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Motivations

Google approach to the World Trade Network

Analyze, model, simplify, visualize and highlight  
useful information of large networks using 

nontrivial and global properties



Google Matrices
• www: Wikipedia (diff. lang.), Universities (UK, France) 

• Operating Systems: Kernel Linux; NOMAO (spot recommendation) 

• Bitcoin network 

• Ulam method for Dynamical Systems: Standard Map



World Trade Network

Import-Export trade database: 

* Each year from 1962 to 2017  
* All UN countries: ~ 230 (Nc=227 in 2008) 
* Product classification (SITC Rev. 1): Np=61 
* Trade volume is given in USD (N=13847 x 50 years)

United Nation Commodities Trade Network 
http://comtrade.un.org/db/

Money Matrices

Mp
c,c0 = $ (c0 ! c)Mc,c0 = $ (c0 ! c)

http://comtrade.un.org/db/


Google Matrix of WTN

centrality measure:
Spectral Indices

• directed networks

• easy to compute

• incoming links

• non-local properties

Brin and Page (1998)

directed network Money matrix

Introduced by Frahm yesterday
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weighted adjacency matrix and dangling nodes

Google Matrix

centrality measure:
Spectral Indices

• directed networks

• easy to compute

• incoming links

• non-local properties

Brin and Page (1998)

directed network



Google Matrix

PageRank

Google Matrix

centrality measure:
Spectral Indices

• directed networks

• easy to compute

• incoming links

• non-local properties

Brin and Page (1998)

directed network
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GP = P

G⇤P ⇤ = P ⇤

Google matrix of the WTN

Democracy in countries but not in products



Google matrix of the WTN

1) WTN (all com. or 1 prod) 
      N=Nc=227

L. Ermann and D.L. Shepelyansky,  APPA, Vol. 120, A-158 (2011),   
http://www.quantware.ups-tlse.fr/QWLIB/tradecheirank

non-interacting products

2) WTN (multiprod) 
 Np=61; N=13847

L. Ermann and D.L. Shepelyansky,  EPJB  (2015).

personalized vector  
2nd iteration

prop to Vp of each c 
reduced Pp for all c
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all commodities and given products (N=227)

Zipf law P~1/K
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PageRank CheiRank correlator



Ukraine (K* 1st to 6th)       USA (K* 8th to 3rd) France (K* 7th to 3rd)      Thailand (K* 19th to 10th)

2D rank examples: barley and cars



2d rank evolution (all comm.)



2d rank evolution

�v2 = [K(t)�K(t� 1)]2 + [K⇤(t)�K⇤(t� 1)]2

average per K +K⇤

average in [K +K⇤ � 10,K +K⇤ + 10]

Velocity square vs. K+K*

Japan
France 
Fed. Rep. of Germany and Germany
Great Britain (sublimation?)
USA

Argentina
 India
China (deposition)
USSR and Russian Fed.

crisis detection



• Gravity model of trade:

   (symmetric)

• Random model

  (preserves Zipf law)

t:: all commodities (1962, 2008); 
b: crude petroleum (2008), random model

Mi,j = gmimj/Di,j

Mi,j = ✏i✏j/ij ✏i,j 2 [0, 1)

WTN model



model statistics



2008;  w>0.05 (~20%)

Crisis

weight

balance

(negative)



Multi-product WTN



Country balance

P-C

I-E



2d ranking of products

1993

19781963

2008



multi-prod WTN spectrum

L.E, K. Frahm and D.L. Shepelyansky,  EPJB 86, 193 

eigenstate communities



Reduced G matrix of WTN



reduced Google matrix

system 
Nr environment 

Ns

K. Frahm and D.L. Shepelyansky,  arxiv:1602.02394 (yesterday Frahm’s introduction)

Colab. C Coquide, J. Lages & D. Shepelyansky



Petroleum for 27 European countries + Russia

Grr Gqrnd

GprGR

Wrr=0.31 Wrr=0.037

Wrr=0.65

(Wrr~0.011 
Wiki ex,)

(Wrr~0.95 
Wiki ex.)

(Wrr~0.02 
Wiki ex.)



Petroleum (27 Eu + Ru) 4 friend networks

GR GR*

(plots made by Celestin Coquide)



Balance sensitivity to petroleum from:

Russia Saudi Arabia USA

(plots made by Celestin Coquide)



Balance sensitivity to gas from:

Russia
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Soramaaki et al, Physica A 379, 317 (2007) LE, K Frahm and D.L. Shepelyansky, Eur. Phys. J. B 91 (2018)

Bitcoin network

Interbank payment network



Ecological ranking for WTN



Nestedness

Q(i,e)
c,p =

(
1 if m(i,e)

c,p � µ

0 if m(i,e)
c,p < µ



M (i)
p,c =

NcX

c0=1

Mp
c,c0

M (e)
p,c =

NcX

c0=1

Mp
c0,c

m(i,e) = M (i,e)/Mmax

1968

2008

Nestedness



ExportsImports

money
ranking

Ecolorank of countries



imports exports

money rank

Ecolorank of products



Conclusions
• Google matrix of the WTN (democratic in countries, 

global network properties):  
1) one product of all comm. (Nc) 
2) multiprod (Nc x Np)  
2d-ranking, spectrum, communities in eigenstates, 
correlation between P-C, comparison with I-E, new tool 
for trade analysis 

• Dynamics, crisis, sensitivity to price variation 
• reduced Google matrix on WTN 
• Nestedness based ranking of WTN 
• Bitcoin network

Thank you



Fractal Weyl law in complex networks



Fractal Weyl law

Chirikov standard map

Ulam Method

(Introduction by Nonnenmacher yesterday)



Standard map

Linux Kernel 
architecture 

network
 L.E, Chepelianskii and Shepelyansky, Eur. Phys. J. B 79, 115 (2011)

 L.E and Shepelyansky, Eur. Phys. J. B 75, 299 (2010)

Fractal Weyl law



product names



Sensitivity to price variation



P-C

I-E

2d reduced ranks



2d ranking of countries (multiproducts)



Sensitivity to price variation II



2d global ranks



2d global ranks



2d global ranks



1

Tab. 1: List of countries: 27 from EU (blue) and the 10 best oil exporters (red) ordered by
decreasing PageRank left (CheiRank right) value for petroleum product.

COUNTRY NAME ISO-2
Netherlands NL
France FR
Nigeria NG
Germany DE
United Kingdom GB
Belgium BE
Spain ES
Italy IT
Canada CA
United Arab Emirates AE
Austria AT
Sweden SE
Slovenia SI
Poland PL
Finland FI
Russia RU
Czech Republic CZ
Denmark DK
Greece GR
Luxembourg LU
Bulgaria BG
Cyprus CY
Romania RO
Angola AO
Hungary HU
Slovakia SK
Portugal PT
Republic of Ireland IE
Saudi Arabia SA
Estonia EE
Malta MT
Latvia LV
Venezuela VE
Kazakhstan KZ
Lithuania LT
Iraq IQ
Kuwait KW

COUNTRY NAME ISO-2
Russia RU
Saudi Arabia SA
Kazakhstan KZ
United Arab Emirates AE
Netherlands NL
Nigeria NG
Italy IT
United Kingdom GB
Venezuela VE
France FR
Kuwait KW
Belgium BE
Germany DE
Spain ES
Angola AO
Finland FI
Canada CA
Sweden SE
Iraq IQ
Romania RO
Bulgaria BG
Greece GR
Denmark DK
Lithuania LT
Portugal PT
Poland PL
Estonia EE
Hungary HU
Austria AT
Malta MT
Latvia LV
Slovakia SK
Czech Republic CZ
Republic of Ireland IE
Cyprus CY
Slovenia SI
Luxembourg LU



PageRank CheiRank correlator

I-E
P-C


