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Motivation and questions:

Outline

- science In the Big Data era. What are the relevant variables”
- why are broad abundance distributions so ubiquitous?

Main result: Relevance = e

Where Is this realised and

ntropy of the frequency distribution

- minimally sufficient representations
- maximally informative samples have broad distributions

Now can It be used?

- Minimum Description Lenr
- deep learning

gth (optimal coding)

- relevant neurons in rat's navigation

- relevant residues In prote

Conclusions

IN Sequences



Science in the Big Data era

—-CTMPMEAGSCDGKLARWHFARDDNKCMPFYYTGCGGNHNQFISLDQCEEQC-
e . g . -CTNTLAQGEGPLSVTRYYFNAQSRTCDEFMFRGLKGNSNNFNSLAECEKAC-
—-CTOPKDSGVCSGSQRSFYFDTRMKVCOQPFLYSGCGGNENRFSTSKECRDACQ
—CTQPRDNGSCSENGRAFYFDTRTKVCQPFLYSGCGGNDNRFATSKECRDSCOQ
-CTQTLAQGEGPLSVARFYFNAQSRTCDEFMFRGLKGNSNNFKSQEDCEKAC-
-CTOQTLAQGEGPLSVARFYFNAQSRTCDEFMFRGLKGNSNNFKSQEDCEKAC-
-CTQTLAQGEGPLSVARFYFNAQSRTCDEFMFRGLKGNSNNFKSQEDCEKAC-
—-CTSPPVTGPCRAGFKRYNYNTRTKQCEPFKYGGCKGNGNRYKSEQDCLDAC-
—-CTVLPSEGYCKKRYFRFLYDSNTKTCOLFWYRGCGGTENNFPTYYSCLDRC-
—CTVLPSEGYCRKKYFRFLYDSNTKTCQLFWYRGCGGTENNFPTYYACLDRC-
-CTVOPTNGLCVPSTLGIYFDVETQHCR---FLGC-GNKRLFASLEDCEKIC-
-CTVOPTNGLCVPSTLGIYFDVETQHCR---FLGC-GNKRLFASLEDCEKIC-
—-CVAKPDAGPCRAAFPAFFYDPDTNSCQPFIYGGCRGNGNRYNSREECLSRC-
—CVAPLDKCP--GNVIIYYYN-RTSGCOOMHRGNCSDN-GNYPTLOQECQEYCL
—-CVDLPDTGLCKESIPRWYYNPFSEHCARFTYGGCYGNKNNFEEEQQCLESCR
—CVDLPDTGLCKESIPRWYYNPFSEHCARFTYGGCYGNKNNFEEEQQCLESCR

Big Data is not that big (e.g.s € {A, B, ..
Model Is unknown

What are the relevant variables (e.g. resi

ow much information does the data co
ow to quantity relevant information”

L WP D~102, N~104 << 20D)

dues along the sequence)?

ntains about the model?



Intrinsic relevance: e.q. relevant positions for proteins are

those they tatk about vvhen they meet
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omplexity ~ broad frequency distributions: why®
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Broad distributions are the exception in physics

® Statistical mechanics: order and disorder
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The distribution depends on which variables we measure
e.g. where do you live!
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population by zip code

(log) rank

The relevant variables for a complex systems
- may not be those an engineer would choose
- appear with a non-trivial frequency distribution (statistical citicality)

btw: where do | live? At my zip-code 34151=13 x 37 x 71 which nicely decomposes In primes



VAP

Minimally sufficient representations

N
Data: S = (s(l), el S(N)) Model: P(§) = Hp(s(i))

1=1

Information content (coding cost/data point):

2 ks ks :
H[s| = —Zﬁlogﬁ ke = |{i:s; = s}

S

How many of these bits are just noise and
how many of them can provide
¢ useful information on p(s)?




Minimally sufficient representations

Model: P(5)

Information content (coding cost/data point):

N\

Usefu
inform

ation

H[s| = H[k] + H][s|k]

+ 4

Noise



H|s|=Resolution, H|k|= Relevance

A

'%I> k N H[k] intrinsic resolution

= relevance

¢ S / XXX — H[S] user defined resolution

(e.g. classification of products,
firms, species, molecules, ...)

&>

Bayesian point of view: (+A. Haimovici UBA/NETADIS)

H[k] ~ number of parameters that can be estimated with S

|[dea: If states s and s’ have ks=ks then they have the same probability
= S and s’ can be distinguished only if ks # kg




Resolution - Relevance trade-off

Data processing inequality: 6

mi = 0,1 Vk e e.q. clustering
CIM ------
"Psec m 1 of 4000 stocks
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Maximally informative samples look critical

—————— analytic

mj, = arg max H k] Pounds

g

st. H[s|=Hoy, » kmy=N
k

Data processing inequality:

meO,l\V/k

Resolution-relevance tradeoft:

max { H k| + pH s}

. 0.6 0.8 1
H[S]

= Zipt's law (u=17) & optimal compression



Where do we expect to find maximally informative samples

and how can we use It to find relevant variables?



Why does deep learning works so well?

(a) (b)
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(Juyong Song, Junghyo Jo APCTP, Pohang)



Z1pt's law In efficient representations

Language
Frequency of words
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... and in Google matrix

Ermann, Frahm, and Shepelyansky: Google matrix analysis of directed networks
Rev. Mod. Phys., Vol. 87, No. 4, October—December 2015

L.Ermann, D.L.Shepelyansky: Google matrix of the world trade network EPJB 2015

10° 10° ) 10% 10°
K, K

FIG. 5 (color online). Dependence of probabilities of PageRank
P [gray (red) curves] and CheiRank P* [black (blue) curves]
vectors on the corresponding rank indices K and K* for networks
of Wikipedia August 2009 (top curves) and University of
Cambridge (bottom curves, moved down by a factor of 100).
The straight dashed lines show the power law fits for PageRank
and CheiRank with the slopes # = 0.92 and 0.58, respectively,
corresponding to ff = 1/ (4,0 — 1) for Wikipedia (see Fig. 2),
and f = 0.75 and 0.61 for Cambridge. From Zhirov, Zhirov,
and Shepelyansky, 2010 and Frahm, Georgeot, and Shepelyan-
sky, 2011.

Rev. Mod. Phys., Vol. 87, No. 4, October—December 2015
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FIG. 42 (color online). (a) The Google matrix of integers. The
amplitudes of matrix elements S,,, are shown by color black
(blue) for minimal zero elements and gray (red) maximal unity
elements, with 1 <n <31 corresponding to the x axis (with
n = 1 corresponding to the left column) and 1 < m < 31 for the
y axis (with m = 1 corresponding to the upper row). (b) The full
lines correspond to the dependence of the PageRank probability
P(K) on index K for the matrix sizes N = 107, 10%, and 10° with
the PageRank evaluated by the exact expression P « Zé_:lo o),

The gray (green) crosses correspond to the PageRank obtained by
the power method for N = 107; the dashed straight line shows the

Zipf law dependence P ~ 1/K. From Frahm, Chepelianskii, and
Shepelyansky, 2012.
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Fig. 2. (Color online) Probability distributions of PageR-
ank P(K), CheiRank P*(K*), ImportRank P(K), and Ex-
portRank P*(K*) are shown as function of their indexes in
logarithmic scale for all commodities (top panel) and crude
petroleum (bottom panel) for WTN in 2008 with N = 227.
Here P(K) and P*(K™) are shown by red and blue curves re-
spectively, for a« = 0.5 (solid curves) and o = 0.85 (dotted
curves); P(K) and P*(K™) are displayed by dashed red and
blue curves respectively. For both commodities the distribu-
tions P(K) and P*(K™) follow a power law dependence like
P x 1/K” (see text), the Zipf law is shown by the straight
dashed line with 8 = 1 in top panel.



A minimal description of MDL

Bob does not know 6

s — —log, P(8) bits

B A1AY Normalised Maximum
log £(510) Likelihood (NML)

] ] — I S é\
Optimal coding: P = arg minmax R(5, P) = P(§) = f(510)
Ps 2z J(8'0")

. _ A K
Complexity:  R(3, P) = —log, Zf(é’\@’) ~ < logy, N + log, /dﬁ\/det J(0)



MDL samples are maximally informative

In a large variety of models, samples
generated from Normalised Maximum
Likelinood exhibit broad distributions
and a high value of H|K]

1
—_
N

number of spins, n

co

Dirichelet

Theoretical q(k|z™), p = 0.1
Simulation, S = 1.0 x 10>
Simulation, S = 5.0 x 103
Simulation, S = 1.0 x 10*
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k

average frequency per state, p
number of spins, n




MDL samples are "poised at criticality”

Atypical samples with anomalously low
coding cost do not exist.

Proof: Large Deviation Theory

P{H|[s| = E} ~ ¢~ NmaxslfE=¢(5)]
6(8) =~ S P(3)eE

Samp‘es W|th H[S] ‘eSS than the typ|Ca‘ —-1.00 —0.75 —0.50 —0.25 g.oo 0.25
value condensate on a single outcome.




How informative are the representations that deep
neural networks extract!?

a b
(a) ®) 5
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1100 | 110
L'
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& | 2 4 q ¢ 5 | A
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(Juyong Song, Junghyo Jo APCTP, Pohang)



Maximally informative representations in
deep layers (MNIST)

(a) o5 (b) 107 S — ) 4
¢ k-means 212 3 | epoch 200 m|
‘ ) m ecpoch O O
04 t |
,LI 1 b---- D____!_._i _______
0 - 0 "
n
0.3 —1 LR
— 1 2 345678910
= Hidden layer
0.2 B
- % 0.8 | HEE 8
. DBN epoch 200 m . 2 06
0.1+ DBN epoch 0 1 A S 0.4 - |
shuffled MNIST -©- TSl ‘5 ' T -
k-means Ha' 7 0.2 L -
O@ ' | | | ) 6 O ‘mmwwunl m
0 0.2 0.4 0.6 0.8 1 12345678910
H|s] k Hidden layer

(Juyong Song, Junghyo Jo APCTP, Pohang)
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Searching for relevant neurons in the brain

e.qg. recording neurons responsible for spatial navigation

0001000011110000100001000101010101000001
11111101001111101110101011110101011111 11
1010001000101010010100100100000100001001
1001000100001000000001000010000000010000
1111010111111111000111111110111111110000
0000000111110000000000111111110000100011
1010001000101010110100100100000100001000
1010111100110010010111111000001001111001

time

NEUrons

How to find relevant neurons when
the co-variate iIs unknown?

(+ Ryan Cubero, Yasser Roudi, NTNU/SISSA)



NEUrons

Vliultl-scale Relevance

e.g. recording neurons responsible for spatial navigation

at

000100001 1110000100001000101010101000001
1111110100111110111010101111010101111111
1010001000101010010100100100000100001001
100100010000 10006008004,6006:#,0000000010000
11110101 1 T T000T T 11T 11110111 111110000
0000000 111110000000000111111110000100011
1010001000101010110100100100000100001000
1010111100110010010111111000001001111001

time

— > (HIs], HIK)

dt sets resolution H|s]
H[k] ~ variation In
dynamical states

(+ Ryan Cubero, Yasser Roudi, NTNU/SISSA)



Multi-scale Relevance
e.g. recording neurons responsible for spatial navigation

Grid Cell 7 (T02CO01)

@®— Grid Cell 7 (T02CO01)
@®— Interneuron 8 (T02C02)

o
w

=
=
S
N
N
=
~
=
=
T

o
N

04 0.6
HOfs/log(M )

Multl-scale Relevance = Area under the curve

(+ Ryan Cubero, Yasser Roudi, NTNU/SISSA)
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Neurons with high Multi-scale Relevance contain as much

information on position/directior

as those whose neural activity has the highest
mutual information with position/direction

—i— Top 20 Relevant Neurons

Top 20 Spatially Informative Neurons
—&— Neurons inside the overlap

Random selection
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ldentifying relevant positions in proteins
Critical Variable Selection -

: (" S
‘ \

(S. Grigolon et al, Mol. Biosys, 2016)

—-CTMPMEAGSCDGKLARWHFARDDNKCMPFYYTGCGGNHNOFISLDQCEEQC-

—-CTNTLAQGEGPLSVTRYYFNAOSRTCDEFMFRGLKGNSNNEFNSLAECEKAC-

—-CTQPKDSGVCSGSORSFYFDTRMKVCQPFLYSGCGGNENREFSTSKECRDACO

—CTQPRDNGSCSENGRAFYFDTRTKVCQPFLYSGCGGNDNRFATSKECRDSCO

-CTOQTLAQGEGPLSVARFYFNAOSRTCDEFMFRGLKGNSNNFKSQEDCEKAC- ’;)
-CTQTLAQGEGPLSVARFYFNAQOSRTCDEFMFRGLKGNSNNFKSQEDCEKAC-
-CTQTLAQGEGPLSVARFYFNAQSRTCDEFMFRGLKGNSNNFKSQEDCEKAC-
—-CTSPPVTGPCRAGFKRYNYNTRTKQCEPFKYGGCKGNGNRYKSEQDCLDAC-
-CTVLPSEGYCKKRYFRFLYDSNTKTCQLFWYRGCGGTENNFPTYYSCLDRC-
—CTVLPSEGYCRKKYFRFLYDSNTKTCQLFWYRGCGGTENNFPTYYACLDRC-
-CTVOPTNGLCVPSTLGIYFDVETQHCR---FLGC-GNKRLFASLEDCEKIC-
-CTVQPTNGLCVPSTLGIYFDVETQHCR---FLGC-GNKRLFASLEDCEKIC-
—-CVAKPDAGPCRAAFPAFFYDPDTNSCQPFIYGGCRGNGNRYNSREECLSRC-
—CVAPLDRKCP--GNVIIYYYN-RTSGCOQOMHRGNCSDN-GNYPTLOECQEYCL
—CVDLPDTGLCKESIPRWYYNPFSEHCARFTYGGCYGNKNNFEEEQQCLESCR
—CVDLPDTGLCKESIPRWYYNPFSEHCARFTYGGCYGNKNNFEEEQQCLESCR

se{A,B,... W} [ ~102, M~10%4 << 20-



ldentifying relevant positions in proteins
Critical Variable Selection

(S. Grigolon et al, Mol. Biosys, 2016)

a) All positions b) 1st subset

AITKKV PRNQQLK

AIKKV P.NQQLK .
05 10 15

H[s]

AITKKVP.NQ.LK
AIVV.PRNQQLK

AAVV. . PRNQQLK
b Ly = 0 = 10 repeat many times and count

e = 0, > 1 " oW many times position X
s selected in max HlK]

12 3 45 6 7 8 910
S




Sharp separation between relevant and irrelevant sites

(+S. Grigolon LPTMS/NETADIS)

PFO00 /72

X
X O s
" “T‘“‘f“ ‘f‘ﬁ.‘.“-‘f’u.w Sg : : ¥ L _IVIPy : A%ﬁ%“ﬁgﬂ* BAMAMAMAAASAAMA MMM ARSI AAAMM AR ri
60

40 80 40 60 80

|

M=5

M=10

M=15

M=20

M=25

M=30

M=40

j max
- Upper bound
: Poisson

counts

30
subsequence length




Conserved and biologically relevant sites

(+S. Grigolon LPTMS/NETADIS)

site entropy

Ci

900. 1200.

Voltage Sensor Domain PFO00520 M=6651 (M.L. Klein et al. 2014)




Orthogonal to correlation based methods (SCA)

(+S. Grigolon LPTMS/NETADIS)
* No overlap for the 18 most relevant sites

 Maximal overlap (51%) for 41 sites (random 33%)

SCA=S5tatistical Coupling Analysis, Lockless & Ranganathan, Science (1999)



Subfamilies and families with
similar structures

(+S. Grigolon LPTMS/NETADIS)
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(M.L. Klein et al. 2014)



Beyond pairwise correlation

(+S. Grigolon LPTMS/NETADIS)

d=10 random pair corr
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Conclusions

H[k] as a model free measure of intrinsic relevance, very easy to compute

Maximally informative samples (maximal relevance at fixed resolution)
typically exhibit power laws frequency distributions

Applications:

- Maximally informative samples and criticality in Minimum Description Length
- Understanding deep learning

- Featureless selection of relevant neurons in spatial navigation

- Prediction of relevant positions in proteins

-Xtensions:

- Inference beyond correlations (higher order interactions)
- Heuristics for Bayesian model selection

- Relevance for dynamical data

- Continuous variables




