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Abstract. It is shown that a D-component Euclidean quantum field, q~=(@ .... ,q~D), with 
21q~14+ HIq, I 2 interaction, can be obtained as a limit of (ferromagnetic) classical rotator models; this 
extends a result of Simon and Grifliths from the case D = 1. For these Euclidean field models, it is then 
shown that a Lee-Yang theorem applies for D = 2 or 3 and that Griffiths' second inequality is valid 
for D = 2; a complete proof is included of a Lee-Yang theorem for plane rotator and classical Heisenberg 
models. As an application of Griffiths' second inequality for D= 2, an interesting relation between 
the "parallel" and "transverse" two-point correlations is obtained. 

1. Introduction 

Consider  a mu l t i componen t  scalar field, q~(x,t)=(@(x,t) . . . .  ,q~D(x,t)), in 
d-dimensional  space- t ime with Hami l ton ian ,  

~ad-, [ ~ :  1 ((hi) 2 + I V # I  2 + m02(~0,)2) + 0 ( ~ =  1 (cP~) 2) + ~ : 1  Aiq)i] dx , (1.1) 

where ~ = ~¢p/&, O is a po lynomia l  with posit ive highest coefficient, and  A(x, t) 
is an  external  field interact ing with ~p. The  p rob l em of construct ing a cor responding  
q u a n t u m  field has been considerably  simplified in recent years by the probabil is t ic  
me thods  of Eucl idean field theory (see, for example,  the articles in [1]); it has 
been par t icular ly  realized tha t  the associated Euclidean field is closely related 
(via a "lattice approx imat ion" )  to certain models  of fer romagnets  f rom classical 
statistical mechanics  [2]. 

The  type of model  we are concerned with consists of a family of  r a n d o m  
D-dimensional  "spin" vectors  {Sj = (S~ . . . . .  S~.):j = 1 . . . .  , N} with jo in t  probabi l i ty  
dis tr ibut ion on (IR') N, 

1 N N D i i i N 1 JjkS)Sk) l ~ j :  ' (1.2) ~ e x p ( ~ =  1 a j .  s~ +~]j,k= 12 i=  10~(sj) 

where 

Z =  Z({aj}, {J}k})= I~,o)- exp(Z~ aj"  sj + 2~,k,, J}kS}S~)I-LdQj(si), (1.3) 
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Abstract. We consider a dilute classical gas in a volume e- 1A which tends to R d 
by dilation as e ~ 0 .  We prove that the pressure p ( e - ' A )  is C q in e at e = 0  
(thermodynamic limit), for any q e ~ ,  provided the boundary t3A is C q and 
provided the Ursell functions u,(xl  . . . .  , x , )  admit moments of degree q and have 
"nice" derivatives. 

1. Introduction 

In a recent paper [1], Pogosian derives the asymptotic expansion of the pressure 
p(e-1A) in the thermodynamic limit e ~ 0, up to order d in 5, 

p(e - 1A ) = ao(A ) + a l (A  )e + . . .  + a d_ I(A )e d-  1 + ad(A )ca + rn(e ' A )e a 

for a dilute gas in A c Z d or A c ~ .  The remainder satisfies 

[ 0(log e- 1) in general 

Ira(e,a)l < t0(1) d =  2 
[ 0(e) if A c Y a or A polyhedron in [~a. 

The hypotheses on t?A are the natural ones, the hypotheses on the interaction 
potential are rather complicated and are not optimal. The proof is based on the 
Mayer expansion and extensive use of Taylor expansions. 

The present paper extends the above results and simplifies the proofs, for 
volumes 5-1A c En with ~?A smooth. We prove the absence of logarithms (as 
conjectured by Pogosian), and extend the expansion to all orders. The order d 
(dimension of space) has nothing special to it when the interaction is smooth, which 
we assume, as Pogosian does in his proof if we understand it correctly. It is clear 
however that strong singularities in the interaction potential would show up in the 
expansion at some order in e depending on the dimension. We do not know whether 
a jump discontinuity in the Ursell functions (e.g. square hard core potential) would 
spoil the expansion at all. 
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Abstract. For a large class of 1 + 1 dimensional interfaces of the Solid-On-Solid 
type we prove on a microscopic basis the validity of the Wulff construction and 
of the generalized young equation which gives the contact angle of a sessile drop 
on a wall. Our proof relies on a new method to treat random walks with a finite 
number of global constraints. 

1. Introduction 

Consider a phase A in a container, whose walls are partially wet by droplets of a 
phase B. Although small, these droplets are macroscopic, and their contact angle 
O with the wall can be measured and studied as a function of temperature, 
concentration or any other parameters. A transition from partial wetting to 
complete wetting may occur, if the angle O decreases down to zero, where a thin 
film of the phase B separates the phase A from the wall. 

It is well known that the contact angle O is related to the surface tension o-a~ 
and wall free energies f a w , % w  through Young's equation (Young 1805). For 
isotropic media, it reads 

l a B  COS O = flAW --  ~TBW" (1) 

The study of droplets and wetting films is also important in metals and other 
anisotropic media. There Young's equation has to be modified. It takes the form [1] 

CrAB(O, q~) COS O -- sin O ~@aan(O, ~o) = aaw -- f s w .  (2) 

Equation (2) is to be understood as follows: take a point anywhere on the 
borderline of the droplet. This corresponds to a choice of a direction q~ in the 
plane of the wall. The contact angle O = O(q~) is then the angle of the wall with 
the tangent plane to the droplet at the given point. The function aAs (O ,  q)) is the 
A - B  interfacial free energy per unit area of a flat A - B  interface which would be 
parallel to the given tangent plane. Equation (2) now may be solved to give the 

* On leave from: Faculte' des Sciences, Universite' de l'Etat B-7000 Mons, Belgium 
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When several phases coexist, the interface between two phases can be wetted by 
several films of the other phases. This is called multilayer wetting and can be 
characterized by the behavior of the spreading coefficients, which relate the 
surface tensions between the different phases. In this paper we consider a class 
of models which can exhibit a sequence of phase transitions, With some 
new correlation inequalities, we prove the positivity of a family of spreading 
coefficients. These inequalities, together with a thermodynamic argument, lead 
to the conclusion of multilayer wetting. These results generalize earlier results 
where single-layer interfacial wetting was obtained for the Ports model. 

KEY WORDS: Wetting; multilayer wetting; Potts model; correlation 
inequalities. 

1. I N T R O D U C T I O N  

When  several phases a~, aa,..., an coexist, an  interface between two of them, 
say a ,  ai+2, may be wetted by a layer of a third one, say ai+~. The condi-  
t ion of perfect wetting of ai, a~+2 by a film of a~+l can be expressed in 
terms of the spreading coefficient: 

s(ai,  ai+ l,  ai+2) = ff(ai, a,+ 2) -- a(a, ,  ai+ 1) - ~r(ai+ l, ai+ 2) 

where a ( . , - )  denotes the surface tension between two phases. The interface 

between the phases ai, ai+2 should be wetted by the phase a,+~ when the 

I Unit6 Propre de Recherche 7061, Centre de Physique Th6orique, Marseille, France. 
2 On leave from Centre de Physique Th6orique (CNRS-UPR14), Ecole Polytechnique, 91128 

Pataiseau, France. 
3 On leave from Ecole Normale Superieure, Takaddoum Rabat, Morocco. 
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We prove that in a two-dimensional Gaussian SOS model with a small attrac- 
tive potential the height of the interface remains bounded no matter how small 
the potential is; this is in sharp contrast with the free situation in which the 
interface height diverges logarithmically in the thermodynamic limit. 

KEY WORDS: Interfaces; Solid-On-Solid model; cluster expansions. 

1. I N T R O D U C T I O N .  DEFINIT ION OF THE INTERFACE M O D E L  

A two-dimensional interface in a three-dimensional translation-invariant 
continuum has fluctuations which diverge as the logarithm of the size of 
the system in the thermodynamic limit. The same is true on lattice systems 
at temperatures higher than the roughening temperature and, of course, 
lower than the critical temperature. This effect can be understood in terms 
of capillary waves of unbounded wavelengths, or in terms of the infrared 
divergence of a two-dimensional massless field. It is remarkable, however, 
that an arbitrarily small perturbation favoring a particular localization of 
the interface is enough to make the fluctuations bounded around the 
preferred localization. The present paper gives a rigorous proof of this fact 
for a simple model where the interface is described by heights hie ~ for 
i e ;g 2, coupled through the Hamiltonian 

m~-  E (hi-hj)2-Jf f  E V(hi) (1.1) 
li j[ = 1 i 

1Centre de Physique Th6orique, CNRS, UPR14, Ecole Polytechnique, 91128 Palaiseau 
Cedex, France. 
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A two-species asymmetric exclusion process is considered with general transition 
rates subject only to the constraint of charge conservation. Conditions for 
the existence of a stationary product measure are found in both the cases of 
odd-even parallel dynamics and continuous-time dynamics. The results are then 
applied to a one-dimensional restricted solid-on-solid model, considered as a 
model of driven interfacial growth, showing a nontrivial dependence of the 
stationary measure on the external driving field. The dependence of the growth 
velocity on the slope of the interface is given and interface shapes in finite 
volume with opposite boundary conditions are investigated numerically. 

KEY WORDS: R-SOS model; stochastic lattice gas; two-species exclusion 
process; odd-even dynamics. 

1. I N T R O D U C T I O N  

Asymmetr ic  exclusion processes (one and two species) are of interest part ly 
as they provide nontrivial  realizations of systems out  of equilibrium, ~!t 
and  because of the large n umb er  of models  which may  be simply m a p p e d  
onto  them. They are closely related to models  of interfacial growth,  ~2~ 
electrophoresis  of polymers,  t3~ directed polymers  in r a n d o m  media,  and 
others, t4) A s t rong character izat ion of these models  is obta ined th rough  a 
knowledge of their s teady states. In certain cases these are ob ta ined  as 
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An effective dynamic for the edge of a three-dimensional sessile drop is derived from the capillary
waves model of two-dimensional interfaces. The corresponding Monte Carlo evolution is implemented
to study wetting of a disordered substrate. Hysteresis associated with a stick-slip mechanism is
measured as a function of disorder and system size. For a given system size, no measurable hysteresis
is found at weak disorder. For a given disorder, even small, a measurable contact angle hysteresis is
found above a certain system size. [S0031-9007(97)04480-3]

PACS numbers: 68.45.Kg, 05.20.–y, 68.10.Cr

The study of contact line motion in the dynamics of
partial wetting is a long standing problem, going back
at least to Adamson [1]. Many experiments have been
performed. They were devoted mainly to the measurement
of contact angle as a function of the characteristics of the
substrates. It is known that if the substrate is sufficiently
nonhomogeneous (chemically or physically), there can
appear a contact angleu different from the contact angle
ueq associated with the corresponding homogeneous and
flat substrate. Adding more liquid to the drop will lead
to the advancing angleua, while pumping out part of the
liquid will lead to the receding angleur .

It has been observed in many cases [1,2] thatua fi

ur , which is a hysteresis of the contact angle. Many
physical parameters could play a role in the occurrence
of this phenomenon such as the degree of heterogeneity
of the surface, its roughness, and the surface and interface
tensions.

Up to now, theory and experiments have dealt with
macroscopic defects [3–5] or thermodynamical consider-
ations [6]. It is, however, not obvious that the fluctuations
of the contact line could not be of some importance in the
case of microscopic defects. Indeed, one can easily imag-
ine that, if the contact line is stuck at a certain point, it
could be driven out by large fluctuations.

Taking into account these thermal fluctuations, it has
been shown recently [7,8] that, for a linear substrate,
there is with probability one in the thermodynamic limit
an accumulation of impurities which is sufficient to trap
the interface during an exponentially large time. This
occurs even if the density of impurities is very small.
One could, however, object that for two-dimensional
substrates an interface locally trapped could be pulled
ahead by neighboring parts of the contact line. Can
one demonstrate that the fluctuations of the interface will
not destroy the hysteresis of the contact angle when the
disorder of the substrate is small enough? This question
can be attacked in the framework of simplified models
with Monte Carlo dynamics, where one can give accurate

results and get useful insights. Other alternatives could
consist of molecular dynamics approaches [9] but it would
then be extremely difficult to analyze this fluctuation
phenomenon.

To study the contact line on the substrate, we have con-
sidered a wedge of the spreading phase as described by
a horizontal solid-on-solid model. The wedge is viewed
from a fixed reference vertical window, and is thus mod-
eled by a stack of tubes parallel to the substrate. To lo-
cate these tubes, we superimpose a lattice on this reference
window and let a tube start out perpendicularly from the
window at each lattice pointsi, jd.

The lengthhsi, jd of the tube defines the position of
the interface with respect to this fixed window. This
window has heightL and widthN. We choose periodic
boundary conditions in the horizontal direction,hsN 1

1, jd  hs1, jd for all j, zero boundary condition at the top
of the window,hsi, Ld  0 for all i, and free boundary
conditions at the contact with the substrate, i.e., for the
contact linehsi, 0d.

The contact angle is equal to the wedge angle; its
apparent value at the pointsssi, hsi, 0dddd is thus given by
cotu  hsi, 0dyL. A proper definition, independent ofi,
is obtained in the thermodynamic limit. One may average
over i to improve statistics in numerical work.

The Hamiltonian of the system is

Hssshhsi, jdjddd  J
X

ksi,jd,si0,j0dl
fhsi, jd 2 hsi0, j0dg2

2
X

i

missshsi, 0dddd . (1)

The sum over nearest neighbors in the first term corre-
sponds to the capillary waves model with tension coupling
J. The second term represents the wettability of the sub-
strate, or difference of wall free energies with or without
the spreading phase on top.

Since we are interested in nonhomogeneous substrates,
this wettability is a function of the pointsssi, hsi, 0dddd on the

3704 0031-9007y97y79(19)y3704(4)$10.00 © 1997 The American Physical Society
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We study a symmetric randomly moving line interacting by exclusion with a
wall. We show that the expectation of the position of the line at the origin when
it starts attached to the wall satisfies the following bounds:

c1t1/4 [ Ett(0) [ c2t1/4 log t

The result is obtained by comparison with a ‘‘free’’ process, a random line that
has the same behavior but does not see the wall. The free process is isomorphic
to the symmetric nearest neighbor one-dimensional simple exclusion process.
The height at the origin in the interface model corresponds to the integrated flux
of particles through the origin in the simple exclusion process. We compute
explicitly the asymptotic variance of the flux and show that the probability that
this flux exceeds Kt1/4 log t is bounded above by const. t2−K. We have also
performed numerical simulations, which indicate Ett(0)2 ’ t1/2 log t as tQ..

KEY WORDS: Interface motion; entropic repulsion; particle flux; simple
exclusion process.

1. INTRODUCTION

We consider a process tt on

X={t ¥NZ : |t(x)−t(x+1)|=1, t(0) even}

the space of trajectories of nearest neighbor random walks that stay non
negative and such that at even ‘‘times’’ the walk visits even integers.
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Abstract We study the solid-on-solid interface model above a horizontal wall in three di-
mensional space, with an attractive interaction when the interface is in contact with the wall,
at low temperatures. There is no bulk external field. The system presents a sequence of lay-
ering transitions, whose levels increase with the temperature, before reaching the wetting
transition.

Keywords SOS model · Wetting · Layering transitions · Interface · Entropic repulsion

1 Introduction and Results

We consider the square lattice Z2, and to each site x = (x1, x2) ∈ Z2 we associate an integer
variable φx ≥ 0 which represents the height of the interface at this site. The system is first
considered in a finite box � ⊂ Z2 with fixed values of the heights outside. Each interface
configuration on �: {φx}, x ∈ �, denoted φ�, has an energy defined by the Hamiltonian

H
{WAB}
� (φ� | φ) = 2JAB

∑

〈x,x′〉∩�	=∅
|φx − φx′ | + 2(JWA + JAB)

∑

x∈�

(1 − δ(φx))

+ 2JWB

∑

x∈�

δ(φx) (1.1)
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Abstract Weconsider a restricted Solid-on-Solid interface inZ+, subject to a potential V (n)

behaving at infinity like−w/n2. Whenever there is a wetting transition as b0 ≡ exp V (0) is
varied, we prove the following results for the density of returns m (b0) to the origin: if w <

−3/8, then m (b0) has a jump at bc0; if −3/8 < w < 1/8, then m (b0) ∼
(
bc0 − b0

)θ/(1−θ)

where θ = 1−
√
1−8w
2 ; if w > 1/8, there is no wetting transition.

Keywords Random walks · Solid-on-Solid model ·Wetting transition

1 Introduction and Summary of Results

1.1 Physical Background

In two dimensions, an interface is similar to a random walk. In partial wetting near a contin-
uous wetting transition, the interface typically consists in large excursions with longitudinal
and transverse dimensions ξ‖ and ξ⊥, the parallel and transverse correlation lengths, with
ξ‖ ∼ ξ2⊥. (see [22]). The loss of entropy per unit length compared to a free interface can be
estimated to be of order 1/ξ‖, as the frequency of collisions with confining walls.

For short-range interactions, like the Ising model in a half-space with suitable boundary
condition at the substrate, collisions of the interface with the substrate are associated with a
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