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Solving mixed multilinear systems

Objective

Solve (symbolically) square some mixed sparse multilinear systems

o Take into the account the sparseness

@ Polynomial time wrt the number of solutions

v

@ Sylvester- and Koszul-type determinantal formula for the resultant

@ Extension of the Eigenvalue criteria

@ Extension of the Eigenvector criteria

@ Applications to the Multiparameter Eigenvalue Problem (MEP)
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The resultan

Projective resultant

Necessary and sufficient condition for a homogeneous system in
(fo,...,f) € K[xo,...,xn]" " to have solutions in P".
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The resultant

Projective resultant

Necessary and sufficient condition for a homogeneous system in
(fo,...,f) € K[xo,...,xn]" " to have solutions in P".

Example : Resultant of linear forms = Determinant

aix+ay+azz=0
The system ¢ by x+ by + b3z=0 has a solution over P2
ax+ecy+cz=0

)

a a a3
det | b1 by b3 =0.
i €& C3
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The resultant

Projective resultant

Necessary and sufficient condition for a homogeneous system in
(fo,...,f) € K[xo,...,xn]" " to have solutions in P".

Example : Resultant of linear forms = Determinant

Example : Resultant of binary forms = Det of Sylvester matrix

2 2 _
{ Zi );3 j; 7722 );gly—i_—i—aiJ:x y2?k bay? = 0 has a solution over P!
ay da asj 0 0
0 a a a3 O
det 0 0 a a a3 =0.
bi b b3 by O
0 by by by by
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Sylvester-type formulas

Classical way of computing resultant — Sylvester-type formula

n
(gOa'” 7gn) = Zglﬁ
i=0

Macaulay resultant matrix

[Macaulay, 1916]

X2 Xy Xz y2 yz 22

fii= aix>+ayxy+a3xz+ iila a a a a a
B ok i P Xl;z by 1;2 bs b
fb:= bix+byy+ b3z Y 4 2 .

hi= ax+oy+cz zf o by b
yf a ©

zfy ci ©

Determinant = Resultant - ExtraFactor .
—_—

Minor of the matrix
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Sylvester-type formulas

Classical way of computing resultant — Sylvester-type formula

n
(gOa'” 7gn) = Zglﬁ
i=0

Macaulay resultant matrix

fii= ayx’+axy+a3xz+

agy’+ asy z + ap 22
fb:= bix+byy+ b3z
hi= ax+oy+cz

[Macaulay, 1916]

x> xy xz y?> yz Z2°
fl dl d2 a3 a4 as ap
xfh | b1 by bs
yh b, by b3
zf b, b, by
yh a Q G
z f3 (5] C C3

Determinant = Resultant - ExtraFactor .
—_—

Minor of the matrix

Determinantal formula — ExtraFactor is a constant.
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@ We want to compute the two solutions a1, an € P? of

fir= 1x2+—1xy+4xz+—-2y>+-5yz+32°
hi= Ix+—-1y+—-1z
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@ We want to compute the two solutions a1, an € P? of

fir= 1x2+—1xy+4xz+—-2y>+-5yz+32°
hi= Ix+—-1y+—-1z

Matias BENDER

Determinantal formulas for multilinear systems

@ Introduce fy ;= —1x+ 2y + 1z and consider a Sylvester-type formula.
x> xy xz y*|lyz Z2°
fi 1 -1 4 -2|-5 3
L1 -1 -1
Mg | Mo\ _ 02

v Vi = yh 1 —-1|-1
21 122 zfh 1 -1 -1

y -1 2 1
zf -1 2 1
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@ We want to compute the two solutions a1, an € P? of

fir= 1x2+—1xy+4xz+—-2y>+-5yz+32°
hi= Ix+—-1y+—-1z

@ Introduce fy ;= —1x+ 2y + 1z and consider a Sylvester-type formula.
x> xy xz y*|lyz Z2°
fi 1 -1 4 -2|-5 3
L1 -1 -1
Mg | Mo\ _ 02

v Vi = yh 1 —-1|-1
21 122 zfh 1 -1 -1

y -1 2 1
zf -1 2 1

@ Schur complement of M, , <+ Multiplication map

~ _ 0 4
Moo= Mo — My, Mml My, = ( 10 >
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Solving

@ We want to compute the two solutions a1, ap € P? of

{

fi:
fp:

1)(2-¢——1><y-%—4><z+—2)/2-¢——5yz-¢—3z2
1x+—-1y+ —1z

@ Introduce fy := —1x+ 2y + 1z and consider a Sylvester-type formula.
1 —1 4 -2 —5 3
1 —1 —1
Mg | Mio \ 1 —1| —1
( Mo 1 My 2 )7 1 —1 —1
—1 2 1
—1 2 1

@ Schur complement of M, > <+ Multiplication map

Matias BENDER
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Solving

@ We want to compute the two solutions a1, ap € P? of

fi:
fp:

1)(2-¢——1><y-%—4><z+—2)/2-¢——5yz-¢—3z2
1x+—-1y+ —1z

@ Introduce fy := —1x+ 2y + 1z and consider a Sylvester-type formula.
1 —1 4 -2 —5 3
1 —1 —1
Mg | Mio \ 1 —1| —1
( Mo 1 My 2 )7 1 —1 —1
—1 2 1
—1 2 1

@ Schur complement of M, > <+ Multiplication map
Mo = My — My My L My s = ( 9 2 )
o Eigenvalues of My, < fo(a) [Lazard, 1981]
fo(o1) =2 and fo(ar) = —2.
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@ We want to compute the two solutions a1, ap € P? of

fi:= 1)(2-¢——1><y-%—4><z+—2)/2-¢——5yz-¢—3z2
b= 1x+—1ly+—1z
@ Introduce fy := —1x+ 2y + 1z and consider a Sylvester-type formula.
1 -1 4 —2|-5 3
1 -1 -1
Mia | Mio \ _ 1 —1| -1
Mox | Moo )~ 1 -1 -1
-1 2 1
-1 2 1

@ Schur complement of M, > <+ Multiplication map

~ 1 0 4
M2 =Mz — M2y My My p = ( 1 0 )

o Eigenvalues of My, < fo(a) [Lazard, 1981]
fo(a1) =2 and fo(an) = —2.
@ Eigenvectors of /\712,2 ~ ( );22 > (ai) [Auzinger & Stetter, 1988]

(5)er=(3) w (5)e(7)
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We want to compute the two solutions a similar system
fi= 1x°+ —1xy+4xz+ -2y’ +—-5yz+32°
fr = @x—i——ly—i——lz
We introduce fy := —1x+ 2y + 1z and consider a Sylvester-type formula.

x> xy xz y*|lyz Z2°

fi |1 -1 4 -2|-5 3

(M1,1 M1,2) xf2 @ _@1 -1

= yf. -1|-1
My | M yi
2,1 2,2 25 @ 1 1
v —1 2 |1
zfy -1 2 1

The submatrix My 1 not invertible = we cannot compute Schur complement.

Why? Because the ExtraFactor vanishes.
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Solving polynomial systems using the resultant

a € P" solution
of the system

(h,...,f)

Homogeneous square
system (f1,...,f,)

Y
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Solving polynomial systems using the resultant

a € P" solution
of the system

(h,...,f)

Homogeneous square
system (f1,...,f,)

Y

Add fy

Y
Resultant of
(ﬂ)aﬁn"')fn)
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Sylvester-type

formula




Solving polynomial systems using the resultant

a € P" solution
of the system
(..., 1)

Homogeneous square
system (f1,...,f,)

Y

Add fy

Y
Resultant of
(fo, f1,. .., fa)

!

Sylvester-type

| fo(a) eigenvalue
Schur of Mp»
complement

My My M1 Mo
Mz1 Mz o 0 M,

formula




Solving polynomial systems using the resultant

« € P" solution

Homogeneous square
& e say of the system

system (fi,..., 1)

Y

(f,..., 1)
Add fy
Y
Resultant of
(fo,fi,-.. 1)
Sylvester-type _| fo(a) eigenvalue | | Coordinates of « from
Schur of My ~ 7| eigenvector of M2
formula ’ ;

complement

My My M1 Mo
Ma1 Mo 0 M,




Solving polynomial systems using the resultant

« € P" solution

Homogeneous square
& us squ of the system

system (f1,...,f,)

Y

(f,..., 1)
Add fy
Y
Resultant of
(fo,fi,-.. 1)
Sylvester-type _| fo(a) eigenvalue | | Coordinates of « from
Schur of My ~ 7| eigenvector of M2
formula ’ ;

complement

M1 M, My Mo Problems
Mz1 Mz o 0 M,

@ My 1 not invertible

@ M, ; too big




Solving polynomial systems using the resultant

« € P" solution

Homogeneous square
& us squ of the system

system (f1,...,f,)

Y

(A, 1)
Add f,
Y
Resultant of
(fo, fay-- -y 1n)
Sylvestt'ar—type | fo() eigenvalue | | Coordinates of a from
determinantal Schar of My ~ | eigenvector of M,
formula
complement . -

My My M1 Mo
Mz1 Mz o 0 M,

~ ~

Matias BENDER Determinantal formulas for multilinear systems May 24, 2019 6 / 19




Multihomogeneous systems

Multiprojective space P™ X --- x P" < Multihomogeneous polynomials.

Multiprojective resultant

Necessary and sufficient condition for a multihomogeneous system in
(ﬂ), cey fn1+-~~+nr) E (K[XL(), ... ,X17,,1] X R K[Xr70, ... ,Xr7,,r])n1+"'+n’+1
to have solutions in P™ x .. x P,

Sylvester-type determinantal formulas

@ Unmixed case (same support)
[Sturmfels, Zelevinsky, 1994], [Weyman, Zelevinsky, 1994],
[Dickenstein, Emiris, 2003], [Emiris, Mantzaflaris, 2012]

@ Mixed case (different support)

We study determinantal formulas for some mixed multilinear systems.
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The resultant as the determinant of a complex

Cayley method

o Compute the resultant as determinant of complex K.

Ko :0 = Knsx 2% 0 kg 2 Ko 2 5 KL, 0.
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The resultant as the determinant of a complex

Cayley method

o Compute the resultant as determinant of complex K.

Ko :0 = Knsx 2% 0 kg 2 Ko 2 5 KL, 0.
o If (Vi ¢{0,1}) K; =0, that is
Ke:O— - 03K 5 Kg—0—--—0

Then, determinantal formula — Determinant of K, = Det. of d;.

Matias BENDER Determinantal formulas for multilinear systems May 24, 2019 8 / 19



The resultant as the determinant of a complex

Cayley method

o Compute the resultant as determinant of complex K.

Ko :0 = Knsx 2% 0 kg 2 Ko 2 5 KL, 0.
o If (Vi ¢{0,1}) K; =0, that is
Ke:0— 0K 25 Ky—=0---—0

Then, determinantal formula — Determinant of K, = Det. of d;.

@ These determinantal formula are not necessarily Sylvester-type.
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The resultant as the determinant of a complex

Cayley method

@ Compute the resultant as determinant of complex K.

Ko :0 = Knsx 2% 0 kg 2 Ko 2 5 KL, 0.
o If (Vi ¢{0,1}) K; =0, that is
Ke:0—--- —>0—>K1 L Kyp—>0—>---—0

Then, determinantal formula — Determinant of K, = Det. of ;7.

@ These determinantal formula are not necessarily Sylvester-type.

Weyman complex
@ Complex parameterized by vector m. lts determinant is the resultant.

o Strategy — Look for vectors m such that the Weyman complex
gives a determinantal formula.
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Solving polynomial systems using the resultant

— « solution of
Square multilinear | the system
system (fi,...,f,) ] (i g )
N
Add fy
Y
Resultant of
(fo, fiy -y fn)
Weyman
! complex
3y|vest§r-type| - fo(a) eig~envalue | Coordinates of o from
SIRTMITE Sy of My “ 7| eigenvector of My
formula

complement

My 1 My M1 M2
Mz M 2 0 M,




Solving polynomial systems using the resultant

— « solution of
Square multilinear
> the system
system (f1,...,f,) (f £)
Add f
Y
Resultant of
(fo, fay- -y 1n)
Weyman
4 complex

Sylvester-type
determinantal
formula

| fo(a) eigenvalue | | Coordinates of o from
Schur of Ma ~ 7| eigenvector of Ms

complement L __ __ __________________

! Great, but... !

My Mo My1 Mo : !

Moz Mo | | 0 W ISylvester—ty.pe _det. formulas !

' does not exist in general, !

' Can we generalize the scheme ? i
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Example : Solving bilinear system with two supports

@ Over P™ x P x P"-, we want to solve (fi,...,f,) such that:
o fi,...,f € K[X]1 ® K[Y]x, bilinear in the blocks X and Y, and
o fri1,...,f € K[X]1 ® K[Z], bilinear in the blocks X and Z.
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Example : Solving bilinear system with two supports

@ Over P™ x P x P"-, we want to solve (fi,...,f,) such that:
o fi,...,f € K[X]1 ® K[Y]x, bilinear in the blocks X and Y, and
o fri1,...,f € K[X]1 ® K[Z], bilinear in the blocks X and Z.

e We introduce a trilinear polynomial f € K[X]; @ K[Y]; ® K[Z];.

Matias BENDER Determinantal formulas for multilinear systems May 24, 2019 10 / 19



Example : Solving bilinear system with two supports

@ Over P™ x P x P"-, we want to solve (fi,...,f,) such that:
o fi,...,f € K[X]1 ® K[Y]x, bilinear in the blocks X and Y, and
o fri1,...,f € K[X]1 ® K[Z], bilinear in the blocks X and Z.

e We introduce a trilinear polynomial f € K[X]; @ K[Y]; ® K[Z];.

@ Weyman complex — Koszul-type formula for the resultant.
o Generalization of Sylvester-type formula (ie, (go,...,8&) — >, &i fi)
o The elements in the matrix are 4 the coefficients of the polynomials.
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Example : Solving bilinear system with two supports

@ Over P™ x P x P"-, we want to solve (fi,...,f,) such that:
o fi,...,f € K[X]1 ® K[Y]x, bilinear in the blocks X and Y, and
o fri1,...,f € K[X]1 ® K[Z], bilinear in the blocks X and Z.

e We introduce a trilinear polynomial f € K[X]; @ K[Y]; ® K[Z];.

@ Weyman complex — Koszul-type formula for the resultant.
o Generalization of Sylvester-type formula (ie, (go,...,8&) — >, &i fi)
o The elements in the matrix are 4 the coefficients of the polynomials.

Number of solutions Size of the Koszul-type matrix
of (f,..., 1)
r n—r r\ n—r\ r(n—r)—ny,-n,4+n+1
("y) ( ny ) (nX + 1)(ny)< n, )(r—ny—i—l)(ny—r—nz—H)

Matias BENDER Determinantal formulas for multilinear systems May 24, 2019 10 / 19



Example : Koszul-type formula

fi == Txoyo + —8x0y1 + —1x1y0 +2x1y1 }

e K[X,Y
fr .= =b5xoy0 + Txoy1 + —1xiyo + —1xiy1 [ ]
f3:= —bxpz20 +Ix0z1 + —1x320+ —2x121 € K[X, Z]
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Example : Koszul-type formula

fo := 3 xoy020 + —Ixoy0z1 + —4 Xoy120 + 2 Xoy121 € K[X. Y, Z]
+1x1y020 + 2 x1y021 + 2 x1y120 + —2 X1)121

fi == Txoyo + —8x0y1 + —1x1y0 +2x1y1 }

e K[X,Y
fr .= =b5xoy0 + Txoy1 + —1xiyo + —1xiy1 [ ]
f3:= —bxpz20 +Ix0z1 + —1x320+ —2x121 € K[X, Z]
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Example : Koszul-type formula

fo := 3 xoy020 + —Ixoy0z1 + —4 Xoy120 + 2 Xoy121 € K[X. Y, Z]
+1x1y020 + 2 x1y021 + 2 x1y120 + —2 X1)121

fi = Txoy0 + —8x0y1 + —1x1y0 + 2x1)1
f .= =5x0y0 + Txoy1 + —1xiy0 + —1x1y1 €KX, Y]
f3:= —bxpz20 +Ix0z1 + —1x320+ —2x121 € K[X, Z]
i 5 —7 1 1 ]
7 -8 -1 2
-1 -1 -5 7
7 -1 -1 -5
1 -2 -7 8
M o 8 -2 1 -7
2 9 -2 -2 -1 2
2 -2 9 -2 2 -1
1 —6 —1 2 3 —4
4 2 6 11 3 |
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Square mixed « solution of
bilinear system the system
(fi’ MR ﬁ7) (fi’ ce ﬁ])

\

Add fy

Y

Resultant of
(fo, A,y .-, 1n)

Weyman
| complex

Koszul-type
Determinantal
formula

| fo(c) eigenvalue
Schur of Mo

complement

My My Mi1 Mo
M1 M > 0 My
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Example : Generalized Eigenvalue Criterion

fo = Xoyozo + —1xoy0z1 + —84 x0y120 + 2 x0y121
+1x1y020 + 2 x1¥021 + 2 x1y120 + —2 Xx1121
fi = Txoyo+ —8xoy1 + —1x1y0+2x101

f:= —5xo00+7Txy1+—1xiyo+—1xiy1
f3:= —bx0zg+9x2z1+—1x120+ —2x171
o o0 0 5 -7 1 1 0] 0 0]
o o o0 7 -8 -1 2 0] 0 o0
0o -1 0 0 0 0 o0 —-1|-5 7
7 0 -1 0 0 0 0 —1| 0 -5
Migi | My o 1 0 0 0 0 0 —2|-7 8
= 8 0 -2 0 0 0 0 1| 0 -7
M o 2 0 9 0 -2 0 —2|-1 2
21| My 2 0 -2 0 9 0 -2 2| 0 -1
o 1 0 -6 0 -1 0 2 —4
|4 o 2 0o -6 o0 —1 1| o [3]]
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Example :

fo = XOYOZO + —Ixoyoz1 + —4 xoy120 + 2 Xoy121
+1x1y020 + 2 x1y021 + 2x1y120 + —2x1y121
fi:= Txoyo+ —8xy1 + —1xiyo +2xi1y1
fh:= —5xy0+7Txoy1+—1xiyo+ —1xiy1
f:= —b6xpz0+9xz1+ —1x1z0+ —2x121
ro0 0 0 5 —7 1 1 0 0 0 1
0 0 0 7 —8 -1 2 0 0 0
0o -1 0 0 0 0 0 —1]| —5 7
7 0o -1 0 0 0 0o —1 0 -5
Ml,l M1,2 0 1 0 0 0 0 0 —2| -7 8
- 8 0o -2 0 0 0 0 1 0o -7
0 2 0 9 0 —2 0 —2| —1 2
M 2 0 —2 0 9 0o -2 2 0 —1
2,1 M2,2 o 1 0 -6 0 -1 0 2 —a
. -4 o 2 o -6 0o -1 1| o ]

/\7’2,2 = (Mz,z - My - ;11 : Ml,2) = [2 :ﬂ
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Example : eralized Eigenvalue Criterion

fo:=[3]x0y020 + —1xoyoz + —4x0y120 + 2 x0y121
+1x1y020 + 2 x1y021 + 2 x1y120 + —2 X1y121
h = Txoyo+ —8xoy1 + —1x1y0+ 2xiy1
h:= —5xy +7xy1+—1xiy0+—1xiy1
f:= —bxpz0+9x0z1+ —1x120 + —2x121
o o o0 5 -7 1 1 0] 0 07
o o o 7 -8 -1 2 0| 0o o0
o -1 0o 0 o0 0 0 —-1|-5 7
7 0o -1 0 0 0 0 —-1| 0 -5
M171 M1,2 0 1 0 0 0 0 0o —2| —7 8
= 8 0 -2 0o 0o 0 0o 1| 0o -7
o 2 0o 9 0 -2 0 —2|-1 2
M 2 0 -2 0o 9 0o -2 2| 0o -1
2,1 M, > o 1 o0 -6 0 -1 0 2 —a
—4 0o 2 0 -6 0 —1 1| o0 ]

Mz,z = (Mo — My - M1—11 M) = {i j]

Eigenvalues of M,

(1:1;1:1;1:1))=3
((1:3; 1:2; 1:3)) =1

XO.VOZO

1
(13, 2

XO}’OZO
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Square mixed « solution of
bilinear system the system
(..., 1) (..., 1)

\

Add fy

Y

Resultant of
(fo, f1,---,1n)

Weyman
J complex

Koszul-type
Determinantal
formula

fo(c) eigenvalue | | Coordinates of a from
Schur of M ~ | eigenvector of My,

complement

My My My 1 Mo
M1 M > 0 M
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Example : Generalization of the eigenvector criterion

b ((1:3; 1:2; 1:3)) =1 =

X0Y020

We can not recover (1:3; 1:2; 1:3) from {%}
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Example : Generalization of the eigenvector criterion

b ((1:3; 1:2; 1:3)) =1 =

X0Y020

We can not recover (1:3; 1:2; 1:3) from {%}

We extend v — v s.t.

4 =122

3 =311

Loi

Ml,l M > fo 0 1 [ 2=112
= — a) . 2 3 = 31

m 6 =312

_ 6 = 32

M; 1 M > v 1= 11
2 =12

)®1

(1~8x0+3-6x1)®(1~1~8y02+1~2-8y03}/1+2-2~8y12
(1:0x0+3-9x)®(1- 9y +2-0y1)®1
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Solving Mixed Square Multilinear Systems

Let (f1,..., 1) € (K[X1]® - K[Xa] @ K[V1] ® - - - @ K[ YE])".
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Solving Mixed Square Multilinear Systems

Let (f1,..., 1) € (K[X1]® - K[Xa] @ K[V1] ® - - - @ K[ YE])".
@ Star multilinear system: For every f;, there is ji such that

fx € K[Xl]l X ... K[XA]l X K["J‘k]]-'

%O K[Y1]1
K[X1)1 ® - @ K[Xa]1 O .

\O K[YZ]l

O K[Vel,
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Solving Mixed Square Multilinear Systems

Let (f1,..., 1) € (K[X1]® - K[Xa] @ K[V1] ® - - - @ K[ YE])".
@ Star multilinear system: For every f;, there is ji such that

fx € K[Xl]l X ... K[XA]l X K["J‘k]]-'

*O K[Y1]1
K[X1)1 ® - @ K[Xa]1 O .

\O K[YZ]l

O K[Ys]:
@ Bipartite bilinear system: For every fy, there are iy and jx such that

fic € K[Xi ] @ K[V} 1.

KX O ©
K[X2] O x O :K[Yl]
]K[XA]: O ® O K[Yg]
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Applications : Multiparameter Eigenvalue Problem

Generalized Eigenvalue Problem

N ) 2]
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Applications : Multiparameter Eigenvalue Problem

@ Generalization of the Generalized Eigenvalue Problem

-7 -3 12 2 -7 -1 Vo
Ao + A\ + X2 =0
-8 -2 13 1 -7 -1 Vi
7 -1
+ A1
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Applications : Multiparameter Eigenvalue Problem

@ Generalization of the Generalized Eigenvalue Problem
@ Applications in physics (Sturm-Liouville theory)
@ It is a square star multilinear system

2 equations O Klw, vi]1
K[)\(), >‘13 )‘2]1 O
2 €quations O Kwo, wi]1

O s I
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Applications : Multiparameter Eigenvalue Problem

@ Generalization of the Generalized Eigenvalue Problem
@ Applications in physics (Sturm-Liouville theory)
@ It is a square star multilinear system

2 equations O Klw, vi]1

K[)\(), >‘13 )‘2]1 O
2 €quations O Kwo, wi]1

(77)\0+12>\177>\2) (73/\0+2>\17)\2) Vo 0
(—=8Xo+ 13X —7X2) (=20 + A1 — A2) B

(—11)\0+7)\1—4)\2) (—3)\0—)\1) wo _0
[ (420 + A1 —X2) (/\0+2)\1—/\2)].[ ]_
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Applications : Multiparameter Eigenvalue Problem

@ Generalization of the Generalized Eigenvalue Problem
@ Applications in physics (Sturm-Liouville theory)
@ It is a square star multilinear system

2 equations O Klw, vi]1

K[)\(), >‘13 )‘2]1 O
2 €quations O Kwo, wi]1

(“7TX+120 —7X) v+ (=3 +2M —A)vy =0
(=820 + 131 — 7Aa) 1o + (=220 + A1 — Aa) v = 0
(=11 X0 + 7 A1 —4A2) wo + (=3 X0 — A1) wi = 0
(Axo+ M=) wo+(Mo+2X1— ) wy =0

Matias BENDER Determinantal formulas for multilinear systems May 24, 2019 17 / 19



Applications : Multiparameter Eigenvalue Problem

@ Generalization of the Generalized Eigenvalue Problem
@ Applications in physics (Sturm-Liouville theory)
@ It is a square star multilinear system

2 equations O Klw, vi]1

K[)\(), >‘13 )‘2]1 O
2 €quations O Kwo, wi]1

A= (=TA+12X —7X) vo+ (=3 +2M — ) vy
fr=(=8X+13A —7X) o+ (-2 o+ 1 — 2w
fi=(=11X+7A —4X) wo+(—3X— M) W
for=(A X0+ — ) wo+ (Mo +2A1 — X)) mg
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Applications :

rra B
i

= (=
(=
(=
= (

Matias BENDER

7/\0+12)\1—7/\2) Vo+(—3)\o—|—2)\1—

8)\0+13/\1*7>\2) V0+(*2>\0+)\1

Multiparameter Eigenvalue Problem

)\2) V1

- )\2) Vi

1M +7M —4X) wo+(=3X— A1) wy

A0+ A —X) wo+(Ao+2A — A2) wmy

Determinantal formulas for multilinear systems
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Applications : Multiparameter Eigenvalue Problem

A=(=TX+12M —-TX) vo+ (-3 +2M1—X2)w
fy = (=80 + 13 A1 — TX0) vo+ (=200 + M — Xo) i
fyim (=11 Mo+ 7 A — 4X) wo+ (=3 X0 — A1) wt
far=@X+ M=) wo+(Xo+2A— X)) wm

To solve, we add linear fy := —X\g + 51 — 3 A2 € K[A];.

Weyman complex — Sylvester-type formula
§: (Klvl @ K[w]p) x(Kw]1)? x(K[v]:)? — (K[A: ® K[v]: ® K[w]1)
( £, g.8 8.8 )+ Yio&if;
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Applications : Multiparameter Eigenvalue Problem

A=(=TX+12M —-TX) vo+ (-3 +2M1—X2)w
fy = (=80 + 13 A1 — TX0) vo+ (=200 + M — Xo) i
fyim (=11 Mo+ 7 A — 4X) wo+ (=3 X0 — A1) wt
far=@X+ M=) wo+(Xo+2A— X)) wm

To solve, we add linear fy := — )Xo +5X1 — 3 \» € K[A];.

Weyman complex — Sylvester-type formula
§ ¢ (K[v] @ K[w]p) x(Kw]1)? x(K[v]:)? — (K[A: @ K[v]: ® K[w]1)
( 8o, 81,82 83,8 ) Siosif
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Applications : Multiparameter Eigenvalue Problem

A= (=TAo+ 120 —7X) v+ (=3 +2X — X)) v
= (=80 +13A1 — 7X2) vo+ (—2Xo + A1 — Ao) w1
fi:=(—11A0+7A1 —4X2) wo+ (32X — A1) m
fa:= (420 + M — A2) wo + (Ao + 21 — Xo) w

To solve, we add linear fy := —X\g +5X1 — 3\ € K[A];.

Weyman complex — Sylvester-type formula
§: (K[vl @ K[w]p) x(K[w]1)? x(K[v]:)? — (K[A: ® K[v]: ® K[w]1)
( £, g.8 g8 ) Yio&if;
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Applications : Multiparameter Eigenvalue Problem

A=(=TX+12M —-TX) vo+ (-3 +2M1—X2)w
fi= (=8Xo+13M — 7T X2) o + (=20 + A1 — \o)
fri= (=11 X0 +7A —4X) wo+ (=3 X — A1) m1
far=@X+ M=) wo+(Mo+2N — X)) wm

To solve, we add linear fy := —X\g +5X1 — 3\ € K[A];.

Weyman complex — Sylvester-type formula
§: (Klvl @ K[w]y) x(Kw]1)? x(K[v]:)? — (K[A: @ K[v]: ® K[w]1)
( 8o, 81,82 8.8 )+ Siosif
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Applications : Multiparameter Eigenvalue Problem

0+ (K[vly ® K[w]1) x (K[w]1)? x(K[v]1)* — (K[X1 @ K[v]: @ K[w]1)

( £, g.8 g8 )+ Yiogif
[ wofi |—7 -1 12 2 —7 -3 ]
wifi —7 -1 12 2 -7 -3
woh |—7 -1 13 1 —8 -2
wih -7 -1 13 1 —8 -2
wh |—4 7 —1 —11 -3
wh —4 7 —1 —11 -3
vwfs |—1 —1 1 2 4 1
vify -1 -1 1 2 4 1
V()Wofb —3 5 —1
V()Wlff) -3 5 —1
V1Wof0 —3 5 —1
_V1W1f£] —3 5 —]._
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Weyman complex — Determinantal formula

Sylvester- and Koszul-type formulas

Eigenvalues/Eigenvectors
(Evaluation of the solutions/coordinates of the solutions)

Sylvester- and Koszul-type determinantal formula for the resultant

Extension of the Eigenvalue and Eigenvector criteria

Applications to the Multiparameter Eigenvalue Problem

Can we exploit structure of Koszul-type formulas?

What can we say numerically?
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Weyman complex — Determinantal formula

Sylvester- and Koszul-type formulas

Eigenvalues/Eigenvectors
(Evaluation of the solutions/coordinates of the solutions)

Sylvester- and Koszul-type determinantal formula for the resultant

Extension of the Eigenvalue and Eigenvector criteria

Applications to the Multiparameter Eigenvalue Problem

Can we exploit structure of Koszul-type formulas? | Thank you! J

What can we say numerically?
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