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Local group

De�nition
Let G be a discrete set and e ∈ G, W a subset of G × G, and let

m : W −→ L and i : L −→ L be the mappings, m(a, b) = ab and

i(a) = a−1. Then the system (G, e,W ,m, i) is called a local group

(denoted by G) if the following conditions are satis�ed:

1) if (a, b), (b, c) ∈ W and (ab, c) ∈ W , then a(bc) ∈ W and

(ab)c = a(bc);

2) for all a ∈ L (a, e) and (e, a) ∈ W and ae = ea = a;

3) for all a ∈ L (a, a−1) and (a−1, a) ∈ W è aa−1 = a−1a = e.
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Standard constructions

Let G be a local group and A be a C ∗-algebra. The map

π : G −→ A is a ∗-representation of G into A if

I π(e) = I ,

I π(a−1) = (π(a))∗,

I π(a)π(b)π(b−1) =

{
π(ab)π(b−1) if (a, b) ∈ W ;

0, if (a, b) /∈ W .

I π(a−1)π(a)π(b) =

{
π(a−1)π(ab) if (a, b) ∈ W ;

0, if (a, b) /∈ W .
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A collection B = {Bg}g∈G with · : B × B −→ B and ∗ : B −→ B is

a Fell bundle on G if for all a, b ∈ G and A,B ∈ B:
1) BaBb ⊆ Bab äëÿ (a, b) ∈ W ,

2) · : B × B −→ B associative and bi-linear for (a, b) ∈ W and

(ab, c) ∈ W ,

3) ‖AB‖ ≤ ‖A‖‖B‖,
4) (Ba)

∗ ⊆ Ba−1 ,

5) ∗ : Ba −→ Ba−1 is conjugate-linear,

6) Be is a C ∗-algebra.

7) A∗A ∈ Be .

Let Γ be a discrete group and P ⊂ Γ be a subset. De�ne

ΓP = {a ∈ Γ : aP ∩ P 6= ∅}.

Proposition

ΓP is a local group.
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Example of a local group

Let G be a compact abelian group, A be a C ∗-algebra and

τ : G −→ AutA

strongly continuous representation. Then

A ↪→ C (G ,A);A 7→ Â; Â(g) = τ(g)(A).

Let Γ be an additive group of characters of G and

Â '
∑
a∈Γ

Aaχ
a, Aa =

∫
G

Âχ−adµ. Let Aa = {Aa ∈ A : A ∈ A}.

De�nition
τ -spectrum of A is de�ned to be the set SpτA = {a ∈ Γ : Aa 6= ∅}.

Proposition

SpτA is a local group.
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Algebra C ∗
r (P)

Let Γ be a discrete group and P ⊂ Γ be a subset. Let {Ua} be the

group of unitary shift operators on l2(Γ), Uaeb = eab. De�ne

Ta = J∗UaJ, J : l2(P) ↪→ l2(Γ).

The family {Ta}a∈Γ generates the algebra C ∗
r (P).

Let Mon(P) be the semigroup generated by {Ta}. If W ∈ Mon(P)
and Web = ec then indW = cb−1.

Proposition

The index of W is well de�ned and

if W1W2 6= 0 then ind(W1W2) = ind(W1)ind(W2).
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Proposition

The semigroup Mon(P) is inverse and the set {ind(Mon(P))} is a

local group and coincides with ΓP .

Let Mona(P) = {W ∈ Mon(P) : indW = a} and let Ba be an

operator space generated by Mona(P).

Theorem

I The collection {Ba}a∈ΓP
is a Fell bundle over local group ΓP .

I {Ba}a∈ΓP
is a grading for C ∗

r (P), C ∗
r (P) =

⊕
a∈ΓP

Ba.

I There exists a conditional expectation Φ : C ∗
r (P) −→ Be .

I Be is a Cartan subalgebra in C ∗
r (P).
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Theorem
Let Γ be a discrete abelian group and P ⊂ Γ be a subset such that

P ∪ (−P) generates Γ. Then there exists a strongly continuous

representation

τ : G −→ AutC ∗
r (P),

such that

SpτC
∗
r (P) = ΓP , G ' Γ̂.
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Example 1

Let Γ = Qp = { m
pk }k∈N,m∈Z. De�ne

P0 = [0, 1) ∩Qp, then ΓP0 = (−1, 1) ∩Qp.

l2(P0), {e m

pk
}m<pk , Tae m

pk
=

{
ea+ m

pk
if a + m

pk ∈ P0;

0, if a + m
pk /∈ P0.

Lemma
For all k ∈ N l2(P0) can be decomposed as ⊕

0≤a< 1

pk

Ha, a ∈ P0,

and every Ha is invariant subspace for T 1

pk
with dimension pk .
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Example 1

Let Ak be the C ∗-algebra generated by T 1

pk
.

Corollary

Ak ' Mpk (C).

Note that T 1
p

= T p
1
p2

, hence

A1 ↪→ A2 ↪→ A3 . . . , C ∗
r (P0) = ∪

k
Ak .

Theorem
C ∗

r (P0) is an UHF -algebra.
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Example 2

Again Γ = Qp = { m
pk }k∈N,m∈Z,

P1 = [0, 1] ∩Qp, then ΓP1 = [−1, 1] ∩Qp.

l2(P1) = l2(P0)⊕C{e1}, {e m

pk
}m≤pk , Tae m

pk
=

{
ea+ m

pk
if a + m

pk ∈ P1;

0, if a + m
pk /∈ P1.

Lemma
For all k ∈ N l2(P1) can be decomposed as H0 ⊕ ( ⊕

0≤a< 1

pk

Ha),

a ∈ P1, and every Ha is invariant subspace for T 1

pk
with dimension

pk , and H0 is invariant subspace with dimension pk + 1.
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Example 2

Let Ak be the C ∗-algebra generated by T 1

pk
.

Corollary

Ak ' Mpk+1(C)⊕Mpk .

Again T 1
p

= T p
1
p2

, hence

A1 ↪→ A2 ↪→ A3 . . . , C ∗
r (P1) = ∪

k
Ak .

Theorem
C ∗

r (P1) is an AF -algebra. C ∗
r (P1) contains the algebra of compact

operators K and the following short sequence is exact

0 −→ K −→ C ∗
r (P1) −→ C ∗

r (P0) −→ 0.
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Example 2

In case p = 2 we have the following diagram

In both algebras the semigroup

Mon(P) = E0 ∪ E1,

where E0 is semilattice of idempotents and E1 is set of nilpotent

operators.
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Example 3

Let P = {2, 3, 5, 7, . . .} be the set of all primes and C ∗
r (P) be the

corresponding algebra. De�ne X = {n ∈ Z : 2 + n ∈ P}

Proposition

I ΓP 6= Z.

I Operators {Tn}n∈X are nilpotent.

I Operators {TnT
∗
n }n∈X are one dimensional projectors onto

en+2, and T ∗
n Tn is one dimensional projector onto e2.

I C0(ΓP)⊕ CI ⊂ B0.

Proposition

Let the Polignac's conjecture is true. Then ΓP = 2Z ∪ (X ∪ (−X ))
and C ∗

r (P) is not simple.
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Thank you!
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