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Framework : dissipative problems

Ou+Au=0, t >0, o Uoo,
(F) _ (F>)

u(0) = up.
Main features

o Existence of a Lyapunov convex function F satisfying

d /
aE(u) = —(Au, E'(u)) <0.

o F is general given by the physics : it is a physical energy or
entropy, which is dissipated along time.

e D(u) = (Au, E'(u)) is the dissipation of energy/entropy.

@ The steady-state is a minimizer for E.



Dissipativity and long time behavior

ou+ Au =0, t >0, -
(F) { _ (F>)
u(0) = up.
Main features
d
—F =-D
SE() = ~D(u)

e D(u) > AE(u) = exponential decay :

E(u) < E(ug)e .

Uoo,

Aus = 0.

o D(u) > KE(u)'*" = polynomial decay ~ t~/7
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Outline of the course

Lecture 1 Dissipative problems and long time behavior
@ Some example of dissipative problems
@ Long time behavior of the Fokker-Planck equation

© Long time behavior of the porous media equation

Lecture 2 Finite volume schemes and long time behavior
@ Short introduction to TPFA finite volume schemes
@ Results for the porous media equation

© Results for the Fokker-Planck equation



Lecture 1 :

Dissipative problems and

long time behavior



Outline of the lecture

@ Some example of dissipative problems



Shallow water equations with viscous terms

h : water height
«wws b1 ground topography

u : velocity

Shallow water equations with friction
Oth + div(hu) =0
Othu + div(hu ® u) + ghV(h + b) = —C|ulu
1
Energy/dissipation E(h,u) = 2/ <h|u|2 +g(h+ b)2)
T2

D(h,u)= [ Cluf®
T2



Study over large time scales

U PETON, ’18
{ath + div(hu) =0
ghV(h +b) = —C|uju

— u=—(Z)"*h V(4 b)Y+ b)

Conservation law for the water height
Ah + div(=KhY2|V(h 4 )| 7Y2V(h + b)) =0

o degenerate 3/2-laplacian equation,
e with drift.



Dissipative behavior

Ah + div(—KRY2|V(h 4+ b)|"Y2V(h + b)) = 0
+ no-flux boundary condition

1
Energy/dissipation E(h) = 3 / (h + b)?
Q

d
S B(h) = /Q Ouh(h +b)
- / div(—KRY2V (h 4 b)]"Y2V (h 4 b)) (h + b)
Q

:—/ KhY2|V(h+b)]3?
Q

Steady states
h =0 or h + b = constant.



Saltwater intrusion model

Management of fresh water resources in costal regions

Quantities of interest
@ height of the freshwater

@ height of the interface with the saltwater



Saltwater intrusion model

U EscHER, LAURENCOT, MATIOC, ’12,
U LAURENGOT, MATIOC, *14, *17
U JAZAR, MONNEAU, ’14

Assumptions Notations
@ Thin layers, sharp interfaces _Zjlﬁé’if\dry_sm/
o Large time scales Z/ZW
@ Incompressible immiscible phases ~_Z=2— saltwater
@ Mainly horizontal displacements WW

p . ratio of the densities, p = Pr <1,

S

. . N . v
v : ratio of the kinematic viscosities, v = —L € (0, +00)
Vs



Saltwater intrusion model

Of +div(—vfV(f+g+0b) =
Ohg + div(=gV(pf +g+b)) =0,
+ no-flux boundary conditions

Dissipative behavior

E(f,g)Z/Qg(fﬂLg)erlzp 2+ b(pf + 9).

GEG9) = [ 0f(old +9+0) + dg(of ++b)

/pyf|V (f+g+0) ‘—FQ‘V f+9+b)‘

—/Qpl/f|V<I>f‘ +g|V<I>g|2



About porous media equation : Q =R b=0, f =0

Org + div(—gVyg) =0
Self-similar solutions

o Passage to self-similar variables :

7 =log(l+t Tﬁu(r, €)

T _
), &= W7 g(t,r)=e

@ Nonlinear Fokker-Planck equation on u :

e 2
Oru + div( uV(u+2(d+2)))—O

@ Self-similar solution in g <= steady-state in u
@ Exponential decay in u and polynomial decay in g

U BARENBLATT, 1952
U CARRILLO, TOSCANI, ’00



Salt water intrusion model : self-similar solutions
Initial system with b =0, ) = R2

o f +div(—vfV(f+g)) =0,
Org + div(—gV(pf +g)) =0,

Self-similar variables and new system

1 < x
(f,9)(t,x) = m(f,g) <log(1 +1), m)

Ouf +div(~vfV(f 49+ ) =0,

Og + div(—gV(pf +g+b)) =0,
Eds

b(x) = 5



Salt water intrusion model : self-similar solutions

E(f,g) = /Q g(f +9)*+ 1_Tp92 + b(ff +9),

D(f,g>=/quf|vq>f\2+g|w>g|2

, b
with <I>f:f—i—g+;, S, =pf+g+b
Characterization of the steady-states (self-similar solutions)

@ Stationary solutions have vanishing fluxes :
FVor =0, GVPg = 0.

@ The minimizer of the energy is a stationary solution.

@ There exists a unique minimizer of E which is radially
symmetric.

Q Arr HaMMmou OurHAJ, CaNcEs, C.-H., LAURENCOT, '19
U LAURENGOT, MATIOC, '14



Self-similar profiles
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Convergence towards the steady-state

(f(t),9(t)) = (F,G) in L*(R*%R?) as t — oo
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Exponential convergence towards the steady-state ?

Rate of convergence with respect to v
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Outline of the lecture

© Long time behavior of the Fokker-Planck equation



Focus on Fokker-Planck equations

Hf+V-J=0, J=-Vf+Uf, in QxR
Jn=0onTVN xR,

f=fPonTP xRy

f(,0) = fo>0.

Some references

U CARRILLO, TOSCANI, 98
U ARNOLD, MARKOWICH, TOSCANI, UNTERREITER, ’01
U CARRILLO ET AL., 01

U BODINEAU, LEBOWITZ, MOUHOT, VILLANI, ’14

Q GaJEWsKI, GROGER, '86, 89
Q JUNGEL, '95



Thermal equilibrium, when U = — VWU

Of+V-J=0, J=-Vf-VUf inQxRy
Jn=0onTV xR,

f=fPonTP xR,

f(,0) = fo>0.

f=xeV=J=0 |

Existence of a thermal equilibrium f® = \e~?

° ifFD=®,with>\=/f0//e_‘I’,
Q Q
o if log fP + UP = q, with \ = e°.

— J:—fV(logf-l-\Il):—fVlogf%




Entropy-dissipation property

of+V-J=0, ——fVlogf{o
Relative entropy

Dy (z) —xlog:c—x+1
0D (
0= [ o)

Dissipation of the entropy

%mm:—m@,

2

with Dy (t) = f ‘Vlog >0




Exponential decay towards thermal equilibrium

No-flux boundary conditions

@ conservation of mass : / f=/f0 = / [
Q Q

o Hi(t) = [ Flosls/ 1)
o Di(t) = [ AV108(s/ 1) =4 [ 7 |[VV/FTTE|

@ thanks to Logarithmic Sobolev inequality :

0 < Hy(t) < Hi(0)e ™ |

@ and with Csiszar-Kullback inequality :

1£(t) = fIF < 2H1(0)e J




Exponential decay towards thermal equilibrium

Dirichlet boundary conditions

o Upper and lower bounds on f and f*°
o Hi(t) = [ ()= @)~ (= £2)8](/)
0
cllf(t) = f=I3 < Hi(t) < CIIfF () — 113

o Dl(t)—/QfIV(logf—logfoo)|2

@ with Poincaré inequality :

Dy(t) = ClIf(t) - fI3

@ Conclusion :

cll£(t) = I3 < Hi(t) < Hi(0)e™™ J




General case
Of+V-J=0, J=-Vf+Uf, in QxR
f:fDonFD><IR+andJ-nzOonI‘NxRJr

Steady-state
{V-JOO =0, J®=-Vf®4+US>® inQxRy

fOOZfDOHFDx]R+ande-nzoonFNxRJr.

f=1%h = J=J3%h-f*Vh |

Exponential decay towards the steady-state
o Entropy/dissipation, with ®3(z) = (x — 1),

Ha(t) = /Q f@a(h) and Ds(t) = /Q R (h) | Th?

@ Poincaré inequality + bounds on f*°



Outline of the lecture

© Long time behavior of the porous media equation



Focus on the porous media equations

g>1
of = AfP, in Q xRy

f=fPonTP xR,
Vi n=0onTV xR,
f(,O) = fO > 0.
Existence and uniqueness of a weak solution
Q VAZQUEZ
Steady-state
A(f*)? =0, in Q
f=fPonT?, Vf*.n=0onTV

Existence and uniqueness of the steady state?



Dissipative behavior, I'” £ ()
Existence and uniqueness of the steady state

A(f*)P =0, in Q
fe=fPonTP, Vf°.n=0onTV

Dissipation of the relative entropy

B+1 _ [ poo\p+1
B) = [ S L (s - )

< By = /ﬂ (7 — (7))ot

o)

U BobpINEAU, LEBOWITZ, MOUHOT, VILLANI, 2014



Relation between entropy and dissipation, I'? # ()

B+1 o0 ﬂ+1
0= [1 ﬁfl ()P - 1)

2
o= [

Poincaré inequality f? — (f°)) =0on TP

/Q (77— () < cn /Q v (77 - )|

Functional inequalities

1

( P (B+1)z+8) V220 (B21)

p+1

—y%—y)) Va,y > 0



Exponential decay towards the steady-state, I'” = ()

fﬂ+1 (f>) B+1
/ B+1

D(t) = /Q V()P

— (f>)°(f = )

@ Relation between entropy and dissipation :

D(t) > m

> e E().

o Exponential decay of the entropy :

(mD)B—l ‘

E(t) < E(0)e ™, with A =
Cp




What happens when I'? = () ?

of = AfP, in O xRy
Vf-n=0onT xRt

£(0) = fo > 0, with / fo> 0.
Q

with Q = [0, 1]%, such that m(Q) = 1.

Steady-state
@ the associate steady-state is a constant function,

@ the constant is fixed by the conservation of mass :

f°°=m(1m/9fo=/gfo



Towards the long time behavior
References

U ALIKAKOS, ROSTAMIAN, ’1981
U BONFORTE, GRILLO, '05

U GRILLO, MURATORI, ’13, ’14
Q C.-H., JUNGEL, SCHUCHNIGG,

Families of entropies

@ Zeroth order entropies :

- [ ()

@ First order entropies :

Fulfl =5 [ V1P da



Dissipation of the order 0 entropies

Ocf — A(f7) =0, in [0,1]7 x Ry,
Vf-n=0onT xRy, f(0)=fo

fooz/ﬂfo-
. Bo(f) = aJlr : (/Q Fotlgy — (/Q fdx)“ﬂ)

d « _ «
GEAN = [ 1o = [ g
—/Vfo‘-VfB
40‘6 a+5)/22
(a+p)? /’ .

o Du(f) = (fj‘% / v fletB)/22.




Use of Poincaré-Wirtinger inequality ?

Poincaré-Wirtinger inequality « € H(Q) (m(Q2) = 1)

1 / >2 2 2
u———— | ul|] <C%|Vu
/Q ( m($2) Jo PIVllzeey

lullZe) = llullZiq) < ColIVulZaq)

Application v = f(at+h)/2

4ozﬁ (a
Da( _ / | (a+B) /2 2

2
_ 4ap (a+8)/2)2 _ (a+B)/2
- C%(a+ B)2 </Q i/ | </Q i/ |> )

>17K (Ea(f))"



Beckner inequalities

Original Beckner inequality
U BECKNER 1989

/Qlul2—< /Q |u|2/7") < CY(M) [ Vullagy, 1<r<2

Generalizations

pq
Lt = ([ )" < ot Fullsge,

0<q¢<2 pg=>1.

pq
lallfy ([ 17 = ([ 10P2) ") < Chto l Vuliaqoy

0<g<2,pg>1



Entropy/dissipation relation
1 pq
L= ([ 1P?)” < Cotp ol Vullagy 0<a<2 =1

a 2 1
Application : u f%ﬁvp:ajLﬁ _ 2(a+1)

2 1T axp
a+1
Lrn=([1)" <catavser

fora>0, 8> 1.

2(a+1)
a+p3

L2(Q)

Consequence
_ _fdab (atB)/2)2
Da(f) (a+/8)2/QWf |
a+pB
daf3 a+1 ol atp
(a+pB)? <CB(P7Q)> (Ea(f)) '




Polynomial decay of the entropies

Theorem [CCH-AJ-SS]
ea>0>1
) f() S LOO(Q), ian f() >0
@ f positive regular solution
Then

Ea(f() < !

(C¢+cg

avec

EQ
+
—

oy Aaf(s -

) a1\ @B/t
(a+1)(a+ B)? (CB(p, Q))
Eo(fo)~ (B-1)/(a+1)




Towards the exponential decay

Jult, (/ uf? — ( / ru\”p) )soap,q)nwu%zm),

0<qg<2,pg>1

. 2(a +1
Application : u:f%ﬁ,pza;ﬁyq: (a:ﬂ)
o

LA ( L= ([ f>““> < Oyt [ s

Consequence (|| flzeti() = [ fllzr@) = [l follL1())

Du(f) - Oif% /|Vf a+p /2|2

daf(a+1) “f0HL1(Q)
(a4 B)2 Cxp,q)

L2(Q)

Ea(f)



Exponential decay of the entropies

Theorem [CCH-AJ-SS]
e l0<a<l pg>1
@ fo€ LOO(Q), infq fo >0

@ f regular positive solution
Then

Eo(f(#)) < Ea(fo)e ™.
with

dafB(a+1)

Cytp.a)la + 57 e




