Temporal Centrality Metrics
for Graph Streams

Robert Palovics

MTA
SZTAKI

/<0 JUN[O,;‘-.

i/ CRANFRON O\
A O
2 [ 2 2\
(<[5 s, Z)2p
il = 7 FIRS S
o\ 2 ¢
N sz~

W e /)

) »* /

University




Temporal networks

e Network changes over time
e Edge stream
o time series of edges: each link has a timestamp

o edges may occur several times
o example: Twitter mention network H




e Define network centrality metrics that are
o temporal, reflect changes in the edge stream
o online updatable



Time respective paths

e Adjacent edges that are ordered in time
e Models a flow, e.g.
o information flow in social networks
o flow of funds or goods in the economy
e Concept
o delayt -t is small, then flow is more likely

-0 -0-0

tl <t2<t3




Temporal Katz Centrality

Definition: weighted sum of all time respecting
walks that end in node u
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Temporal Katz Centrality

e Centrality fornodeu attimet

r,(t) = Z Z ®(z,t)

vV temporal paths z
from v to u

e where @(zt) is the weight of a single path:

j
O(z,1) = | | o(tir1 — 1)
=1
e where edges appeared at (l‘l oo . tj) for walk z

o (tqt) o (t:t)




Weighting functions

e Constantf<1
o (1) =8
o walk length penalized with 8
o P(zt)=B"
e Exponential decay
o @(r) =fexp{-cr]}
o as @(a)- @(b)=¢p(a+b), foran arbitrary path

O P(z,t) = Bexp (—c [t — tj]) ..Bexp(—cty —t1]) = ,B|Z| exp (—c [t — t1])

@(t,t) @(t-t,) @(t t,)




Temporal Katz Centrality

r,(t) = Z Z ®(z,t)

vV temporal paths z
from v to u

j
Oz 1) = | [ oltiy1 — 1)
—1

d(z,t) = Bexp (—c [t — tj]) .pexp(—clty — 1)) = ,3|Z| exp (—c [t —t1])




Relation to Katz Centrality

e Katz centrality

©,0)
Katz =1-) B4,
k=0

o
thz(u) = Z Z ,Bk |{paths of length k from v to u}|
vV k=0

e Given an underlying graph with edge set of size E
e We sample uniform random T edges

Goal: calculate the expected value of temporal
Katz centrality



Expected value - @: =G

e Given an underlying graph with edge set of size E

e We sample uniform random T edges

e The expected number of times the edges of a
given path of length k appear in a given order:

T
STk = (k) . E7K

as a given edge has a probability of 1/E to appear
at a given position



Expected value - @: =G

e The expected number of times the edges of a
given path of length k appear in a given order:

T _
STk = (k) .E~X

K

K
" T
T [Katz = 1 - k ok Ek~1. kakcT 1EY% /K1
emporalKatz gﬂ ( k) k§_oﬁﬂ (T/E)*/



Expected value - exponential decay

e s_ :theexpected total weight of a given path of
length k

K K
Tempo?alKatz = lim 1- ZAkST,k =1- ZAk lim s7x

T— 00 T— 00

e Each occurrence of a path of length k starting at
time (T - j) has the weight 8 k exp (-¢j)

@ (z,T) = pe




Expected value - exponential decay

e Each occurrence of a path of length k starting at

time (T - j) has the weight 8 k exp (-¢j)
@ (z,T) = pe




Expected value - exponential decay
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Expected value - exponential decay

. K K 8 k ! k
T Katz=1-Y AX i —1.) 4L |
emporalKatz kz_(:) T1_>moo ST k lg) (E) (ec — 1)

o letc:=c’/Ewithc’ <<E
e hencec/E<<1 and exp{c}=expi{c’/E}=1+C/E

K

TemporalKatz =1 - E Ax (E) (1 ey 1) =1- E A* (—/)
C/E C
k=0

k=0

Temporal Katz converges to static Katz on
uniformly sampled edge streams



Temporal Katz Centrality - computation

e When edge vu appearsattimet
e The centrality of node u at time tincreases as
o anew time respecting walk appears

o all walks that ended inin v continue via edge
vu tou




Temporal Katz Centrality - computation

e When edge vu appearsattimet
e The centrality of node u at time tincreases as
o anew time respecting walk appears

o all walks that ended inin v continue via edge
vu tou

e Hence the total increaseis




Temporal Katz Centrality - computation

® Recursive definition
ry(t) = Z (1 4+ ry(tyy)) (P(t — Lyy)

vueE(t)
e Notethatw :=r (t )doesnotdepend on time!
u vV vu



Temporal Katz Centrality - computation

e Foreach node uweinitialize r(u) : =0
e We maintainr (t),w andt
u vu vu
e When edge uv appears
o we calculate the current value of r.

Fy ‘= Z Wav - @(E — L)

zveE(t)



Special case: exponential decay

o as @(a) - @(b)=¢p(a+Db)
ry .= ry-@(t —t,); — updater,
ry = ry -t —t,)+ @+ 1) -6

\
tw ' =1, L =1, add new walks ending in u

O no need to store w update old walks ending in u
vu



e Related result: Temporal PageRank

e Polina Rozenstein & Aris Gionis

e Different ¢ () weighting function
o foradjacentedges(a, b, t,)and (b,c,t,)
o L:=number of edges (b, x ,t) where t <t <t
o ¢~|af, a<1

2



Experiments on Twitter data

e Centrality metrics are difficult to evaluate overall

e Current need: temporal network with temporal
labels

e Data: Twitter mentions during a tennis tournament
o edges: user mentions
o labels: players participating on a given day

1 Roland-Garros @rolandgarros 0
E
7  Timea Bacsinszky @TimeaOfficial 0
8  Rohan Bopanna Q@rohanbopanna 0
9  Ana lvanovic ©@Analvanovic 0
10 WTA OWTA 0
11  Gaby Dabrowski ©GabyDabrowski 0
12 Tennis Channel Q@TennisChannel 0
13 Rafa Nadal Academy @rnadalacademy 0
14  Karolina Pliskova ©KaPliskova 0
15 yonex.com Q@yonex_com 0
16  Gusti Fernandez Qgustifernandez4 0
17  rolandgarrosFR @rolandgarros_.FR 0
18  Eurosport.es Q@Eurosport_ES 0
19 ATP World Tour OATPWorldTour 0
20 Caroline Garcia @©CaroGarcia 0




Experiments on Twitter data
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Temporal Katz Centrality - Summary

Defined over edge time series

Sum of time-respecting walks ending in a node
Related to static Katz-centrality

Online updateable



Temporal Katz - ongoing work

e Weighted count of walks starting from a node
e Past node may be more relevant, e.g. on Twitter:

Past Present



Temporal Katz - ongoing work

® [ssue: nosimple online update rule
e When vu edge appears, all prev. nodes in the
temporal walks should be updated




Temporal Katz - ongoing work

e Compute temporal Katz, maintainw_

e i.e. foreveryedge(v,u,t )storetheweightedsum
of walks fromvtouattimet

e Define atime resp. random walk over the graph

O

O

O

at node v
stop with probability 1 /(1 +r (t ))=1/(1+ w )
If continue, select edges with t< t proportlonal
to their weight



Temporal Katz - ongoing work

e Define atime resp. random walk over the graph

O

O

O

at node v
stop with probability 1 /(1 +r (t ))=1/(1+ w )
iIf continue, select edges with t< t proportlonal
to their weight

Results in a time respecting walk sampled
proportional to its weight



Temporal Katz - ongoing work

e Hence if we maintain the edge weights
e Anytime walks can be sampled proportional to
their weights

e By sampling walks we can approximate the
number of tr. walks starting from a node



Network Node Embeddings



Network node embeddings - ongoing work

e Find embedding of nodes to d dimensions

e Similar nodes in the graph have embeddings that
are close together

e Already existed, e.g. recSys MF, graph factorization

e Revisited: random walk based methods



Network node embeddings - ongoing work

e Simple graph factorization loss function
L=2,lpp,- AL
o model parameters: p_
o optimization via SGD
e Random walk based methods
L=3% ) log( softmax(p p ))
o Dis asetof generated random walks, e.g. k from

each node ,




Network node embeddings - ongoing work

e Ourobjective

O

O
O
O

define an edge stream based

online updateable model

that generates temporal embeddings
adapts to concept drift



Network node embeddings - ongoing work

® Process edgesintemporal order
e Foreach edge (u,v)
o learnthat p andp are similar
o start random trw. walks (w,...,u,v) to the past
endingin (u,v)
o learn for (w,v) that p_and p are similar




e Temporal Katz

O

O O O O

e Network embec

Defined over

Sum of time-respecting walks ending in a node

edge time series

Related to static Katz-centrality
Online updateable

Ongoing wor
common Noa

K: sum of paths starting from a
e in the path

dings

o Time respective walk based online updates



