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e Population dynamics

e Mott variable range hopping

e Fundamental hopping mechanism of electron transport in
strongly disordered systems, as doped semiconductors

e In the regime of low impurity density, one encodes the
electron interactions into the jump rates and considers
independent random walkers.

e Final object: random walk on a marked simple point process
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Marked simple point process

x @ m

{e} = {x;}: simple point process,
random locally finite subset of R?

E;: mark of z;, real random variable

w = {(z;, F;)} marked simple point process

() space of possible configurations w
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Action of the group R? by translations

e Given z € R? and w = {(x;, E;)}, we set

Tow = {(x; — z, E;)}
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o P: law of w = {(z;, E;)}

e P stationary and ergodic w.r.t. spatial translations
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Example 1: marked Poisson point process

e Sample & := {7;} as PPP on R? with density )

o |{z;} N A| ~ Poisson rv with mean A((A),
£(+): Lebesgue measure
o ANB =0 = [{x;} N A| and |{z;} N B| are independent

e Mark the points z/s with i.i.d. random variables E;
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Example 1: marked Poisson point process

e Sample & := {z;} as PPP on R? with density A

e Mark s with i.i.d. random variables E;

If E; ~ v, then P is called the r—randomization of the simple
point process on R,
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Example 2: marked diluted crystal

Let {2} C Z% be the vertexes of site percolation

U: uniformly distributed random vector in [0, 1)¢
e Set x; ;= 2z, +U, Vi

Mark the points zs with i.i.d. random variables E;

Alessandra Faggionato



Palm distribution P,

w = {(x;, F;)} marked simple point process
e (): space of possible configurations w

e Qp: space of configurations w with 0 € {z;}

Pp: Palm distribution associated to P
Probability with support in g
Roughly, Po = P(-|0 € {z;})
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Palm distribution P,

Expectations: P — E, Py — Eg
Due to ergodicity:

For P-a.a. w = {(x;, E;)} it holds

lim Ao < f(Tzw) = Eo[f] .

k—o0 ze{w:}

Av=Average
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P: v-randomization of a PPP

Then, Py is the law of w obtained as follows:
e Sample {(z;, E;)} with law P
e Sample independently a r.v. F with distribution v
e Set w:= {(z;, F;)} U{(0,E)}
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Random walk (X}");>¢

w = {(z;, F;)} random environment

(X{)e>0 continuous time random walk

State space w = {x;}
P(Xia = 75 | Xi = 2) = Cayoy (W)dt, i ]

Symmetric jump rates: ¢y, z; (W) = ¢z, 2, (W)

Covariant jump rates: ¢y, o; (W) = Cp; 20, —2(T2w) V2 € R4

Irriducible random walk
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e Mott v.r.h.
Czy,z; (W) = exp{—|z; — x;| — (|B:| + |Ej| + | Ei — Ej|)}

e Nearest—neighbor random walk on the Delaneauy
triangulation
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e—rescaling

e e>0and w={(z;, E;)}

e E;
@
® 4
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o 15 measure on RY, pif =43 5.,
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e—rescaling

e Intensity: m :=E[[{z;} N[0,1)%|]
e Due to ergodicity: pS, =+ mdx

e (: space of configurations w with 0 € {x;}

Proposition

Given ¢ € C.(RY) and g : Qy — R in LY(Py), for P-a.a. w it
holds

fim dug, () (@) g(7yjew) = / p(z)mdz -Eolg]. (1)

e In (1) the spatial variables x appears on “2 scales” :
macroscopic (z = ex;) / microscopic (z/e = z;)
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Diffusively rescaled generator

o w={(z:, B}, & = {w;}, e == {ew;}

e Rescaled Markov generator of the random walk

L f(ex;) == QZC%% E.I‘j) — f(ea:i)) , ET; € €W,

o L self-adjoint operator in L?(ys).
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Amorphous gradient

u:ew — R,

Vgu(x,z)::u<x+€?_u(x), T € ew, g—i—zedj.

Warning: r macroscopic, z microscopic

[ ) ® e-rescaling P PY
~
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Measure v,

e v atomic measure

above (z,z) ~ weight efce =, (w)

/Li, = Ed Zxéa&) 590
Key identity

1
<—Li)f, g>ui, = §<Vaf7 Vag>ug
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Weak solution of Poisson equation

o HJ_space: {u e L*(u) : Veu e L*(v5)}

o norm in Hy, ¢ [luflp2(g) + I Veull2(g)

Definition

Let f € L?(ug), A > 0.
u € H},,E is weak solution of

“Liu+du=f,

1
§<VE’U, va“>u§, + Mo, u>u§, = (v, f>u§, Vv e Hj},s 0

Lax—Milgram theorem: u exists, unique
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Effective diffusion matrix D

e Given f:Q — R, set Vf(w,z) = f(rmw) — f(w)
e D: d x d symmetric matrix D such that

a-Da=

ianO) % /dPU(w) /Leuu c02(w) (a-x — Vf(w,z))?

feLre(

e Macroscopic equation: —divDVu + Au = f
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Weak /strong convergence

e Fixw € Q, {v.} with v. € L?(1), v € L?(mdx)

° U, — U

sup [|ve L2 (ue) < +00,
limeyo [ dp,(2)ve(2)p(z) = [ dwmu(z)p(z),

for all ¢ € C.(RY).
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Weak /strong convergence

° U, — U

lime o [ dpis (2)0- (2)g () = [ damo()g(x),

for all Vg. — ¢

{Sup |vellp2(uey < +00,
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Weak /strong convergence

Example:
o take v € C.(RY)
e v € L?(if) and v € L%(mdx)
e set v. ==

e then v. — v
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Homogenization

o M(w) =3 o (W)l

Theorem
Assume Eg[A3] < oo, Eg[A2] < 0o, D strictly positive.

Then Iy, C Q with P(Qiyp) = 1 such that Vw € Quyp the
following holds:

Let A >0, f- € L*(i) and f € L?(mdz).

Consider the weak solutions ue, u of

—]LZUs + Aue = fz—: s
—divDVu+ Au= f.
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Homogenization

_Lfaua‘i‘)\us = fe,
—divDVu+ Au = f.

Theorem (Continuation)
Then:

(i) Convergence of solutions

fe—=~f = u—u,
fe—=f = u.—u.
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Homogenization

_Lfaua‘i‘)\us :f€7
—divDVu+ u = f.

Theorem (Continuation)
Then:

(ii) Convergence of flows:

f&‘éf - vgugévu
f8_>f - Vgu5—>vfu
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Homogenization

- Li;ua + Aue = fe
—divDVu + hu = f

Theorem (Continuation)

Then:

(i7i) Convergence of energies:

fe= [ = (Vue, Vue)ye — /dx mVu(zx) - DVu(x)
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Convergence of semigroups

e P5 ;i Markov semigroup of diffusively rescaled random walk

e P,: Markov semigroup of Brownian motion with diffusion
matrix D

Theorem

For any w € Quyp, t >0 and f € C.(R?), it holds
hm/| —Pf(x ‘duw () =0
hm/| — P f(z ‘d,uw )=0.
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2-scale convergence

e The proof is based on 2—scale convergence.

e In definition of weak/strong convergence, replace

iy [ dy (o) (2)o(2)

with
tim [ dy (o)) p(e)g (7).

e V.V. Zhikov, A.L. Pyatnitskii; Homogenization of random
singular structures and random measures. Izv. Math. 70, (2006).

o F. Flegel, M. Heida, M. Slowik. Random conductance model.
Weaker form of Thm.1—(i) under stronger assumptions.
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Exclusion process

e Population dynamics

e Interacting random walks: site—exclusion constraint

Alessandra Faggionato



Exclusion process

n € {0,1}¥: particle confguration

cry(w) < g(lz—yl), g € L' (dx)
po : R® = [0,1] macroscopic density profile

p(z,t) solution of Cauchy system

{atp = div(D - Vp),
p(z,0) = po(z)
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e m.: initial distribution of the exclusion process

Theorem

Let P be the law of a marked Poisson point process.

e Suppose that {m.} corresponds to py,
i.e. Y6 >0 and Vp € C.(RY)

=

o Then for allt > 0, ¢ € C.(RY) and § > 0 we have

Pom. ([#  peomlc ) - [

d
TEW R

R4

Echp(sx)nz —/ (p(:):)po(x)dm‘ > 5) — 0.

go(m)p(x,t)dx‘ > 5) —0.

Alessandra Faggionato



Hydrodynamic limit of exclusion processes with

symmetric jump rates

e K. Nagy; Symmetric random walk in random environment.
Period. Math. Hung. 45, (2002).

e If one looks only at a finite family of times, one mainly

needs a weak form of convergence of semigroup (see
Thm.2):

o A. Faggionato; Random walks and exclusion processes
among random conductances on random infinite clusters:
homogenization and hydrodynamic limit. EJP 13 (2008).

o A. Faggionato; Hydrodynamic limit of zero range processes

among random conductances on the supercritical percolation
cluster. EJP 15 (2010).

e F. Redig, E. Saada, F. Sau; Symmetric simple exclusion process
in dynamic environment: hydrodynamics. arXiv:1811.01366
Tool: the invariance principle
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