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Shallow water

\——'f fbA

Oth+ Ox(hu) = 0,
O:(hu) + Ox(hu?) —h0y(gh) — hf{(x) — S¢(h, u).

Friction laws Sf = others (Coulomb...)



Navier-Stokes

Two-dimensional uncompressible Navier-Stokes

Oxu+0,v=0

1
Otu + udgu + vOyu = —0xp + R—eAu
1 1

3 = —Op— —+ A
Otv + udgv + vo,v Oyp Fr2+Re v

where
» U = (u,v) velocity vector
> Re = ”OT"O Reynolds
» Fr = — Froude

v gho
> p pressure




Boundary conditions

Free surface y = n(t, x)

Topography y = f,(x)
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Boundary conditions

Free surface y = n(t, x)

v = 0 + udyxn kinematic boundary condition

continuity of the stress tensor

Topography

u=v=0, no-slip boundary condition
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Scalings

Small vertical velocity with respect to horizontal velocity
v=c¢ev, u=10.
Incompressibility implies rescaling in space:
0= 0xu+9dyv =0x0+¢cd, ¥

x=X%X y=¢ey t=7t boundary layer
x=2X%X/e y=§y t=t/c longwave



Long wave scaling

Okl +0yv =0
1
£ |00 + 00z + VOl = —ea;p+Re[e2a§a+a§a} (1)
C e e, e o 1 . € . -
22 [0:V + DOV + VO V] = — 2 —Oyp+ e (€020 + 0;7] (2)
i=v=0, y=Ff
V= O+ 05, 7=



Long wave scaling

O+ 957 =0
1
£|0:0 + 000 + VO | = —53;5+R[2a2 + 03D ] (1)
1 L
0= — 1250 (2)
i=v=0 y=f
V=0 + U0sA, § =1

(2) is the hydrostatic pressure p = %(ﬁ V)



Long wave scaling
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(1) no more viscosity in the x—direction



Long wave scaling

Ozl + 057 =0
1
Ol + 00511 + ¥05T1 = — Oxp + 05
1 .
0= ~Fa %P
B=v=0, j=f
V=0 + U057, Y =]

(2) is the hydrostatic pressure p = 25 (fj — 7)

(1) no more viscosity in the x—direction

Effective Reynolds number eRe = Rey,.
Hydrostatic Euler fluid when Re, — oo
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“Eliminate” free surface through an equation on the
water depth h(t, x)

7
/ (8Xu + ayv) dy =0

fp
n
V(t,Xﬂ]) = V(tax7fb)_/ 8Xudy
fp

n
= v(t,x,fp) — Ox </ udy) + u(t, x,n)0xn — u(t, x, fp)f}
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= 0¢n = O:h by kinematic condition
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Integrated models (1)

“Eliminate” free surface through an equation on the
water depth h(t, x)

n
/ (Oxu+8yv) dy =0
fp

n
v(t,x,n) = v(t,x,fp)— Oxu dy
fp

n
= v(t,x,fp) — O« (/ udy> + u(t, x,m)0xn — u(t, x, fb)fé
fo

= 0:n = O+h by kinematic condition
= 0 by non penetration condition



Integrated models (1)

“Eliminate” free surface through an equation on the
water depth h(t, x)

7
/ (8Xu + 8yv) dy =0

fp

n
hU:/ udy
fo

deh + 05 (hU) = 0



Integrated models (1)

Integrate the momentum equation

K 1
/f,, <8tu—|—uaxu—|—v8yu: —8Xp+Re/78)2,u> dy



Integrated models (II)
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Integrated models (II)

Integrate the momentum equation

K 1
/f,, <8tu—|—uaxu—|—v8yu: —axp—{—’?%@;u) dy

n 7 1
Ot(hU) + 0x (/ u° dy) = —/ Oxpdy — ——0yuly—p
Jt, fo Ren

parietal constraints
hydrostatic pressure Oxp = (Oxh + f)/Fr? independant of y



Integrated models (II)

Integrate the momentum equation

n 1
/fb <8tu+uaxu+v8yu: —3Xp+Reh@§u) dy

N n 1
0:(hU) + Ox (/ u? dy) = —/ Oxpdy — ——0yuly—f,
Jfy f Rep,

parietal constraints
hydrostatic pressure Oxp = (Oxh + f)/Fr? independant of y
closure based on velocity profiles u = (y)



Integrated models (I11)

» Flat profile O,u =0

h2
2 R = —N—
Gt(hU)+8X<hU + 2Fr2> h

» Nusselt-Poiseuille profile parabolic profile

6 h? fl 3 U
h | —hUP 4+ —— ) = —hL - = =
9¢(hU) + 0 (5 U +2Fr2>
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Viscous layer (1)

— o | ideal fluid
L — over
7 : “thin" viscous layer

x=%X, y—fo=0y, t=t p=p, T=u, v—Fu=0v
T+ v =0
L o fhL 1 5,
8;u+uxu+v87u:—xp+§8yp+ — 05
Reh(i
_ 1
%P ="Fz



Viscous layer (1)

— . ideal fluid
— e Ll over
_ : “thin” viscous layer

x=X, y—f,=0y, t=1t p=Dp, u=u, v-—flu=0odv
T+ Oyv = 0
!
1
Ol + UOKT + Oyl = —0xp — =25 + —— 020
Fr2 Reh52y



Viscous layer (1)

T . ideal fluid
= ,,,-(f over
_ : “thin"” viscous layer

x=X, y—fy,=0y, t=1t, p=Dpn, U=u, v-—flu=0dv
T+ 95V =0
OFU + UoxU + voytu = —0xp fe + L o2
U+ U0zt + voyu = — = =T
t X y xP Fr2 RehSZ y

Choice of § =



Viscous layer (1)

SRR - ideal fluid
= B
_ : “thin"” viscous layer

X =X, y—fb: )7, t:f, p=p, u=u, V_féu:gv

Prandtl equation



Viscous layer (1)

SRR - ideal fluid
= B
_ : “thin"” viscous layer

X =X, y—fb: )7, t:f, p=p, u=u, V_féu:gv

Prandtl equation



Viscous layer (I1)

Integrating Prandtl gives evolution of
» the displacement thickness 1 defined by

hU = (h — 661)ue

» the momentum thickness J, defined by

n —
/ v dy = (h—68(51 + 62)) u?
fy
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Integrating Prandtl gives evolution of
» the displacement thickness 1 defined by

hU = (h — 661)ue

» the momentum thickness J, defined by

n —
/ v dy = (h—68(51 + 62)) u?
fy
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Viscous layer (I1)

Integrating Prandtl gives evolution of

» the displacement thickness §; defined by
hU = (h — 661)ue

» the momentum thickness J, defined by

n -
/ v dy = (h—6(51 + 62)) u?
fp

: , fy
| O¢lle + TeOxlle = —O5P — =2
— Fr
wn -

——



Viscous layer (I1)

Integrating Prandtl gives evolution of
» the displacement thickness ;1 defined by
hU = (h — 661)ue

» the momentum thickness d, defined by

U _
/ u’dy = (h—6(61 + 62)) uZ

fp

f’
Otlie + UeOxle = —Oxp —
v . tUe + UeOxlUe = xP — Fr2
[— f
w f > - OfU + u0xu + V&yﬂ = —0gp — ﬁ + &7
= [l




Viscous layer (I1)

Integrating Prandtl gives evolution of
» the displacement thickness 1 defined by

hU = (h — 661)ue

» the momentum thickness J, defined by

n —
/ v dy = (h—68(51 + 62)) u?
fy

Ay
S

—

w = N Ao o _
- 2 0¢(Ue — ) + UeOxUe — UOgU — VOyU = —05U
7/A . X 5

7T

T




Viscous layer (I1)

Integrating Prandtl gives evolution of
» the displacement thickness ;1 defined by
hU = (h — 681) ue

» the momentum thickness §, defined by

n _
/ v dy = (h—68(51 + 62)) u?
fy

at(uecﬁ) + Lle(S:[aXUe + aX(ug362) = 8}7U|y:0

vy,
|

!

T o= =7
A A

o(y)

5 X
7 von Kdrmdn equation
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Viscous layer (I11)

Closure for von Kiarman
Fixing a velocity profile in the viscous layer

UL(Z) = (A(£X)> = ¢(¢),

PEX0) =0, lim p(Ex0) =1 [ (1-¢)d(=as<toc
C*)+OO 0

+oo
1= Doy, 0r = 15 = Héy, o :/ (1 —p)d¢
(6] 0
e ven
T = &yu|}/=0 - A (0) - 51 (0) 51 Ue



Viscous layer (I11)

Closure for von Karman
Fixing a velocity profile in the viscous layer

Uetp >H
0 = —
51 SD ( ) 51 Ue

_ Ue
T = 8}7U|y:0 = Z(}Q/(O) —

2
”651) — @ue
H 01

Otue + ueOxte = —0xp

Ot(Ued1) + Ued10xue + Ox(




Viscous layer (I11)

Closure for von Karman
Fixing a velocity profile in the viscous layer

B Ue Uet? HhH
T = &yu|y:o = Z(p’(O) = ) ‘P,(O) = ?“e
u2dy fH
8t(ue(51) + Ued10xUe + aX( ) = Ue
H 01

Otue + ueOxte = —0xp

Choosing the profile: Polhausen  Falkner-Skan
f> and H functions of u.0yue
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Towards the extended model

Going back to original variables

» Incompressibility unchanged: yields

n
Oth + 0y (hU) = 0, hU = / udy.
fo

» Momentum equation

Dets + udyu + vdyu = —dp + 5 02u.
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Towards the extended model

Going back to original variables

» Incompressibility unchanged: vyields

U
O¢h + 0x(hU) =0, hU = / udy.
f

» Momentum equation

Oru + udxu + voyu = —0xp + 328}2,&

. -
O0t(hU) + 0x </ u? dy) = —hﬁxp—528yu|y:fb
- f/)

But dyul,—s, = dylily—0/0 = T/6



Towards the extended model

Going back to original variables

» Incompressibility unchanged: vyields

n
Oth + 0 (hU) = 0, hU = udy.
fp

» Momentum equation

' B
8t(hU) + 8)( (/ le dy) = —haxp—(S'T7 T = —Ue
“ f/)



Towards the extended model

Going back to original variables

» Incompressibility unchanged: vyields

n
Oth + 0 (hU) = 0, hU = / udy.
fp

» Momentum equation

' B
8t(hU) + 8)( (/ le dy) = —haxp—(S'T7 T = —Ue
“ f/)

U _
Flux closure: / v dy = (h—6(01 + &2)) u?
fo



Extended Shallow Water model

_ 1 5 h2 _ fé —
0:(hU) + Ox <(h — 001 (1 + ﬁ))ue + 2,_—r2> =—hgs 07

1
atue + UeaXUe = — ﬁ((?xh =+ fé)



Extended Shallow Water model

h? =52 fp =
2 2\ _ b
D¢ (hU) + O (hU ‘ot 6(61 — b2 — 5ﬁ)ue) = _h/:rz —or

1
OtUe + UOxUe = — ﬁ(axh + fl;)



Extended Shallow Water model

h2 - _s2 f! B
2, 7 S, 8%y, 2 = _p b
B:(hU) +8X<hU + 555 (01— 62 — 37 )ue) h=bs o7

1
3tue + ueﬁxue = — ﬁ(axh —+ fé)
Two possibilities to close the system

hU = (h— 361)ue



Extended Shallow Water model

oo g £l
2, 7 S, 8%y, 2 = _p b
8t(hU) + Oy (hU + 52 +5((51 0o — 0 s )ue) hFr2 ot

1
3tue + ueﬁxue = — ﬁ(axh —+ fé)
Two possibilities to close the system

hU = (h— 361)ue

ugdl
H

O¢(Ued1) + ued10xue + Ox( )=7



Equivalent ideal fluid |: Apparent topography
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ideal fluid with velocity v,
on height H such that
hU = (h — 661)ue = Hue



Equivalent ideal fluid I: Apparent topography

by | ’ n
~ ideal fluid with velocity ue
w ) = - on height H such that
s -
A < s hU = (h — 661)ue = Hue

8{1—[ + 8 (Hue) + 8t((§(51) =0

H -
750x(301 + )

O0t(01ue) + Ox <(1 + H)61u§> = UeOx(01ue) + T

Or(Hue) + Ox(Hu? + SF 2) + 0e0:(061) = —



Equivalent ideal fluid I: Apparent topography

ideal fluid with velocity v,
- on height H such that
hU = (h — 661)ue = Hue

:
A B

|
T

8{1—[ + 8X(Hue) + 8t((§(51) =0

2 p—
ﬁ) + ueat(5(51) = —ﬁ

O0t(01ue) + Ox <(1 + I:)cﬁug) = UeOx(01ue) + T

Or(Hue) + Ox(Hu? + i i 0x(661 + f3)

no-slip on y = f, + 601



Equivalent ideal fluid II: IBL

ideal fluid with velocity ue on height h



Equivalent ideal fluid II: IBL

ideal fluid with velocity ue on height h
ath + 8x(hue — 551ue) =0

s, hf; .
Ot(hue) + 0x | hus + — | = ~F2 + ueOx (001 ue)

O0t(01ue) + Ok ((1 + il)(ﬁug) = UeOx(d1ue) + T



Equivalent ideal fluid II: IBL

ideal fluid with velocity ue on height h
ath + ax(hue — gélue) =0

2 /
O¢(hue) + Ox (hu + h> = _ Dty =2 4 00, (601 ue)

O0t(01ue) + Ok ((1 + il)(ﬁug) = UeOx(d1ue) + T

Transpiration boundary condition/Interactive Boundary Layer:

Vely—f, = Uefy + 00x(51ue).



Hyperbolicity

P(A) = =X [(b— ue — A) ((ue — A\)* — Fr2h) — 6Fr 24




Hyperbolicity

P(A) = =X [(b— ue — A) ((ue — A\)* — Fr2h) — 6Fr 24

Consequences:
» conditional hyperbolicity: § small enough
» A1 shallow-water like eigenvalues, A3 viscous layer
> )3 can be nonpositive
» bounds on the eigenvalues



From Blasius to Rayleigh-Stokes
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Blasius 3 Rayleigh Stokes
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From Blasius to Rayleigh-Stokes

0.6

Blasius ‘
Stokes
05  ESW —r

4+
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01
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w
T
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Bumps |
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Blasius
ESW ——
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Bumps | bis

1 T T T T
Blasius
———— Sub-critical flow
——— Super-critical flow
0.8
0.6
IS \\_/
0.4 /\
—\ ;\
ht\
0.2
0
0 0.4 0.8 1 1.2 1.6



Bumps Il — length

0.8 T 0.45 T
Blasius —— Blasius
o=01 o=0.1
o =0.05 o = 0.0
0.6
0.4

Th




Bumps Il — height

0.8

0.6

0.4

0.2

-0.2

Blasius

a=0.01

a = 0.025, 4th order

o = 0.025, 2nd order
a = 0.025 with MLSW

reverse flow

0.6

0.8

1.2 1.4



That's all, folks !



