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Large- N reduction



1. What is Large- N reduction?

Large- N reduction is a typical example of 
emergence of space- time from matrices.



The basic statement is

ñThe large-N gauge theory with periodic 

boundary condition does not dependon the 

volume of the space-time.ò

In particular, the theory in the infinite 

space-time is equivalent to that on one point.

The space-time emerges from the internal 

degrees of freedom of the reduced model.



Lattice version

Consider U(N) or SU(N) lattice gauge theory
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in a d-dimensional periodic box of size

╛ ╛ Ễ ╛▀.

In the large-N limit ╝ᴼ ЊȟⱦȡἮἱὀἭἬȟ

physicsdoes not depend on the sizeof

the box ╛░if the center invariance

╤▪ȟⱧᴼ▄
░ⱣⱧ╤▪ȟⱧ

is not broken spontaneously.
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Here ñphysicsò means

(1) Free energy per unit volume
F

f
V
=

(2) Wilson loop

Wilson loop in a periodic box is defined 
as the next two slides:
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First of all a closed loop C in the infinite 
lattice space is specified by a starting point 
▪and the sequence of directions ♪ȟ♫ȟỄ .   

Therefore we can define the corresponding 
loop Cô that is folded in the periodic box by 
the same expressiononce the starting point nô 
is specified:

( )ĔĔ Ĕ Ĕ' ', ' , ' , , ' .C n n n na a b w= + + + -



Then the Wilson loop in the periodic box is 
defined as usual:
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Lattice version

Consider U(N) or SU(N) lattice gauge theory
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in a d-dimensional periodic box of size

╛ ╛ Ễ ╛▀.

In the large-N limit ╝ᴼ ЊȟⱦȡἮἱὀἭἬȟ

physicsdoes not depend on the sizeof

the box ╛░if the center invariance

╤▪ȟⱧᴼ▄
░ⱣⱧ╤▪ȟⱧ

is not broken spontaneously.



if we consider the minimum 
size of the box Ễ ,

we have a model with d
unitary matrices: 

( )À À

reduced

1

.
dN

S Tr U U U Um n m n

m nl ¸ =

=- ä

ñthe large-N reduced modelò

In particular,
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The large-N reduced model

is equivalent to the d-

dimensional Yang-Mills

if the eigenvalues of ═Ⱨ
are uniformly distributed .

However, it is not automatically realized. 

It is known that the eigenvalues collapse 

to one point unless we do something.

Continuum version

ὃȡὔ ὔ

Hermitian

center invariance



2. How is the center invariance 
broken spontaneously?



To be concrete we consider the continuum 

version.

In order to examine the center invariance, 

letôs consider the one-loop effective action 

for the diagonal elements of ═Ⱨobtained 

after integrating out the off-diagonal 

elements:
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The quadratic part of the action

and the one-loop effective action becomes
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If d > 2, the eigenvalues of ═Ⱨare 

attractive, and collapse to a point.

is of order N2 for N variables.

It is minimized in the large-N limit.

(1 loop)

effS -

This indicates the spontaneous breaking 

of the translational invariance of the 

eigenvalues: 

This is the continuum version of the 

center invariance: 
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3. How can we recover 
the center invariance?

In order for space- time to emerge from 
matrices, the center invariance should be 
recovered.



Strong coupling

If the coupling is sufficiently strong, 

quantum fluctuation might overwhelm 

the attractive force. 

It actually happens at least for the lattice 

version of the reduced model.
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Actually there are several ways to recover 

the center invariance.



quenching

We constrain the diagonal elements of ═Ⱨ
to a uniform distribution by hand

═Ⱨ░░▬Ⱨ
░

.        

Then the perturbation series reproduce 

that of the d-dimensional gauge theory. 

However, this is rather formal, and the 

gauge invariance is no longer manifest.

A lattice version of quenching that keeps 

manifest gauge invariance was proposed, 

but now it is known that it does not work.
Bhanot- Heller- Neuberger, 
Gross- Kitazawa



twisting
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the theory is equivalent to gauge theory 

in a non-commutative space-time.

If we expand      around the non-

commutative back ground 

Am

Gonzalez- Arroyo, KorthalsAltes



Because the equation of motion of the 

reduced model is given by
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the non-commutative back ground 

is a classical solution.

But it is not the absolute minimum of the 

action. 

One way to make it stable is to modify the 

model to
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The lattice version of this is called the 

twisted reduced model:
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Gonzalez- Arroyo, Okawa 

Several MC analyses have been made on the 

twisted reduced model, and they found some 

discrepancy from the infinite volume theory, 

which is related to the UV-IR mixing.



Heavy adjoint fermions

They have introduced 

additional heavy adjoint

fermions.

Kovtun- Unsal- Yaffe (2007),
Bringoltz- Sharpe (2009),
Poppitz, Myers,Ogilvie, 
Cossu, , Hollowood, 
Hietanen, Narayanan,
Azeyanagi, Hanada, Yacobi

Then the collapse of the eigenvalues can 

be avoided without changing the long 

distance physics. 



4. Proof of Large- N reduction

There are several proofs, each of which 
shows an aspect of the large- N reduction.



Loop equations are nothing but SD equations 

obtained from the variation of a link variable 

on a Wilson loop.

Loop equations

For example, for a non self intersecting loop 

it looks like
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However for the corresponding folded loop 

in a periodic box we have additional terms:

( )

1

m al ¸°

+ ä
( )

1

m al ¸°

- ä

ὅ ὅ

Here each of ὅ and ὅ is closed in the 

periodic box but not in the infinite space. 
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In the large N limit, traced operators are 

factorized in general, and we have

◌╒ ◌╒ ◌╒ ◌╒ .

The crucial point is that

ὅ (or ὅ) contains different numbers of ╤▪ȟⱧ

and ╤▪ȟⱧat least for one direction ɛ, because 

it is not closed in the infinite space.

Therefore if the center invariance

╤▪ȟⱧᴼ▄
░ⱣⱧ╤▪ȟⱧ

is not broken spontaneously, ◌╒ is zero,

and the additional terms disappear.



Strong coupling expansion

The essence is captured by the Weingarten 

model that is obtained from the Wilson 

action by replacing the unitary measure with 

the Gaussian measure:

ñThe strong-coupling expansion series of the 

Wilson action and the reduced model agree 

in the large-N limit.ò
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Wilson loop is simply defined by replacing 
╤▪ȟⱧwith ╥▪ȟⱧ:
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Then the Feynman diagrams for aWilson loop 
look like 

Each face corresponds to the ╥ interaction.

Each side corresponds the propagator.
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Suppose a vertex A corresponds to the site n .

For any vertex B find a path P from A to B,

B

P

n 1

1

1
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3
3

3 3

A

The site corresponding to B is 
obtained by summing up the 
displacement vectors along P:

Ĕ Ĕ Ĕ3 1 .2n+ + +
This does not depend on 
the choice of P,

The crucial point is that we do not need the 
precise information of the sites if the graph is 
planar:

The situation is analogous to the existence of a
potential for a rotation free vector field.



This means that Weingarten model and the 
reduced Weingarten model give the same 
values of Wilson loop.

A similar analysis can be applied to the 

Wilson action by using the standard source 

formula:
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We can show that 

the strong-coupling expansion series of the 

Wilson action and the reduced model agree 

in the large-N limit.



Perturbative expansion around 

diagonal background
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As the simplest example we start with the 

large-N ꜚ theory in the continuum space,

and the expectation values of single trace 

operators such as

( ) ()( ) ( )( )1 2 1 2, , , .n n nO x x x Tr x x xf f f=



Parisiôsreduced model

(1) Let                            beN ×N diagonal

matrices whose elements distribute  

uniformly in the d - dimensional space,

which we regard as the momentum 

space.

( )Ĕ 1, ,P dm m=



(2) Corresponding to the field           , 

introduce a N ×N Hermitian matrix     ,

and construct the corresponding action

and operators by substituting
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For the action the space-time integral of 1 

should be replaced with

ȿis the cut off that appears in      . ĔPm

Volume of the unit cell
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ñIn the large-N limit the expectation value
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agrees with the original field theory.ò
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action  

operators 

Thus we obtain
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For simplicity, we consider the free energy.

The generalization to the expectation values 

of the operators are straightforward.
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the propagator  for         is given by
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Feynman diagrams are something like
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