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Overview

I The main purpose is to study non-equilibrium two-phase flow models that rep-
resent gas and magma mixtures arising within volcanic eruptions phenomena.
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Governing equations

High-order relaxation methods

Numerical results and examples

I Mixture mass, momentum, and energy conservation equations:

∂

∂t
(ρ) +

∂

∂x
(ρu) = 0,

∂

∂t
(ρu) +

∂

∂x
(ρu2 + P + ρc(1− c)u2r) = 0,

∂

∂t
(ρE) +

∂

∂x

(
ρuE + Pu+ ρc(1− c)ur

(
uur + (1− 2c)

u2r
2

+
∂e

∂c

))
= 0.

I Volume and mass fractions for the gas phase and relative velocity:

∂

∂t
(ρα) +

∂

∂x
(ρuα) = 0,

∂

∂t
(ρc) +

∂

∂x
(ρuc+ ρc(1− c)ur) = 0,

∂

∂t
(ur) +

∂

∂x

(
uur + (1− 2c)

u2r
2

+
∂e

∂c

)
= π.
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Governing equations

High-order relaxation methods

Numerical results and examples

I Mixture velocity, density, momentum and pressure:

u = cgug+cmum, ρ = αρg+(1−α)ρm and ρu = αρgug+(1−α)ρmum.

I Mixture total energy and entropy:

E = e+ c(1− c)
urur

2
and P = αpg + (1− α)pm.

e = ceg(ρg , s) + (1− c)em(ρm, s) and s = csg + (1− c)sm.

α = αg = 1− αm and c = cg = αgρgρ
−1.

I Equations of state for perfect gas for gas and stiffened for magma:

eg(ρg , s) =
Ag

γg − 1

(
ρg

ρ0g

)γg−1

exp

(
s

cgV

)
,

em(ρm, s) =
Am

γm − 1

(
ρm

ρ0m

)γm−1

exp

(
s

cmV

)
+A0

ρ0m
ρm

.
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Governing equations

High-order relaxation methods

Numerical results and examples

I Relative velocity between the two phases:

ur = ug − um.

I Mass densities and pressures of each of the phases:

ρg =
cρ

α
, ρm =

(1− c)ρ
1− α

, pg = ρ2g
∂eg

∂ρg
and pm = ρ2m

∂em

∂ρm
.

I Source term that represents the interfacial friction between phases:

π = κ(u2 − u1) = κur.
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Governing equations

High-order relaxation methods

Numerical results and examples

I Conservative form of the governing equations:
∂U

∂t
+
∂F(U)

∂x
= S(U).

U =



ρ

ρα

ρu

ρc

ur

ρE


, F(U) =



ρu

ρuα

ρu2 + P + ρc(1− c)u2r
ρuc+ ρc(1− c)ur

uur + (1− 2c)
u2r
2

+
∂e

∂c

ρuE + Pu+ ρc(1− c)ur
(
uur + (1− 2c)

u2r
2

+
∂e

∂c

)


,

S(U) =


0
0
0
0
π
0

 .
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Governing equations

High-order relaxation methods

Numerical results and examples

I Relaxation system for the conservative form of the governing equations:

∂U

∂t
+
∂V

∂x
= S(U),

∂V

∂t
+ B2 ∂U

∂x
= −

1

τ

(
V − F(U)

)
.

V ∈ R6 is the relaxation variable and B2 = diag{B2
1 , . . . , B

2
6} is a diagonal

matrix with positive diagonal elements B2
k, k = 1, . . . , 6.

τ ∈ [0, 1) is the relaxation rate.
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Governing equations

High-order relaxation methods

Numerical results and examples

I Semi-discrete relaxation scheme:

dUi

dt
+

Vi+1/2 −Vi−1/2

∆x
= S(U)i,

dVi

dt
+ B2

i

Ui+1/2 −Ui−1/2

∆x
= −

1

τ

(
Vi − F(U)i.

)

Wi (W = U or W = V) is the space average of a generic solution W

in the cell [xi−1/2, xi+1/2] at time t and Wi+1/2 is the numerical flux

at x = xi+1/2 and time t.

Wi(t) =
1

∆x

∫ xi+1/2

xi−1/2

W(x, t)dx, Wi+1/2 = W(xi+1/2, t).
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Governing equations

High-order relaxation methods

Numerical results and examples

I Implementation of an s-stage IMEX scheme: Step 1

For l = 1, . . . , s:

(1) Evaluate
(
Û(l)
i , V̂(l)

i

)
as:

Û(l)
i = Un

i −∆t

l−1∑
m=1

ãlm
V̂(m)
i+1/2

− V̂(m)
i−1/2

∆x
,

V̂(l)
i = Vn

i −∆tB2
i

l−1∑
m=1

ãlm
Û(m)
i+1/2

− Û(m)
i−1/2

∆x
.

(2) Then solve for
(
U(l)
i ,V(l)

i

)
:

U(l)
i = Û(l)

i + ∆t
l∑

m=1

almS(U(l))i,

V(l)
i = V̂(l)

i −
∆t

τ

l∑
m=1

alm

(
V(l)
i − F(U(l))i

)
.
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Governing equations

High-order relaxation methods

Numerical results and examples

I Implementation of an s-stage IMEX scheme: Step 2

For l = 1, . . . , s, update
(
Un+1
i ,Vn+1

i

)
as:

Un+1
i = Un

i −∆t
s∑
l=1

b̃l
V(l)
i+1/2

− V(l)
i−1/2

∆x
+ ∆t

s∑
l=1

blS(U(l))i,

Vn+1
i = Vn

i −∆tB2
i

s∑
l=1

b̃l
U(l)
i+1/2

− U(l)
i−1/2

∆x
−

∆t

τ

s∑
l=1

bl

(
V(l)
i − F(U(l))i

)
.
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Governing equations

High-order relaxation methods

Numerical results and examples

I Fully-discrete relaxation scheme

∂F+

∂t
+ B

∂F+

∂x
= −

1

τ

(
F+ −M+

)
,

∂F−

∂t
−B

∂F−

∂x
= −

1

τ

(
F− −M−) .

F+ and F− are kinetic variables (Riemann invariants) the components of which
are

F+
k =

1

2

(
Uk +

Vk

Bk

)
, F−

k =
1

2

(
Uk −

Vk

Bk

)
, k = 1, . . . , 6,

whereas the local equilibrium functions (or Maxwellians) M+ and M− are

M+
k =

1

2

(
Uk +

Fk(U)

Bk

)
, M−

k =
1

2

(
Uk −

Fk(U)

Bk

)
, k = 1, . . . , 6.
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Governing equations

High-order relaxation methods

Numerical results and examples

I Fully-discrete relaxation scheme: First-order reconstruction

F+
i+1/2

= F+
i , F−

i+1/2
= F−

i+1.

The intermediate solutions are

Ui+1/2 =
Ui + Ui+1

2
−
Vi+1 − Vi

2Bk

Vi+1/2 =
Vi + Vi+1

2
−Bk

Ui+1 − Ui
2

For time integration, the first-order IMEX scheme defined by the double Butcher’s
tableau is considered.

0 0

1

1 1

1
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Governing equations

High-order relaxation methods

Numerical results and examples

I Fully-discrete relaxation scheme: Second-order reconstruction

F+
i+1/2

= F+
i +

1

2
∆xσ+

i , F−
i+1/2

= F−
i+1 +

1

2
∆xσ−

i+1.

σ+
i and σ−

i are the slope of F+ and F− on the cell [xi−1/2, xi+1/2].

σ±
i =

1

∆x

(
F±
i+1 −F

±
i

)
Φ(θ±i ), θ±i =

F±
i −F

±
i−1

F±
i+1 −F

±
i

, Φ(θ) =
|θ|+ θ

1 + |θ|
.

The intermediate solutions are

Ui+1/2 =
Ui + Ui+1

2
−
Vi − Vi+1

2Bk
+
σ+
i + σ−

i+1

4Bk
,

Vi+1/2 =
Vi + Vi+1

2
−Bk

Ui+1 − Ui
2

+
σ+
i − σ

−
i+1

4
.

For time integration, the second-order IMEX scheme defined by the double
Butcher’s tableau is considered.

0 0 0

0 1 0
1
2

1
2

−1 −1 0

2 1 1
1
2

1
2
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Governing equations

High-order relaxation methods

Numerical results and examples

I Expansion tube problem for a mixture of gas and magma:

Magma

(ρm, um, sm)L = (3800 kg/m3,−700 m/s, 7556.5895 J/K.kg)

(ρm, um, sm)R = (3800 kg/m3, 700 m/s, 7556.5895 J/K.kg)

Gas

(α, ρg , ug , sg)L = (0.75, 1562 kg/m3,−700 m/s, 12658.879 J/K.kg)

(α, ρg , ug , sg)R = (0.75, 1562 kg/m3, 700 m/s, 12658.879 J/K.kg)

14 / 20 Loubna SALHI 7ème école Egrin 24th - 27th June, 2019



Governing equations

High-order relaxation methods

Numerical results and examples
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Governing equations

High-order relaxation methods

Numerical results and examples

I Shock tube problem for a mixture of gas and magma:

Magma

(ρm, um, sm)L = (2500 kg/m3, 1000 m/s, 7556.5895 J/K.kg)

(ρm, um, sm)R = (1800 kg/m3, 400 m/s, 7556.5895 J/K.kg)

Gas

(α, ρg , ug , sg)L = (0.6, 1977 kg/m3, 700 m/s, 12658.879 J/K.kg)

(α, ρg , ug , sg)R = (0.6, 1000 kg/m3, 100 m/s, 12658.879 J/K.kg)
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Governing equations

High-order relaxation methods

Numerical results and examples
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Conclusions and Perspectives

I The relaxation method transforms the nonlinear hyperbolic system to a semi-
linear model which can be solved numerically without using either Riemann
solvers or linear iterations.

I The scheme can be applied to other systems of non-equilibrium two-phase flow
problems such as slurry pipeline flows.

18 / 20 Loubna SALHI 7ème école Egrin 24th - 27th June, 2019



Some references

D. Zeidan, E. Romensky, A. Slaouti, and E.F. Toro , Numerical study of

wave propagation in compre- sible two-phase flow , International Journal for Nu-
merical Methods in Fluids, 2007.

M.K. Banda and M. Seaid, Higher-order relaxation schemes for hyperbolic

systems of conservation laws, J. Numer. Math., 2005.

U. Ascher, S. Ruuth, and R. Spiteri, Implicit-explicit Runge–Kutta methods

for time-dependent partial differential equations, Appl. Numer. Math., 1997.

S. Jin and Z. Xin, The relaxation schemes for systems of conservation laws in

arbitrary space dimensions, Comm. Pure Appl. Math., 1995.
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