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Settin g

Given a graph, estimate its basic parameters

;
« Number or nocles

» Number of eclges
s Fraction of nocles/ cclgcs of certain tgpe

o f._,argest/ average clegree

* Local/ glooal clusteri ng coeticient

« Number of triangles
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Applications

+ Business inte”igence

* How many art Iovers are in social network D

o Is X’s social network in Paris as well connected
as that of Y7
. Algorithmic reasons
o Isthe triangle clensitg unusua”g small in
certain Portions of the grap]*)’?

* How cloes the average clegree vary over time”?
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Sampling

s Critical tool to understand and analgze large
graphs
. Stuclg gral:)h Properties using samples

° Onlg realistic option in many situations

. Graph Constantlg changing

» Entire graplﬂ not accessible
* lmPortant to have Provab!g goocl algoritlﬁms
. Sample qualit9 — qualitg of the output
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Estimation [Dg sampling

s German tank Problem
] F‘recluentist) Bayesian estimates
s Mark and recapture
- Peterson»-l_incolmd’xal:)man indices

o Used ineco ogy

« Fraction of suopopulation

= PoPulation with a speciﬁc Propertg
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Estimation [Dg sampling

> | mPortant Wl’)éﬂ Population s too large to
obtain information from everyone

o Broad uses in statistics, computer science,

sociology, economics, ...

* Eg Po”ing to estimate
« Political Pre?erences

* Average income, education le\/el,
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Sampling In graplns
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Graph access model

How to access the gral:)l’x and what information is available to

the algorithm?

+ Can query any node bg its name and get its out
neiglﬂborhoocﬂ /

A\ } C
» Subscribes to standard crawling model \
4 Applies to both Web and social networks Vo

o A small number of (tru|9 ranclom) nodes are available

5}

+ Tru Yy random nodes are expensive
+ This access model suPPorts random walks on the graph
* Querging IS an expensive ol:)eration

- Algorithms should minimize number of clueries
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Sampling accorcling to a distribution

S (T be an unclirectecl) connected graph
* N= #nocles, m= #eclges

s D =adistribution onV

* £=error Parameter

Problem. Using the graph access model, outPut a

node in G accora ing to D (to within & additive error)
Pr[algorithm outputs vli=DWMzte

» Measure #steps, #c]ueries
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An casy case

o Degrce~l:>roportiona| case (ie, uniform ecige)
o D,WV) «dW)

» Solution: do a uniform random walk on the
gra 5h

Fact. Limiting distribution of the walk is D,

Fact. ‘.Expec’cecl number of steps is the mixing,

time (t,..) of the graplﬁ




Unitorm distribution
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© Output a node uniform at random

o (U =1/n

P it i, il e e e
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Idea#!: Rejection sampling

Generate and reject
o Uniform random walk for fa steps
o Reached a node u
+ With Probability Proportional to1/d (),
output u and stop
o Otherwise, go to first step starting from u
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Analgsis

» Assume minimum clegree s |
Claim. E[#queries] = fi[#steps] =0, - d...)

Proof. Generates u according to D, and outl:)uts u

wp | /d (). Probabilitg of outputting some node
> Priu=ul x1/d@W) =X, dW)/2m) x1/d(u)

=X 1/2m)=n/2m=1/d

Repeat this d

an

ave, times to successgung geta sample
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Idea#2. Max~degree (MD) walk

o Make the graplﬁ uniform clegree bﬂ spending more time

at low clegree nodes

» Uniform random walk on modified gral:)h generates Dy,

* (Jse max clegree (d__) to define transitions

i
N@ \@

o #queries could be « #stePs

|

l
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MD Analgsis

(RN

A

T, FW -fW)2dw) dW)

T, Fw -FW)2

aim. The steadg~state of MD is D
aim. E[#steps] spent at node u is clmax/ du)

Sinror ant real-valued function f

-2d,,./2
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MD Analgsis (contd)

o Use the variational characterization

> FW-fW)zaW) P, v)
-, =ink ~
IMCIMBEIMIER IME 1)

» Relate A, of MD and original walk using this
et k) log N
Claim. E [#steps] =N clavg)
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ldea#?: Metropolis~Hastings (MH)

* Awayto samplé: from any target distribution D starting
from an arbitraxy transition matrix Q
+ Current state = u
* Generatev ~ Q(u, -)
* Move to v wp min @R NERIMENA(SINT Epl
+» [act. 5teacl9~state of MH walk is D
s $D=Dyand Qis gjven bg the gral:)h
Priu— v] =1/dW)- min{1, d(W)/dM) =1/max(d W), d(W))
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MH Analgsis

Claim. E [#stepsl = é(‘ﬁmix' GlmaX)

Proof. Use the variational characterization and

steps as l:)@core
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Tigh’mess of MH

Claim. E [steps] Ot o
Proof. o(k?) non-self lOOP
steps will miss constant fraction
of Path nodes

To be close to Dwe need

Q (k2) steps

Se 1C~|ool:> stc:l:)s on Path nodes
s Q(D)
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| ower bounds: Q(d...)

o d . =d tmisz(Iogn/logd)

avg
+ Distance between Do forc=Handc=Tis 1 2 =0l

* #queries = o(d)= query onlg unchangecl nodes wp I -
o(1)
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| ower bounds: Q &y

Claim. Ang algorithm for D, must issue Q(t,..)

queries
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| ower bounds: Q (dav b

o (Chierichetti, Haddadan 2018)

Claim. Any algorithm to obtain, with Probabilitg
at least -9, an e-additive approximation of the

average O{: a bounclecl Function on the nocles OF

a graplﬁ, must issue Q <Clavgtmix> queries




Construction

d..=0d)

avg
b = O (log n/ log d)

!
¢

w gy —— e



- REENETVT

iyl

- pm— e e I S

Experi ments

. Unhcormitg of the samples

» Strict criterion

- Quality of estimators based on samplcs
« Size of the network
* Average clegree

* Clusteri ng coetficient
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Other distributions

d(V) = n/G+e) +3

constant

concluctance

Claim. For D= D,+eancl for MH,

B [steps] > Q (POlg (n))

Proof. A random walk will take

time n'-1/(+8) -8 t5 even visit the
higlﬂ clegree node, so the MH
algorithm will take this much

time




Estimatin g pa rameters
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Estimating n = #nodes

o E)irthclag Paraclox: expectecl #collisions in k

uniform random samples IS rough Yy |<7-/ (2n)
o Co”ision—-counting( )
. Sample nodes Proportional to clegree

S tet X be the samples and let cl; ==cleg(><;)

* Output S d) C1/d) / #collisions
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Collision counting
E[#collisions] =.C, - S (d,/2m)2

Theorem. To geta relative estimate, #samlales can be written

as a function of (certain norms of) the clegree distribution

. hcgrapl’\ IS regular, then O(W/n) samples sutfice

o If gralol’\ has Z_ipﬁan clegrees with parameter 2, then
O (n/+) samples sutice

Can use return times ( )
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Estimatin g average clegree

How to estimate average clegree d..=m/n?

an

+ Estimate n and m using co”ision~counting
o Uses OV m++/n) samples

+ Estimate usingjus’c node collisions
X Output kz / 2n » Co”isionﬁu % cﬂeg(u))
SFEloc i)/ (TR e ) sam[:)les

R Similarlg can usejust eclge collisions
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A natural algorithm

o Al gorithm:

* Sample I"IOClCS unhcormlg at ranclom

© OutPut the average of their c]egrees

* Theorem ( Y. if #samples il Ll

W

|

et clavg, then itis a (2+€) -estimate




| imitations

+ Naive bound will
involve maximum

clegree

o Cannot get better
than Yl

aPPrOXImatlon

+ This bound is tight
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A ditferent estimator

+ Bucket unhcormlg samplecl nodes bg clegrees
+ Discard small buckets (hig}ﬁ variance)
+ Estimator is not unbiased

It a random neighbor is available for a node

Theorem. If #samples is O(v/n/L), where < d

(1+€) ~estimate

avgJ

thenitis a
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Can we do better?

. Sample lower bound of /4 o ©

a(v/n) L J\ o o9

o Uniform sampling

« What about non-

unitorm sampling?

> et clegree»-biasecl Y
n/%-regular

R e et oo g —— e
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Boost ng, low ologreos

o Uniform: harsh for high~degrees
° Dogreo~]:>iasecl: harsh for |ow~clegreos
* How to boost tho clogroes?

* Sample nodes with Probabilitg Proportional to ologree -

smoothi ng constant
. SamPling still random-walk Frionolg

* Howto chooso tho smoothing constant?
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Algorithm: Three steps

+ Coarse estimator: Gets constant aPProximation
o Refined estimator: Gets arbitrarg aPProximation
o Combined estimator:

+ Run the coarse estimator

o Use coarse estimate as the smoo’thing

constant and run the reﬁnecl estimator

A R R Ry T T e —TTrreT
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Refined estimator

Given a coarse estimate c, samlolo k nodes Kieaioels with

Probabilitg Proportional to ologroe +c, and output

D, Cli/<Cli+C>

E[A] / E[B] =d
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Keg Propertg

Theorem. If c = ochan and k = (I+a) /€2, then Refined Estimator

outputs a (I+¢) ~estimate

Proof sketch:

Show A and B are concentrated

.Analgze second moment and use Bernstein inequalitg

B needs the coarse estimate:

5= EiBl< 2/6d+c)
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Other Properties

» Bias and variance are bounded
+ Bias at most (ozciavg+ d.../a)/k +o@/k)
o Small if ais small

» Random walk version

© Sample complexitg in terms of eigenvalue gap
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Coarse estimator

Guess and veri?g
seceini2 4. 8.5

s Sample nodes with Probabilitg Proportional to

clegree e G

« Ifthe fraction of Iow-clegree nodes (ie, degree

below C) Is more than 5/12, return c as a coarse

aPPrOXImatnon




Whg does this work?

{ if c =ad.... then

an)
(a~1)/(a+]) < Pr[cﬂi <cl<2a/(a+!)

Using tlﬁis, can show that

&< Aav e fraction of Iow—-clegree nodes is < 5112

= C>5Cl

b= fraction of low—-c:lcgrce nodes is > 5/12




. I it A g it Y i~ b i~

Final bound

Theorem. Can (I+e) ~estimate the average

degree) wp 1-4, bﬂ using
(logu log logu +1/¢€2) logl/d

clegree—-biasecl node samples, where U (< n)

IS an UPPGF ]Z)OUI"ICl on tl’lé maximum clegree
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Summarg

Random walks are Powemcul

Bounds on generating a uniform node

» Can extend to other distributions on v

A better notion of mixing time for social graphs
* Average-case notion?

Power of non-uniform sampling

+ Other estimation Problems
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Questions/Comments: ravi .|<5§ @ gmail




