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Dy(&)u(x, &) = f(x),  find u(x) = E[u(E,x]]
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Integration in higher dimensions

How can we compute high-dimensional integrals?

» Tensor product grid

bad
» Monte Carlo

ok but slow

» Cross interpolation

even better
» quasi Monte Carlo

better
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Matrices: low-rank structure

Example I: Generalised Gaussians

» Monte Carlo

N—1/2

~
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» Tensor product grid
—s _ .d
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Low-rank structure of p.d.f.:
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Matrices: cross interpolation

I 2!
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J

~
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e ]

A rank—r approximation can be recovered from O(nr) elements:

Ali,j) ~ A(L,j) = A(L, 7) [A(Z, 7)) A(Z,5).

mr+4rn—r?

parameters (SVD),

2

mr+1n —71° interpolation points

[ Goreinov, Tyrtyshnikov, Zamarashkin, 1995 ], { Tyrtyshnikov, 1996 ], { Tyrtyshnikov, 2000 ]
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Matrices: Cross interpolation (not so good)
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Matrices: Cross interpolation (maximum volume)
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Algorithm I

Algorithm (Gaussian elimination with partial pivoting)

» Find (i*,j*) s.t. |A(i*,j*) — A(i*,j)[A(I,j)}_]A(I,j*H is large
» Addi*toZ and j* to J
> Update columns [A(i, 7)], submatrix [A(Z, J)7', and rows [A(Z,j)]
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Matrices: Cross interpolation algorithm (step |)
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Matrices: examples

Example I: Generalised Gaussians

matrix

residual, rank 7

interpolation, rank 7

—10

—-15

A~ log,, relative error

‘_\

AN

\

N Cros
L Ll
4

) Iog] 0 Neval




Tensors: formats

Low-rank tensors
for high—dim

" Uk (X1 )V X e WX
T S E N K (x1)vi(x2) K(xa)
Dmitry polyadic
Sacsane (CP) Applications to Independent component analysis (ICA) for clustering,
blind source separation (BSS) for DOA, EEG, chemometrics, ...
Introduction
Matrices
Tensor product Zk iy (X1)Viy ke, (X2) -+ Wieq (Xa)
Tensor train
formats for s
f( ) (TT) A general tool for compression of high—dimensional data.
X1yX2y "y Xd Applications to solution of high—dimensional linear prob-
lems, sampling from high—dimensional probability distribu-
Tensors tions, control of high—dimensional dynamic systems,...
Formats
More general than TT
Conclusions Harder to develop
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= Alici, Zorw) [A(Z<k, Zox)] A(I<k>i>k)
=A(lr... 1, To) [A(Z< o Zo1)] ! A(Zgkyingr ... 1a)

Introduction

[ 11,...,1a

Tensors

¥
Agoritin [ Uyeenyli @k L <1 s ip ooy i

If [ng,I>k} = maxvoI[A(igk,i>k)], then

<_,/

Conclusions

A—Al<(rc+1)?2 min |JA=X]

rank X=ry

[ Goreinoy, Tyrtyshnikov, 201 | ]
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Algorithm

Alinyiz..oyia) = Al Zo1) A(Z<r, Zo1)) ' A(Zgr, 12, Z22)
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o A(Zeam1,Toa-1)) A (Z<a-1,1a)

{ Oseledets, Tyrtyshnikov, 2010 ] { Savostyanov, Oseledets, 201 | ]
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Tensors [ 1> Ié] 128>2

Algorithm

If [Z<i, Z-x] = maxvol[A(igk, i~k )] then

IA—A| < 2r+kr+ 1) 4+ 4 1)2min|A — X

where 1 = maxry,
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K = maxKyg, Kgx = THAHA;” { Savostyanov, 2014 }
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Example I: Generalised Gaussian
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> d =100, n = 50
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Introduction . . . —Vixlalxp)Viu(x,p)) =1 x€Q

u(x,p) =0 x€0Q

- | 00 @ .
t X € cookieg ¢
(l(X,p) — {psy S,

. . . 1 otherwise
Tensors . log;, relative error
—4
_5 S~
1 \
Parametric PDE > Ps,t S [2)2] —6 qMC
> find E[[ , u dx] -7
-8 Cross
Conclusions 9 \
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S a u
- ; OJ\ J\O 1 _Vx(a(x» E,)VX‘LL(X, E,)) =1 x¢ [0) ”
’ \ ’ u(x, &) =0 xe{0,1}
Marices 2.0 \\\ / 0.08 d
a(x, &) =exp (Z kY cos(kﬂx)E,k)
1.0 A \\\ 0.04 k=1
Tonsors T _ log;, relative error
0.0 1 0.00 _a \
0 02 04 06 08 1 5 \\
- x —6 \\\ql"‘lc
ochastic ODE 77 —_—
Conclusions -8 T —\Cross
> & c[-1,1],d~10 ;Z ~—__
> F|nd E[J‘(]) u(x) E’) dx} [ \5 [ \6>

|°g1 0 Neval
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electrons have spins: |T) or [])
external magnetic field aligns the spins

in ferromagnets, spins form domains

vvyyy

Introduction

domains persist even when the external
field is zero

Matrices

v

heating and/or beating removes the total

magnetisation, but domains still form

spontaneously

P> Systems with next—neighbour interaction exhibit co-operative behavior
(similar to gas—liquid transition, binary alloys, biology, genetics, economics, etc)

Tensors

spontaneous magnetisation, when T < T,
» Phase transition effect: P o § ’ c
demagnetisation, when T > T,

Conclusions az
> Susceptibility xo(T) = — FTE
H=0

correlation (69,0 Gm n)

is closely related to the long-range
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Ising susceptibility integrals

Ising susceptibility integrals

» Phase transition at Curie temperature:

Xe(M~CEn—T/1, 7"

» Susceptibility amplitudes

+ ’/TDd
Co ~ Z (2m)d

D

d

|

d od

1<i<jgd(

d

T—xq47-"

) CSN

X )2 d
Xy e
1+xi+14~x]— 2

2

d even

dXd

d
1+ Z X2
k=2

1

d

1+ Z Xy

k=2

)

7IDd

(2m)®’

[ Wu, McCoy, Tracy, Barouch, 1976 ]

[ Bailey, Borwein, Crandall, 2006 ]
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Ising susceptibility integrals
Verification

log, , relative accuracy for C1o24 » Cj024 is reduced to
T two—dimensional integral and
- computed to 500 digits
[ Bailey, Borwein, Crandall, 2006 ]

I » We compute Cip24 as
-5 1023—dimensional integral to
verify cross interpolation

—10

—-15 >

|Og1 0 Neval
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Dmitry

Savostyanov log, , relative accuracy for C1o24 » Cj024 is reduced to
T two—dimensional integral and
e - computed to 500 digits
[ [T Bailey, Borwein, Crandall, 2006
Matrices B \\ [ ]
- 4| —MC —0|.5 » We compute Cip24 as
-5 /'L\\\ v o 1023—dimensional integral to
i \ verify cross interpolation
= 7 \\/\\. » MC and qMC converge slowly
B qWC\\ —0.7
—10 eval
Ising physics |
Conclusions |
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0
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Ising susceptibility integrals

Verification

log, , relative accuracy for Cio24
N

A

0

N \

—

\ to—a TTMC 105
_5 Lo \ ° eval

X 'd \\Q/

- qMT~- o7
710 eval

: i’ Cross
_ I \
T TR

C1024 is reduced to
two—dimensional integral and
computed to 500 digits

[ Bailey, Borwein, Crandall, 2006 ]

We compute Cip24 as
1023—dimensional integral to
verify cross interpolation
MC and qMC converge slowly
TT cross interpolation

» + — double precision
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Ising susceptibility integrals

Verification

log, , relative accuracy for Cio24

AN
o !
[
—
[\\ o o—a| —TMC 05
_5 o \ eval
[\ F T NN
- qMT~- o7
—10
: Cross
7157 _l >
6 7 8 9 10 11"

C1024 is reduced to
two—dimensional integral and
computed to 500 digits

[ Bailey, Borwein, Crandall, 2006 ]

We compute Cip24 as
1023—dimensional integral to
verify cross interpolation

MC and qMC converge slowly
TT cross interpolation

» + — double precision
» O — quadruple precision
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Ising susceptibility integrals

Benchmarking

20}

—40

—60

—80

—100

log, , relative accuracy for C1o24
AN

|
S ——
dble
\
-2 0 2 ’

log;,(core - hours)

» High—precision numerics is more
expensive — it’s fair to compare
CPU time.
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Ising susceptibility integrals

Benchmarking

log, , relative accuracy for C1o24
AN

0 ‘
\ .
1 S—
50| dble |
a0 quad
—60
—80
—100 >
-2 0 2 ’

log;,(core - hours)

» High—precision numerics is more
expensive — it’s fair to compare
CPU time.

» Quadruple precision via
gfortran’s option
default-real-8
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Ising susceptibility integrals

Benchmarking

20}

—40

—60

—80

—100

log, , relative accuracy for C1o24
AN

e
dble
A
quad
\\
\mp
Y

log;,(core - hours)

» High—precision numerics is more
expensive — it’s fair to compare
CPU time.

» Quadruple precision via
gfortran’s option
default-real-8

» Multiple precision via MPFUN2015
package [ D.H.Baiey |
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Ising susceptibility integrals

Benchmarking

20}

—40

—60

—80

—100

log, , relative accuracy for C1o24
AN

|
Vs -
dble

AN\

quad \e— Neval
\
-
L,

-2

0 2

log;,(core - hours)

High—precision numerics is more
expensive — it’s fair to compare
CPU time.

Quadruple precision via
gfortran’s option
default-real-8

Multiple precision via MPFUN2015
package [ D.H.Baiey |

Is it exponential convergence we
see!
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Ising susceptibility integrals

Exploration

. ,
log, , internal convergence for Dg’s

A | |
0 . D12d2s6 D;l_r)‘024
B N8 T \
\\\Dﬂ\\ :
a
[\ b D]\‘: V\\“M
P AN T A
10 [ \} HV\ Y ]
- W
E A, N
20k % i \ , \"‘ r
N MM W '\n‘ ‘
- Neval ”»f |
Wl |

\

-2 0 2

log,,(core - hours)

W

Each element of D,, cost O(n?)
which is n times more expensive
than C,,

For D024 can get 18 digits using
4 days on 512 CPU nodes
~ 10°corehours, ~ 103kWh, ~ 400f.

Good news: the observed
convergence of TT cross
interpolation is O(N~7)

Other news: we are still far from
the 100 digit target that enables
us to use inverse symbolic
calculators
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integrals

Dmitry > tensor cross interpolation allows high—precision integration

Savostyanov

» tensor cross interpolation can replace Monte Carlo methods (we hope)
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