnObVYSJpjMkEj+hA0xAHVNrZNHwOT7TiQT8SekIFp+rfiwwHUqaBqzeLpHLRK8T/vEGi/Cs7Y2GcKBqS2SM/4VBFsGgCekxQoniqCSaC6ayQjLHAROm+5r54iSJFRXlVV2MtFrFMuudNCzWtu4t667osqQKOwDFoAAtcgha4BW3QAQSk4AW8gjfj2Xg3PozP2eqKUd7UwByMr19HC50R</latexit>

qi(x, t)
<latexit sha1_base64="gDUdZh/prC6OBL9aQJKlIa9V468=">AAACEnicbVDLSsNAFJ3UV62vaJduBotQQUoigi6LblxWsK3QhjKZTtuhk0mcuRFLyF+4d6u/4E7c+gP+gZ/hpM3Cth64cDjnXu7h+JHgGhzn2yqsrK6tbxQ3S1vbO7t79v5BS4exoqxJQxGqe59oJrhkTeAg2H2kGAl8wdr++Drz249MaR7KO5hEzAvIUPIBpwSM1LPLSTcgMKJE4Ie0x6tPp3DSsytOzZkCLxM3JxWUo9Gzf7r9kMYBk0AF0brjOhF4CVHAqWBpqRtrFhE6JkPWMVSSgGkvmYZP8bFR+ngQKjMS8FT9e5GQQOtJ4JvNLKle9DLxP68Tw+DSS7iMYmCSzh4NYoEhxFkTuM8VoyAmhhCquMmK6YgoQsH0NfelHwPNKkpLphp3sYhl0jqruU7NvT2v1K/ykoroEB2hKnLRBaqjG9RATUTRBL2gV/RmPVvv1of1OVstWPlNGc3B+voFJs+dnA==</latexit><latexit sha1_base64="gDUdZh/prC6OBL9aQJKlIa9V468=">AAACEnicbVDLSsNAFJ3UV62vaJduBotQQUoigi6LblxWsK3QhjKZTtuhk0mcuRFLyF+4d6u/4E7c+gP+gZ/hpM3Cth64cDjnXu7h+JHgGhzn2yqsrK6tbxQ3S1vbO7t79v5BS4exoqxJQxGqe59oJrhkTeAg2H2kGAl8wdr++Drz249MaR7KO5hEzAvIUPIBpwSM1LPLSTcgMKJE4Ie0x6tPp3DSsytOzZkCLxM3JxWUo9Gzf7r9kMYBk0AF0brjOhF4CVHAqWBpqRtrFhE6JkPWMVSSgGkvmYZP8bFR+ngQKjMS8FT9e5GQQOtJ4JvNLKle9DLxP68Tw+DSS7iMYmCSzh4NYoEhxFkTuM8VoyAmhhCquMmK6YgoQsH0NfelHwPNKkpLphp3sYhl0jqruU7NvT2v1K/ykoroEB2hKnLRBaqjG9RATUTRBL2gV/RmPVvv1of1OVstWPlNGc3B+voFJs+dnA==</latexit><latexit sha1_base64="gDUdZh/prC6OBL9aQJKlIa9V468=">AAACEnicbVDLSsNAFJ3UV62vaJduBotQQUoigi6LblxWsK3QhjKZTtuhk0mcuRFLyF+4d6u/4E7c+gP+gZ/hpM3Cth64cDjnXu7h+JHgGhzn2yqsrK6tbxQ3S1vbO7t79v5BS4exoqxJQxGqe59oJrhkTeAg2H2kGAl8wdr++Drz249MaR7KO5hEzAvIUPIBpwSM1LPLSTcgMKJE4Ie0x6tPp3DSsytOzZkCLxM3JxWUo9Gzf7r9kMYBk0AF0brjOhF4CVHAqWBpqRtrFhE6JkPWMVSSgGkvmYZP8bFR+ngQKjMS8FT9e5GQQOtJ4JvNLKle9DLxP68Tw+DSS7iMYmCSzh4NYoEhxFkTuM8VoyAmhhCquMmK6YgoQsH0NfelHwPNKkpLphp3sYhl0jqruU7NvT2v1K/ykoroEB2hKnLRBaqjG9RATUTRBL2gV/RmPVvv1of1OVstWPlNGc3B+voFJs+dnA==</latexit><latexit sha1_base64="gDUdZh/prC6OBL9aQJKlIa9V468=">AAACEnicbVDLSsNAFJ3UV62vaJduBotQQUoigi6LblxWsK3QhjKZTtuhk0mcuRFLyF+4d6u/4E7c+gP+gZ/hpM3Cth64cDjnXu7h+JHgGhzn2yqsrK6tbxQ3S1vbO7t79v5BS4exoqxJQxGqe59oJrhkTeAg2H2kGAl8wdr++Drz249MaR7KO5hEzAvIUPIBpwSM1LPLSTcgMKJE4Ie0x6tPp3DSsytOzZkCLxM3JxWUo9Gzf7r9kMYBk0AF0brjOhF4CVHAqWBpqRtrFhE6JkPWMVSSgGkvmYZP8bFR+ngQKjMS8FT9e5GQQOtJ4JvNLKle9DLxP68Tw+DSS7iMYmCSzh4NYoEhxFkTuM8VoyAmhhCquMmK6YgoQsH0NfelHwPNKkpLphp3sYhl0jqruU7NvT2v1K/ykoroEB2hKnLRBaqjG9RATUTRBL2gV/RmPVvv1of1OVstWPlNGc3B+voFJs+dnA==</latexit>

O(x, t)
<latexit sha1_base64="xvLyiEW5HiEkUrrV/oY5cEmAhaE=">AAACEHicbVDLSsNAFJ3UV62vVJduBotQQUoigi6LbtxZwT6gDWUymbZDJw9mbtQS8hPu3eovuBO3/oF/4Gc4abOwrQcuHM65l3s4biS4Asv6Ngorq2vrG8XN0tb2zu6eWd5vqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO//cCk4mFwD5OIOT4ZBnzAKQEt9c1y0vMJjCgR+DatPp3CSd+sWDVrCrxM7JxUUI5G3/zpeSGNfRYAFUSprm1F4CREAqeCpaVerFhE6JgMWVfTgPhMOck0eoqPteLhQSj1BICn6t+LhPhKTXxXb2Y51aKXif953RgGl07CgygGFtDZo0EsMIQ46wF7XDIKYqIJoZLrrJiOiCQUdFtzX7wYaFZQWtLV2ItFLJPWWc22avbdeaV+lZdURIfoCFWRjS5QHd2gBmoiih7RC3pFb8az8W58GJ+z1YKR3xygORhfv1bonJ4=</latexit><latexit sha1_base64="xvLyiEW5HiEkUrrV/oY5cEmAhaE=">AAACEHicbVDLSsNAFJ3UV62vVJduBotQQUoigi6LbtxZwT6gDWUymbZDJw9mbtQS8hPu3eovuBO3/oF/4Gc4abOwrQcuHM65l3s4biS4Asv6Ngorq2vrG8XN0tb2zu6eWd5vqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO//cCk4mFwD5OIOT4ZBnzAKQEt9c1y0vMJjCgR+DatPp3CSd+sWDVrCrxM7JxUUI5G3/zpeSGNfRYAFUSprm1F4CREAqeCpaVerFhE6JgMWVfTgPhMOck0eoqPteLhQSj1BICn6t+LhPhKTXxXb2Y51aKXif953RgGl07CgygGFtDZo0EsMIQ46wF7XDIKYqIJoZLrrJiOiCQUdFtzX7wYaFZQWtLV2ItFLJPWWc22avbdeaV+lZdURIfoCFWRjS5QHd2gBmoiih7RC3pFb8az8W58GJ+z1YKR3xygORhfv1bonJ4=</latexit><latexit sha1_base64="xvLyiEW5HiEkUrrV/oY5cEmAhaE=">AAACEHicbVDLSsNAFJ3UV62vVJduBotQQUoigi6LbtxZwT6gDWUymbZDJw9mbtQS8hPu3eovuBO3/oF/4Gc4abOwrQcuHM65l3s4biS4Asv6Ngorq2vrG8XN0tb2zu6eWd5vqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO//cCk4mFwD5OIOT4ZBnzAKQEt9c1y0vMJjCgR+DatPp3CSd+sWDVrCrxM7JxUUI5G3/zpeSGNfRYAFUSprm1F4CREAqeCpaVerFhE6JgMWVfTgPhMOck0eoqPteLhQSj1BICn6t+LhPhKTXxXb2Y51aKXif953RgGl07CgygGFtDZo0EsMIQ46wF7XDIKYqIJoZLrrJiOiCQUdFtzX7wYaFZQWtLV2ItFLJPWWc22avbdeaV+lZdURIfoCFWRjS5QHd2gBmoiih7RC3pFb8az8W58GJ+z1YKR3xygORhfv1bonJ4=</latexit><latexit sha1_base64="xvLyiEW5HiEkUrrV/oY5cEmAhaE=">AAACEHicbVDLSsNAFJ3UV62vVJduBotQQUoigi6LbtxZwT6gDWUymbZDJw9mbtQS8hPu3eovuBO3/oF/4Gc4abOwrQcuHM65l3s4biS4Asv6Ngorq2vrG8XN0tb2zu6eWd5vqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO//cCk4mFwD5OIOT4ZBnzAKQEt9c1y0vMJjCgR+DatPp3CSd+sWDVrCrxM7JxUUI5G3/zpeSGNfRYAFUSprm1F4CREAqeCpaVerFhE6JgMWVfTgPhMOck0eoqPteLhQSj1BICn6t+LhPhKTXxXb2Y51aKXif953RgGl07CgygGFtDZo0EsMIQ46wF7XDIKYqIJoZLrrJiOiCQUdFtzX7wYaFZQWtLV2ItFLJPWWc22avbdeaV+lZdURIfoCFWRjS5QHd2gBmoiih7RC3pFb8az8W58GJ+z1YKR3xygORhfv1bonJ4=</latexit>

O0(0, 0)
<latexit sha1_base64="X3EXvA7wQNffo0uQQsYYfpKd0Fw=">AAACEXicbVDLSsNAFJ3UV62vWJduBotYQcpEBF0W3bizgn1AG8pkMm2HTiZhZiKWkK9w71Z/wZ249Qv8Az/DSZuFbT1w4XDOvdzD8SLOlEbo2yqsrK6tbxQ3S1vbO7t79n65pcJYEtokIQ9lx8OKciZoUzPNaSeSFAcep21vfJP57UcqFQvFg55E1A3wULABI1gbqW+Xk16A9YhgDu/Skyo6Q6d9u4JqaAq4TJycVECORt/+6fkhiQMqNOFYqa6DIu0mWGpGOE1LvVjRCJMxHtKuoQIHVLnJNHsKj43iw0EozQgNp+rfiwQHSk0Cz2xmQdWil4n/ed1YD67chIko1lSQ2aNBzKEOYVYE9JmkRPOJIZhIZrJCMsISE23qmvvix5pkDaUlU42zWMQyaZ3XHFRz7i8q9eu8pCI4BEegChxwCergFjRAExDwBF7AK3iznq1368P6nK0WrPzmAMzB+voF3pScQw==</latexit><latexit sha1_base64="X3EXvA7wQNffo0uQQsYYfpKd0Fw=">AAACEXicbVDLSsNAFJ3UV62vWJduBotYQcpEBF0W3bizgn1AG8pkMm2HTiZhZiKWkK9w71Z/wZ249Qv8Az/DSZuFbT1w4XDOvdzD8SLOlEbo2yqsrK6tbxQ3S1vbO7t79n65pcJYEtokIQ9lx8OKciZoUzPNaSeSFAcep21vfJP57UcqFQvFg55E1A3wULABI1gbqW+Xk16A9YhgDu/Skyo6Q6d9u4JqaAq4TJycVECORt/+6fkhiQMqNOFYqa6DIu0mWGpGOE1LvVjRCJMxHtKuoQIHVLnJNHsKj43iw0EozQgNp+rfiwQHSk0Cz2xmQdWil4n/ed1YD67chIko1lSQ2aNBzKEOYVYE9JmkRPOJIZhIZrJCMsISE23qmvvix5pkDaUlU42zWMQyaZ3XHFRz7i8q9eu8pCI4BEegChxwCergFjRAExDwBF7AK3iznq1368P6nK0WrPzmAMzB+voF3pScQw==</latexit><latexit sha1_base64="X3EXvA7wQNffo0uQQsYYfpKd0Fw=">AAACEXicbVDLSsNAFJ3UV62vWJduBotYQcpEBF0W3bizgn1AG8pkMm2HTiZhZiKWkK9w71Z/wZ249Qv8Az/DSZuFbT1w4XDOvdzD8SLOlEbo2yqsrK6tbxQ3S1vbO7t79n65pcJYEtokIQ9lx8OKciZoUzPNaSeSFAcep21vfJP57UcqFQvFg55E1A3wULABI1gbqW+Xk16A9YhgDu/Skyo6Q6d9u4JqaAq4TJycVECORt/+6fkhiQMqNOFYqa6DIu0mWGpGOE1LvVjRCJMxHtKuoQIHVLnJNHsKj43iw0EozQgNp+rfiwQHSk0Cz2xmQdWil4n/ed1YD67chIko1lSQ2aNBzKEOYVYE9JmkRPOJIZhIZrJCMsISE23qmvvix5pkDaUlU42zWMQyaZ3XHFRz7i8q9eu8pCI4BEegChxwCergFjRAExDwBF7AK3iznq1368P6nK0WrPzmAMzB+voF3pScQw==</latexit><latexit sha1_base64="X3EXvA7wQNffo0uQQsYYfpKd0Fw=">AAACEXicbVDLSsNAFJ3UV62vWJduBotYQcpEBF0W3bizgn1AG8pkMm2HTiZhZiKWkK9w71Z/wZ249Qv8Az/DSZuFbT1w4XDOvdzD8SLOlEbo2yqsrK6tbxQ3S1vbO7t79n65pcJYEtokIQ9lx8OKciZoUzPNaSeSFAcep21vfJP57UcqFQvFg55E1A3wULABI1gbqW+Xk16A9YhgDu/Skyo6Q6d9u4JqaAq4TJycVECORt/+6fkhiQMqNOFYqa6DIu0mWGpGOE1LvVjRCJMxHtKuoQIHVLnJNHsKj43iw0EozQgNp+rfiwQHSk0Cz2xmQdWil4n/ed1YD67chIko1lSQ2aNBzKEOYVYE9JmkRPOJIZhIZrJCMsISE23qmvvix5pkDaUlU42zWMQyaZ3XHFRz7i8q9eu8pCI4BEegChxwCergFjRAExDwBF7AK3iznq1368P6nK0WrPzmAMzB+voF3pScQw==</latexit>

v
e↵

`
<latexit sha1_base64="+G179EMksFFYTUOVALSoyGbYCIU=">AAACD3icbVDLSsNAFJ34rPUVdelmsAiuSiKCLotuXFawD2hjmExu2qGTSZiZFErIR7h3q7/gTtz6Cf6Bn+G0zcK2HrhwOOdezuUEKWdKO863tba+sbm1Xdmp7u7tHxzaR8dtlWSSQosmPJHdgCjgTEBLM82hm0ogccChE4zupn5nDFKxRDzqSQpeTAaCRYwSbSTftsdPeV/GGKKo8PvAuW/XnLozA14lbklqqETTt3/6YUKzGISmnCjVc51UezmRmlEORbWfKUgJHZEB9AwVJAbl5bPPC3xulBBHiTQjNJ6pfy9yEis1iQOzGRM9VMveVPzP62U6uvFyJtJMg6DzoCjjWCd4WgMOmQSq+cQQQiUzv2I6JJJQbcpaSAkzTYeU8KJqqnGXi1gl7cu669Tdh6ta47YsqYJO0Rm6QC66Rg10j5qohSgaoxf0it6sZ+vd+rA+56trVnlzghZgff0CoyKc3g==</latexit><latexit sha1_base64="+G179EMksFFYTUOVALSoyGbYCIU=">AAACD3icbVDLSsNAFJ34rPUVdelmsAiuSiKCLotuXFawD2hjmExu2qGTSZiZFErIR7h3q7/gTtz6Cf6Bn+G0zcK2HrhwOOdezuUEKWdKO863tba+sbm1Xdmp7u7tHxzaR8dtlWSSQosmPJHdgCjgTEBLM82hm0ogccChE4zupn5nDFKxRDzqSQpeTAaCRYwSbSTftsdPeV/GGKKo8PvAuW/XnLozA14lbklqqETTt3/6YUKzGISmnCjVc51UezmRmlEORbWfKUgJHZEB9AwVJAbl5bPPC3xulBBHiTQjNJ6pfy9yEis1iQOzGRM9VMveVPzP62U6uvFyJtJMg6DzoCjjWCd4WgMOmQSq+cQQQiUzv2I6JJJQbcpaSAkzTYeU8KJqqnGXi1gl7cu669Tdh6ta47YsqYJO0Rm6QC66Rg10j5qohSgaoxf0it6sZ+vd+rA+56trVnlzghZgff0CoyKc3g==</latexit><latexit sha1_base64="+G179EMksFFYTUOVALSoyGbYCIU=">AAACD3icbVDLSsNAFJ34rPUVdelmsAiuSiKCLotuXFawD2hjmExu2qGTSZiZFErIR7h3q7/gTtz6Cf6Bn+G0zcK2HrhwOOdezuUEKWdKO863tba+sbm1Xdmp7u7tHxzaR8dtlWSSQosmPJHdgCjgTEBLM82hm0ogccChE4zupn5nDFKxRDzqSQpeTAaCRYwSbSTftsdPeV/GGKKo8PvAuW/XnLozA14lbklqqETTt3/6YUKzGISmnCjVc51UezmRmlEORbWfKUgJHZEB9AwVJAbl5bPPC3xulBBHiTQjNJ6pfy9yEis1iQOzGRM9VMveVPzP62U6uvFyJtJMg6DzoCjjWCd4WgMOmQSq+cQQQiUzv2I6JJJQbcpaSAkzTYeU8KJqqnGXi1gl7cu669Tdh6ta47YsqYJO0Rm6QC66Rg10j5qohSgaoxf0it6sZ+vd+rA+56trVnlzghZgff0CoyKc3g==</latexit><latexit sha1_base64="+G179EMksFFYTUOVALSoyGbYCIU=">AAACD3icbVDLSsNAFJ34rPUVdelmsAiuSiKCLotuXFawD2hjmExu2qGTSZiZFErIR7h3q7/gTtz6Cf6Bn+G0zcK2HrhwOOdezuUEKWdKO863tba+sbm1Xdmp7u7tHxzaR8dtlWSSQosmPJHdgCjgTEBLM82hm0ogccChE4zupn5nDFKxRDzqSQpeTAaCRYwSbSTftsdPeV/GGKKo8PvAuW/XnLozA14lbklqqETTt3/6YUKzGISmnCjVc51UezmRmlEORbWfKUgJHZEB9AwVJAbl5bPPC3xulBBHiTQjNJ6pfy9yEis1iQOzGRM9VMveVPzP62U6uvFyJtJMg6DzoCjjWCd4WgMOmQSq+cQQQiUzv2I6JJJQbcpaSAkzTYeU8KJqqnGXi1gl7cu669Tdh6ta47YsqYJO0Rm6QC66Rg10j5qohSgaoxf0it6sZ+vd+rA+56trVnlzghZgff0CoyKc3g==</latexit>

exponential

alg
eb
rai
c

x

t O(x, t)
<latexit sha1_base64="xvLyiEW5HiEkUrrV/oY5cEmAhaE=">AAACEHicbVDLSsNAFJ3UV62vVJduBotQQUoigi6LbtxZwT6gDWUymbZDJw9mbtQS8hPu3eovuBO3/oF/4Gc4abOwrQcuHM65l3s4biS4Asv6Ngorq2vrG8XN0tb2zu6eWd5vqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO//cCk4mFwD5OIOT4ZBnzAKQEt9c1y0vMJjCgR+DatPp3CSd+sWDVrCrxM7JxUUI5G3/zpeSGNfRYAFUSprm1F4CREAqeCpaVerFhE6JgMWVfTgPhMOck0eoqPteLhQSj1BICn6t+LhPhKTXxXb2Y51aKXif953RgGl07CgygGFtDZo0EsMIQ46wF7XDIKYqIJoZLrrJiOiCQUdFtzX7wYaFZQWtLV2ItFLJPWWc22avbdeaV+lZdURIfoCFWRjS5QHd2gBmoiih7RC3pFb8az8W58GJ+z1YKR3xygORhfv1bonJ4=</latexit><latexit sha1_base64="xvLyiEW5HiEkUrrV/oY5cEmAhaE=">AAACEHicbVDLSsNAFJ3UV62vVJduBotQQUoigi6LbtxZwT6gDWUymbZDJw9mbtQS8hPu3eovuBO3/oF/4Gc4abOwrQcuHM65l3s4biS4Asv6Ngorq2vrG8XN0tb2zu6eWd5vqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO//cCk4mFwD5OIOT4ZBnzAKQEt9c1y0vMJjCgR+DatPp3CSd+sWDVrCrxM7JxUUI5G3/zpeSGNfRYAFUSprm1F4CREAqeCpaVerFhE6JgMWVfTgPhMOck0eoqPteLhQSj1BICn6t+LhPhKTXxXb2Y51aKXif953RgGl07CgygGFtDZo0EsMIQ46wF7XDIKYqIJoZLrrJiOiCQUdFtzX7wYaFZQWtLV2ItFLJPWWc22avbdeaV+lZdURIfoCFWRjS5QHd2gBmoiih7RC3pFb8az8W58GJ+z1YKR3xygORhfv1bonJ4=</latexit><latexit sha1_base64="xvLyiEW5HiEkUrrV/oY5cEmAhaE=">AAACEHicbVDLSsNAFJ3UV62vVJduBotQQUoigi6LbtxZwT6gDWUymbZDJw9mbtQS8hPu3eovuBO3/oF/4Gc4abOwrQcuHM65l3s4biS4Asv6Ngorq2vrG8XN0tb2zu6eWd5vqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO//cCk4mFwD5OIOT4ZBnzAKQEt9c1y0vMJjCgR+DatPp3CSd+sWDVrCrxM7JxUUI5G3/zpeSGNfRYAFUSprm1F4CREAqeCpaVerFhE6JgMWVfTgPhMOck0eoqPteLhQSj1BICn6t+LhPhKTXxXb2Y51aKXif953RgGl07CgygGFtDZo0EsMIQ46wF7XDIKYqIJoZLrrJiOiCQUdFtzX7wYaFZQWtLV2ItFLJPWWc22avbdeaV+lZdURIfoCFWRjS5QHd2gBmoiih7RC3pFb8az8W58GJ+z1YKR3xygORhfv1bonJ4=</latexit><latexit sha1_base64="xvLyiEW5HiEkUrrV/oY5cEmAhaE=">AAACEHicbVDLSsNAFJ3UV62vVJduBotQQUoigi6LbtxZwT6gDWUymbZDJw9mbtQS8hPu3eovuBO3/oF/4Gc4abOwrQcuHM65l3s4biS4Asv6Ngorq2vrG8XN0tb2zu6eWd5vqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OrzO//cCk4mFwD5OIOT4ZBnzAKQEt9c1y0vMJjCgR+DatPp3CSd+sWDVrCrxM7JxUUI5G3/zpeSGNfRYAFUSprm1F4CREAqeCpaVerFhE6JgMWVfTgPhMOck0eoqPteLhQSj1BICn6t+LhPhKTXxXb2Y51aKXif953RgGl07CgygGFtDZo0EsMIQ46wF7XDIKYqIJoZLrrJiOiCQUdFtzX7wYaFZQWtLV2ItFLJPWWc22avbdeaV+lZdURIfoCFWRjS5QHd2gBmoiih7RC3pFb8az8W58GJ+z1YKR3xygORhfv1bonJ4=</latexit>
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Hydrodynamic matrices and correlation functions in GHD

Numerical check of hydrodynamic projections. Performing Monte Carlo simulations in the

classical sinh-Gordon model [Bastianello, BD, Watts, Yoshimura 2018]

L =
1

2
∂µΦ∂µΦ− m2

g2
(cosh(gΦ)− 1)

we evaluate, in a thermal state, the two-point function

〈cosh(2gΦ(x, t)) cosh(2gΦ(0, 0))〉cthermal

at large space-time distances on a ray ζ = x/t.

Numerics

Analytic

(b)

-1 0 1

0

100

200

300

ζ

〈C
h(
2)
C
h(
2)
〉

28



'

&

$

%

Conclusion

We have a very general formalism for explicit solutions of integrable systems in nonequilibrium

setups. A lot has been done:

• GHD for Lieb-Liniger model [Castro Alvaredo, BD, Yohimura 2016], classical Toda gas/chain [BD

2019; Bulchandani, Cao, Moore 2019; Spohn 2019], XXZ spin chain [Bertini, Collura, De Nardis, Fagotti

2016], Hubbard model [Ilievski, De Nardis 2017], classical hard rod gas [Boldrighini, Dobrushin,

Sukhov 1982; BD, Yoshimura, Caux 2017], soliton gases [Zakharov 1971; El 2003; El, Kamchatnov 2005; El,

Kamchatnov, Pavlov, Zykov 2011; BD, Yoshimura, Caux 2017], quantum sinh-Gordon model [Castro

Alvaredo, BD, Yohimura 2016], classical sinh-Gordon model [Bastianello, BD, Watts, Yoshimura 2018],

quantum sine-Gordon model [Bertini, Piroli, Kormos 2019].

• Exact Full counting statistics for nonequilibrium transport (largely generalising the

Levitov-Lesovik formula) [Myers, Bhaseen, Harris, BD 2018; BD, Myers 2019].

• Exact exponential decay of correlation functions of twist fields [BD, Myers 2019].
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• Integral-equation solution to GHD equations [BD, Spohn, Yoshimura 2017], integrability structure

[El 2003; El, Kamchatnov 2005; El, Kamchatnov, Pavlov, Zykov 2011; BD, Yoshimura, Caux 2017Bulchandani

2017] and various numerical techniques [BD, Yoshimura, Caux 2017; Bulchandani, Vasseur, Karrasch,

Moore 2017; BD, Dubail, Konik, Yoshimura 2018].

• Evolution in external potentials [BD, Yoshimura 2017] and solution to the famous quantum

Newton cradle [Caux, BD, Dubail, Konik, Yoshimura 2018], and with slowly varying couplings

[Bastianello, Alba, Caux 2019].

• Exact Drude weights [Ilievski, De Nardis 2017; BD, Spohn 2017; Bulchandani, Vasseur, Karrasch, Moore

2018] and diffusion operator [De Nardis, Bernard, BD 2018, 2019].

• Experimental verification in cold atomic gases [Schemmer, Bouchoule, BD, Dubail 2019].
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